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Abstract. We introduce a transformation of linear Pfaffian systems,
which we call the middle Laplace transform, as a formulation of the Laplace
transform from the perspective of Katz theory. While the definition of the

middle Laplace transform is purely algebraic, its categorical interpretation is
also provided. We then show the fundamental properties (invertibility, irre-

ducibility) of the middle Laplace transform. As an application of the middle
Laplace transform, we define the middle convolution for linear Pfaffian systems

with irregular singularities. This gives a generalization of Haraoka’s middle
convolution, which was defined for linear Pfaffian systems with logarithmic
singularities. The fundamental properties (additivity, irreducibility) of the

middle convolution follow from the properties of the middle Laplace trans-

form. Some examples related to hypergeometric functions with two variables
are also given.

1. Introduction

In this paper, we introduce two transformations–the middle Laplace transform and

the middle convolution–for linear Pfaffian systems with irregular singularities. Our mo-

tivation comes from the Katz theory for linear differential equations. In his book [13],

N. M. Katz introduced an operation called the middle convolution for local systems on

a punctured projective line. After that, Dettweiler-Reiter [3, 4] established an additive

analog of Katz’s operation as an operation for Fuchsian systems

du

dx
=

(
q∑

i=1

Ai

x− ai

)
u, Ai ∈ Mat(N,C). (1.1)

This operation is called the (additive) middle convolution, which gives a recursive method

for constructing Fuchsian systems. In particular, any irreducible rigid (i.e., free from

accessory parameters) Fuchsian system can be constructed from the trivial rank one

equation u′ = 0 by iterations of the middle convolution (Katz algorithm, cf. [3, Theorem

A.14]). The additive middle convolution is realized by the composition of the following

three steps:

Step 1. Extend the given system (1.1) to Okubo normal form

(x− T )
dU

dx
= (A− I)U, (1.2)
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where T is a constant diagonal matrix, A is a constant matrix and I is the

identity matrix.

Step 2. Apply the Riemann-Liouville transform (with a suitable path of integration ∆)

U(x) 7→
∫
∆

U(t) (x− t)λ dt.

Step 3. Project onto a suitable quotient space.

Then, the middle convolution can be regarded as a precise formulation of the Riemann-

Liouville transform for Fuchsian systems (1.1). We note that, in Dettweiler-Reiter’s

description, the above procedures are given in a purely algebraic way, namely, as an

operation on the residue matrices (A1, A2, . . . , Aq) in (1.1).

The theory of middle convolution led to new developments in the study of global

analysis of linear ordinary differential equations in the complex domain. For example,

by using the middle convolution, we can obtain explicit descriptions of the integral rep-

resentation of solutions [10], monodromy representations [4], connection coefficients and

reducibility conditions [19] recursively. Furthermore, the middle convolution works ef-

fectively for the study of the Deligne-Simpson problem, the classification problem of

Fuchsian differential equations [20], and isomonodromic deformations [9].

In 2012, Haraoka [5] expected that the Katz theory would be useful for the study

of holonomic systems, and extended the additive middle convolution to linear Pfaffian

systems with logarithmic singularities along hyperplane arrangements

du = Ωu, Ω =
∑
H∈A

AH d log fH (AH ∈ Mat(N,C)), (1.3)

where A is a hyperplane arrangement in Cn and fH denotes the defining polynomial

of H ∈ A. Roughly speaking, he showed that Dettweiler-Reiter’s middle convolution

operation (i.e., the above three steps) for a chosen variable can be prolonged as an oper-

ation for linear Pfaffian systems (1.3). His middle convolution gives a recursive method

for constructing linear Pfaffian systems with logarithmic singularities along hyperplane

arrangements. Inspired by his result, Oshima [21, 23] and Matsubara-Heo and Oshima

[17] developed the study of regular holonomic systems including KZ-type equations and

hypergeometric systems. We note that the multiplicative version of Haraoka’s middle

convolution was also given by Haraoka himself [6] and developed by Hiroe-Negami [11].

The project discussed in this paper originated from a simple question: what happens

if we apply the Laplace transform instead of the Riemann-Liouville transform in step 2

of (Haraoka’s) middle convolution? As an answer, we give a formulation of the Laplace

transform for Pfaffian systems, which should be called the middle Laplace transform1.

We remark that, when considering the Laplace transform, the irregular singularities

naturally appear. In fact, by applying the Laplace transform

U(x) 7→ V (x) =

∫
∆

U(t)e−xt dt

1The name “middle Laplace transform” is inspired by Sabbah [24].
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(with a suitable path of integration ∆) for the Okubo normal form (1.2), we obtain

x
dV

dx
= − (A+ xT )V. (1.4)

The equation of the form (1.4) is called the Birkhoff canonical form and has an irregular

singular point at x = ∞. Therefore, when considering the Laplace transform, it is

insufficient to treat only Fuchsian systems or linear Pfaffian systems with logarithmic

singularities. In this paper, we provide a formulation of the middle Laplace transform

as a transformation of linear Pfaffian systems with logarithmic singularities along A and

irregular singularities along the hyperplanes {xi = ∞} (i = 1, . . . , n)

du = Ωu, Ω =

n∑
i=1

Sxi
(x) dxi +

∑
H∈A

AH d log fH , (1.5)

where Sxi
(x) ∈ C[x1, . . . , xn] are linear polynomials. Then, we show that the mid-

dle Laplace transform has good properties: if the system (1.5) is irreducible and non-

exceptional (in the sense of Definitions 2.9 and 6.14), then the middle Laplace transformed

system is also irreducible, and the middle Laplace transform admits an inversion formula.

Like Haraoka’s middle convolution, the middle Laplace transform provides a recursive

and effective method for constructing linear Pfaffian systems with irregular singularities.

For example, some confluent hypergeometric systems in several variables can be obtained

by using the middle Laplace transform. We expect that the middle Laplace transform

will be a useful tool for studying holonomic systems with irregular singularities.

As an application of the middle Laplace transform, we can define the middle con-

volution for linear Pfaffian systems of the form (1.5). This provides a generalization of

Haraoka’s middle convolution. The additivity and the irreducibility of the generalized

middle convolution follow from the properties of the middle Laplace transform described

above. Oshima [22] also defined the middle convolution for linear Pfaffian systems with

irregular singularities, using the confluence of singularities. Our definition differs from

Oshima’s, and the classes of equations to which the middle convolution can be applied

are also slightly different (with some overlap). It seems that our middle convolution and

Oshima’s middle convolution are essentially the same when applied to the same equation,

and this will be verified.

On the other hand, assuming n = 1 in (1.5), our middle convolution corresponds

to the one for linear ordinary differential equations with an irregular singular point at

x = ∞. There are several studies on the middle convolution for linear ordinary differential

equations with irregular singular points [1, 14, 29, 30, 31]. Our result can be regarded as

a generalization of their results, although they dealt with more general linear ODEs than

the system (1.5) with n = 1. In particular, Yamakawa’s method [30, 31] for generalizing

the middle convolution is similar to ours. Indeed, he first provided a beautiful description

of the Laplace transform for linear ODEs by using the Harnad duality. He then applied

the Harnad duality to generalize the middle convolution. Examining whether the middle

Laplace transform for the system (1.5) with n = 1 is equivalent to the Harnad duality is

left for future work. We note that if this holds true, the Katz algorithm for linear Pfaffian

systems (1.5) using our middle convolution follows immediately from Yamakawa’s result
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(cf. [30, §7]).
This paper is organized as follows. In Sections 2–5, we focus on the linear Pfaffian

system (1.5) with n = 1 (i.e., ordinary differential equation). Section 2 introduces the

definitions of the (inverse) middle Laplace transform in one variable case. The definition

is given in terms of linear algebra. In that section, we also state their fundamental prop-

erties on invertibility and irreducibility (Theorem 2.10) without proofs. In Section 3, we

give a categorical interpretation of the (inverse) middle Laplace transform. Namely, we

regard linear ordinary differential equations as meromorphic connections, and introduce

some categories consisting of meromorphic connections. We then formulate the middle

Laplace transform and related transformations as functors between the categories. Sec-

tion 4 is devoted to the proof of the properties stated in Section 2. The categorical

interpretation in Section 3 is effectively used there. In Section 5, we give a generalization

of middle convolution for linear differential equations with an irregular singular point via

the middle Laplace transform. In Sections 6–10, we treat the several variable case n ≥ 2.

In Section 6, we extend the middle Laplace transform for the case of several variables

and give the fundamental properties (Theorem 6.15). We also characterize the class of

linear Pfaffian systems for which the middle Laplace transform behaves well. Section

7 provides the categorical interpretation of the (inverse) middle Laplace transform in

several variables, which is a generalization of the description in Section 3. Section 8 is

devoted to the proof of the properties stated in Section 6. We note that Subsection 8.2

is devoted solely to the proof of a technical proposition and is somewhat lengthy; readers

who are only interested in our results may skip it. In Section 9, as an application of

the above results, we generalize the middle convolution for linear Pfaffian systems with

irregular singularities. The fundamental properties (additivity and irreducibility) of the

middle convolution are also given. At the end of this paper, in Section 10, we give some

examples related to (confluent) hypergeometric functions with two variables.

We end the introduction by mentioning some future problems. First, investigating

the transformation of local data (spectral type, local exponents, characteristic polyno-

mials at irregular singular points) induced by the middle Laplace transform or middle

convolution is an important problem. Next, investigating the transformation of global

data (connection coefficients, monodromy and Stokes multipliers) induced by the middle

Laplace transform or the middle convolution is also important. For this problem, the

pioneering work of Balser-Jurkat-Lutz [2] seems to be an important reference. They

showed that the Stokes multipliers of the Birkhoff canonical form (1.4) can be calculated

by using the connection coefficients of the Okubo normal form (1.2) through the Laplace

transform. We expect that their method can be generalized to holonomic systems via

the middle Laplace transform. Shimomura [25, 26, 27, 28] and Majima [16] derived the

Stokes multipliers of some confluent hypergeometric systems in several variables. Their

results seem to provide us with good insight for generalizing the method of Balser-Jurkat-

Lutz. Furthermore, Haraoka [8] has recently calculated the Stokes multiplier of a certain

confluent hypergeometric function in two variables by using Majima’s strong asymptotic

expansion [15]. As we will see in Section 10, the linear Pfaffian system associated with

Haraoka’s confluent hypergeometric function can be obtained by iterating the middle

Laplace transform for a rank one system. Therefore, we expect that Haraoka’s result

may be understood from our perspective.
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2. Middle Laplace transform in one variable

First, we introduce the middle Laplace transform for linear ordinary differential

equations

du

dx
=

(
S +

q∑
i=1

Ai

x− ai

)
u, (2.1)

where S,Ai ∈ Mat(N,C) and x, a1, . . . , aq ∈ C. This equation has regular singular points

at x = a1, . . . , aq and an irregular singular point of Poincaré rank one at x = ∞. Note

that, the equation (2.1) can be expressed as

du = Ωu, Ω = S dx+

q∑
i=1

Ai d log(x− ai) (2.2)

and hence (2.1) is a linear Pfaffian system (1.5) in one variable.

In the following, we assume that the matrix S is diagonalizable. For simplicity in

the following discussion, we further assume that S is already diagonalized as

S =


α1IN1

α2IN2

. . .

αq̂INq̂

 (2.3)

by a suitable gauge transformation. Here α1, . . . , αq̂ ∈ C and N = N1 +N2 + · · ·+Nq̂ is

a partition of N .

2.1. Definition

The middle Laplace transform consists of the following three steps:

Step 1. Extend the equation (2.1) to the Birkhoff-Okubo normal form.

Step 2. Apply the Laplace transform.

Step 3. Project onto a suitable quotient space.

In the following, we will explain the above steps in detail and in order.

Step 1. Let u(x) be a solution of the equation (2.1) and set

U(x) = t

(
u(x)

x− a1
,
u(x)

x− a2
, . . . ,

u(x)

x− aq

)
.

Then, we can verify that the vector U(x) satisfies the system which we call the Birkhoff-

Okubo normal form :

(x− T )
dU

dx
=
(
A− I + S⊕q(x− T )

)
U, (2.4)

where
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T =


a1IN

a2IN
. . .

aqIN

 , A =


A1 A2 . . . Aq

A1 A2 . . . Aq

...
...

...

A1 A2 . . . Aq

 ,

S⊕q =

q⊕
i=1

S =


S

S
. . .

S

 .

(2.5)

We note that the Birkhoff-Okubo normal form (2.4) is an ordinary differential equation

with polynomial coefficients, and thus it is well suited to integral transformations such

as the Riemann-Liouville and Laplace transforms.

Step 2. For the Birkhoff-Okubo normal form (2.4), we consider the Laplace transform

L :


d

dx
7→ x,

x 7→ − d

dx

(2.6)

which corresponds to the integral transform

U(x) 7→ V (x) =

∫
∆

U(t)e−xt dt (2.7)

with a suitable path of integration ∆. Formally applying (2.6) to the equation (2.4), we

have (
− d

dx
− T

)
(xV ) =

(
A− I + S⊕q

(
− d

dx
− T

))
V

and hence obtain (
x− S⊕q

) dV
dx

= −
(
A+ (x− S⊕q)T

)
V. (2.8)

By multiplying (x− S⊕q)−1 from the left, we have

dV

dx
=

−T +

q̂∑
j=1

Bj

x− αj

V, (2.9)

where

Bj = −


ENj

A1 ENj
A2 · · · ENj

Aq

ENj
A1 ENj

A2 · · · ENj
Aq

...
...

...

ENj
A1 ENj

A2 · · · ENj
Aq

 (2.10)
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and

ENj = diag[ON1 , . . . , INj , . . . , ONq̂
] =



ON1

. . .

INj

. . .

ONq̂


for 1 ≤ j ≤ q̂.

Definition 2.1. We call the operation which sends the equation (2.1) to the equa-

tion (2.9) the Laplace transform and denote it by L. This operation can also be regarded

as sending the 1-form Ω in (2.2) to the 1-form

L(Ω) := −T dx+

q̂∑
j=1

Bj d log(x− αj). (2.11)

Remark 2.2. Analytically, the transform (2.6) can be realized by the integral trans-

form (2.7) with a path of integration ∆ along which the integral converges. Under suit-

able assumptions on the coefficient matrices of the initial equation (2.1), which ensure

an appropriate asymptotic behavior of U(t), such a path can indeed be chosen; see, for

example, [2] or [7, Chapter 5] for a detailed analytic treatment. In this paper we only use

the formal correspondence (2.6), and we do not discuss these analytic aspects further.

Step 3. The Laplace transformed equation (2.8) is not irreducible in general, even if the

original equation (2.1) is irreducible (a precise definition of irreducibility will be given

later). Therefore, we consider projecting (2.8) onto a suitable quotient space in order to

extract the irreducible part.

Let K be a subspace of (CN )q defined by

K :=

q⊕
i=1

KerAi =


v1

...

vq

 ∈ (CN )q

∣∣∣∣∣∣∣ vi ∈ KerAi (1 ≤ i ≤ q)

 . (2.12)

Then, we have the following.

Lemma 2.3. The subspace K is a common invariant subspace of the tuple of matrices

(T,B1, . . . , Bq̂).

Proof. Take v = t(v1, . . . , vq) ∈ K. Then we have

Tv =


a1IN

a2IN
. . .

aqIN



v1
v2
...

vq

 =


a1v1
a2v2
...

aqvq


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Since vi ∈ KerAi, we have aivi ∈ KerAi. This means that Tv ∈ K. For 1 ≤ j ≤ q̂, we

have

Bjv = −


ENj

A1 ENj
A2 · · · ENj

Aq

ENj
A1 ENj

A2 · · · ENj
Aq

...
...

...

ENj
A1 ENj

A2 · · · ENj
Aq



v1
v2
...

vq

 = 0

since vi ∈ KerAi. This means Bjv ∈ K. □

Lemma 2.3 implies that the tuple of matrices (T,B1, . . . , Bq̂) induces a linear ac-

tion on the quotient space (CN )q/K. Let (T̄ , B̄1, . . . , B̄q̂) denote a tuple of matrices

representing the induced action on (CN )q/K. Then, we have the equation

dv

dx
=

−T̄ +

q̂∑
j=1

B̄j

x− αj

 v, (2.13)

or equivalently, in Pfaffian form,

dv = ML(Ω)v, ML(Ω) := −T̄ dx+

q̂∑
j=1

B̄j d log(x− αj). (2.14)

Definition 2.4. We call the operation which sends the equation (2.1) to the equa-

tion (2.13) the middle Laplace transform and denote it by ML.

We note that the middle Laplace transform may change the rank of differential

equations in general. Under the assumptions of Theorem 2.10 below, the middle Laplace

transformed equation (2.13) is also irreducible.

Remark 2.5. (i) The tuple (T̄ , B̄1, . . . , B̄q̂) is obtained as follows. Let

(u1, . . . , um) be a basis of the subspace K. By adding vectors (vm+1, . . . , vqN ),

we construct a basis of CqN . We set P = (u1, . . . , um, vm+1, . . . , vqN ) ∈ GL(qN,C).
Then we have

TP = P

(
∗ ∗
O T̄

)
, BjP = P

(
∗ ∗
O B̄j

)
(1 ≤ j ≤ q̂)

where the matrices on the right-hand side are divided into blocks of size (m, qN −
m)× (m, qN −m). This corresponds to the decomposition CqN = K ⊕ (CqN/K).

(ii) Let P be as in the above. For a solution V (x) for (2.9), we define the (qN −m)-

vector v̄(x) by

P−1V =

(
∗
v̄

)
.
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Then, we see that v̄(x) gives a solution to the equation (2.13). Here, setting Q =

(OqN−m, IqN−m)P−1, we obtain

v̄ = QV.

From this and Remark 2.2, it follows that the middle Laplace transformed equation

(2.13) admits the following Laplace integral representation of solutions:

v̄(x) = QV (x) = Q

∫
∆

U(t)e−xt dt.

2.2. Inverse (middle) Laplace transform

We introduce the inverse middle Laplace transform of (2.1) by the same three-step

procedure as in the middle Laplace transform, except that Step 2 is replaced by the

inverse Laplace transform

L−1 :


d

dx
7→ −x,

x 7→ d

dx

(2.15)

which corresponds to the integral transform

U(x) 7→ W (x) =

∫
∆

U(t)ext dt

with a suitable path of integration ∆. That is, for the Birkhoff-Okubo extension (2.4) of

the original equation (2.1), we formally apply the transform (2.15). Then, we have(
d

dx
− T

)
(−xW ) =

(
A− I + S⊕q

(
d

dx
− T

))
W

and hence obtain (
x+ S⊕q

) dW
dx

=
(
−A+ (x+ S⊕q)T

)
W.

By multiplying (x+ S⊕q)
−1

from the left, we have

dW

dx
=

T +

q̂∑
j=1

Bj

x+ αj

W, (2.16)

where Bj (1 ≤ j ≤ q̂) are given by (2.10).

Definition 2.6. We call the operation which sends the equation (2.1) to the equa-

tion (2.16) the inverse Laplace transform and denote it by L−1. This operation can also

be regarded as sending the 1-form Ω in (2.2) to the 1-form
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L−1(Ω) := T dx+

q̂∑
j=1

Bj d log(x+ αj). (2.17)

Then, thanks to Lemma 2.3, we can project the equation (2.16) onto the quotient

space (CN )q/K and obtain the equation

dw

dx
=

T̄ +

q̂∑
j=1

B̄j

x+ αj

w, (2.18)

or equivalently, in Pfaffian form,

dw = ML−1(Ω)w, ML−1(Ω) := T̄ dx+

q̂∑
j=1

B̄j d log(x+ αj), (2.19)

as in Step 3 of the middle Laplace transform.

Definition 2.7. We call the operation which sends the equation (2.1) to the equa-

tion (2.18) the inverse middle Laplace transform and denote it by ML−1.

While the Laplace transform (2.6) and the inverse Laplace transform (2.15) defined

for Birkhoff-Okubo normal forms are (formally) inverse to each other, it is not clear

whether the middle Laplace transform ML and the inverse middle Laplace transform

ML−1 defined for general ordinary differential equations (2.1), are truly inverse, since

Step 1 (extension) and Step 3 (projection) are involved. In the next subsection, under

some suitable assumption for the initial equation (2.1), we present the inversion formula

for the middle Laplace transform and the inverse middle Laplace transform.

Remark 2.8. Although we have assumed at the beginning of this section that the

matrix S in the initial equation (2.1) is already diagonalized as in (2.3), the procedures of

the (inverse) middle Laplace transform –namely, extension, (inverse) Laplace transform

and projection– remain valid as long as S is diagonalizable. In other words, even if S

is not diagonalized, the same arguments apply provided that S is similar to a diagonal

matrix of the form

S ∼


α1IN1

α2IN2

. . .

αq̂INq̂


for some α1, α2, . . . , αq̂ ∈ C. Therefore, we can define the (inverse) Laplace transform and

the (inverse) middle Laplace transform for equations (2.1) with general diagonalizable S.

We note that, in the general case, the description of Bj in (2.9) and (2.16) differs from

(2.10).
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2.3. Fundamental properties of the middle Laplace transform

We summarize some fundamental properties of the (inverse) middle Laplace trans-

form without proofs. The proofs will be given in Section 4.

Definition 2.9. Let N ≥ 1. For a linear ordinary differential equation (2.1), or

equivalently its corresponding 1-form Ω in (2.2), we define the following notions.

• We say that it is irreducible if there is no 〈S,A1, . . . , Aq〉-invariant subspace except
CN and {0}.

• We say that it is exceptional if N = 1 and Ai = 0 for all i = 1, . . . , q. Otherwise,

we say it is non-exceptional.

We note that the exceptional case is precisely the scalar equation of the form u′ = αu

(α ∈ C). As explained in the previous section, the (inverse) middle Laplace transform

behaves well for irreducible and non-exceptional equations.

Theorem 2.10. Suppose that the ordinary differential equation (2.1) is irreducible

and non-exceptional. Then, the following hold.

(i) ML−1 ◦ML = ML ◦ML−1 = id.

(ii) The middle Laplace transformed system (2.13) and the inverse middle Laplace trans-

formed system (2.18) are also irreducible and non-exceptional.

Here, the above symbol “ = ” is understood up to constant gauge equivalence; that is,

the equations obtained by ML−1 ◦ML and ML◦ML−1 coincide with the original one

modulo a gauge transformation by some constant matrix P ∈ GL(N,C).

3. Categorical interpretation (one variable case)

In order to prove Theorem 2.10, we begin by regarding the ordinary differential

equation (2.1) as a meromorphic connection on P1 = P1(C). We then formulate the (in-

verse) middle Laplace transform as a functor between suitable categories of meromorphic

connections.

3.1. Category of meromorphic connections

Let OP1 be the sheaf of holomorphic functions on P1, and let M1
P1 be the sheaf of

meromorphic 1-forms on P1. We set CP1 to be the category of meromorphic connections

on P1. That is,

Ob(CP1) =

(OP1 ⊗ V ,∇)

∣∣∣∣∣∣∣∣
V is a finite dimensional C-vector space and

∇ : OP1 ⊗ V → M1
P1 ⊗OP1

(OP1 ⊗ V)
is a C-linear map satisfying

∇(hv) = dh⊗OP1
v + h∇(v) (h ∈ OP1 , v ∈ OP1 ⊗ V)

 ,

where we write ⊗C = ⊗ for short. A C-linear map f : V → V ′ is called a morphism of

(meromorphic) connections from (OP1 ⊗ V ,∇) to (OP1 ⊗ V ′,∇′) if the diagram
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OP1 ⊗ V M1
P1 ⊗OP1

(OP1 ⊗ V)

OP1 ⊗ V ′ M1
P1 ⊗OP1

(OP1 ⊗ V ′)

∇

φ id.⊗OP1
φ

∇′

is commutative. Here ϕ : OP1 ⊗ V → OP1 ⊗ V ′ is a morphism of OP1 -modules obtained

through the isomorphism

f ∈ HomC(V,V ′) ∼= HomC(CN ,CN ′
) (V ∼= CN , V ′ ∼= CN ′

)

∼= HomOP1 (P1)(OP1(P1)N ,OP1(P1)N
′
)

∼= HomOP1
(ON

P1 ,ON ′

P1 )

∼= HomOP1
(OP1 ⊗ V ,OP1 ⊗ V ′) 3 ϕ.

In the above, we used the fact OP1(P1) = C which follows from the compactness of P1.

A linear map ∇ of (OP1 ⊗ V ,∇) can be expressed as ∇ = d − Ω, where Ω is an

EndC(V)-valued meromorphic 1-form. Then, we identify CP1 with the category of pairs

(V,Ω) consisting of a finite dimensional C-vector space V and an EndC(V)-valued mero-

morphic 1-form Ω. The morphisms (V,Ω) → (V ′,Ω′) in CP1 are linear maps f : V → V ′

satisfying Ω′f = fΩ. 2

We shall explain the correspondence of meromorphic connections and differential

equations. For a connection (V,Ω) ∈ CP1 , we fix an isomorphism (a basis) V ∼= CN .

Then the 1-form Ω can be expressed as Ω = A(x) dx by using some A(x) ∈ Mat(N,C(x)).
Therefore, the connection (V,Ω) can be identified with the GL(N,C)-conjugacy class of

the ordinary differential equation

du

dx
= A(x)u. (3.1)

We call the matrix A(x) the coefficient matrix of Ω. For another connection (V ′,Ω′) ∈
CP1 , we fix an isomorphism V ′ ∼= CN ′

and let B(x) be the coefficient matrices of Ω′.

Then, the linear map f : V → V ′ is to be a morphism of connections f : (V,Ω) → (V ′,Ω′)

if and only if the matrix representation F ∈ Mat(N ′ × N,C) of f with respect to the

above two basis satisfies

FA(x) = B(x)F.

In particular, if the morphism f : (V,Ω) → (V ′,Ω′) is an isomorphism of vector spaces,

then the corresponding matrix representation F is invertible. This means that the equa-

tion (3.1) can be transformed into

dv

dx
= B(x)v

by the gauge transformation v = Fu.

2This treatment is inspired by Yamakawa [31, §2.2].
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3.2. Subcategories

We now introduce some subcategories of CP1 consisting of connections corresponding

to differential equations of the form (2.1). Let

T := {a1, . . . , aq}, S := {α1, . . . , αq̂} (3.2)

be finite subsets of C.

3.2.1. Category of linear ordinary differential equations

We define the full subcategory P(T ,S) of CP1 by

Ob(P(T ,S)) := {(V,Ω) ∈ Ob(CP1) | Ω satisfies the condition (O)} .

Here, condition (O) is the following: the 1-form Ω is expressed as

Ω = S dx+

q∑
i=1

Ai d log(x− ai), S, Ai ∈ End(V), (3.3)

where S is diagonalizable and its set of eigenvalues is contained in S. This means that

there exists an isomorphism (i.e., a choice of basis) V ∼= CN for some N ∈ Z≥0 and a

decomposition

N = N1 +N2 + · · ·+Nq̂ (Nj ≥ 0, j = 1, 2, . . . , q̂)

such that the 1-form can be written as

Ω = S dx+

q∑
i=1

Ai d log(x− ai), S, Ai ∈ Mat(N,C), (3.4)

where S is of the form (2.3), that is,

S =


α1IN1

α2IN2

. . .

αq̂INq̂

 =

q̂∑
j=1

αjENj .

If Nj = 0, we omit the corresponding diagonal block αjINj
in the block diagonal matrix,

and ENj
is understood to be the zero matrix ON . Note that the discussion in Section 2

remains valid even when some Nj vanish.

The connection matrix A(x) of Ω can be written as

A(x) = S +

q∑
i=1

Ai

x− ai

and hence, the category P(T ,S) can be regarded as the category of ordinary differential

equations of the form (2.1) (or Pfaffian systems of the form (2.2)) with diagonalizable S.

We note that the category P(T ,S) is abelian.
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Remark 3.1. Let (V,Ω), (V ′,Ω′) ∈ P(T ,S) be two objects. We fix basis identifying

V ∼= CN and V ′ ∼= CN ′
such that the 1-form Ω is written as (3.4) and

Ω′ = S′ +

q∑
i=1

A′
i d log(x− ai), S′, A′

i ∈ Mat(N ′,C). (3.5)

Then, the matrix representation F ∈ Mat(N ′×N,C) of a morphism f : (V,Ω) → (V ′,Ω′)

with respect to the fixed basis satisfies

FS = S′F, FAi = A′
iF (1 ≤ i ≤ q). (3.6)

Hence, we see that the two objects (V,Ω) and (V ′,Ω′) are isomorphic if and only if

N = N ′ and there exists a matrix P ∈ GL(N,C) such that

S = P−1S′P, Ai = P−1A′
iP (1 ≤ i ≤ q).

3.2.2. Category of ordinary linear differential equations of Birkhoff-

Okubo normal form

In general, ordinary differential equations of the following form are called the

Birkhoff-Okubo normal form :

(x− T )
du

dx
= (A+ S(x− T ))u (3.7)

where S and T are diagonal constant matrices, and A is a constant matrix. If the set

of eigenvalues of T is contained in T , then, by multiplying (x − T )−1 from the left, the

equation (3.7) becomes

du

dx
=
(
S + (x− T )−1A

)
u =

(
S +

q∑
i=1

Ai

x− ai

)
u,

where Ai (1 ≤ i ≤ q) are some constant matrices. With this in mind, we define the

subcategory B = B(T ,S) of P(T ,S), which consists of connections corresponding to

ordinary differential equations of Birkhoff-Okubo normal form, as follows. The set of

objects Ob(B(T ,S)) is defined by

Ob(B(T ,S)) =

(V,Ω) ∈ Ob(P(T ,S))

∣∣∣∣∣∣
There exists an isomorphism V ∼= CN

(i.e., a choice of basis) for some N ∈ Z≥0

such that Ω satisfies the condition (B)

 .

Here, condition (B) is the following: there exists a decomposition of N

N = N1 +N2 + · · ·+Nq (Ni ≥ 0, i = 1, 2, . . . , q)

and a constant matrix A ∈ Mat(N,C) such that the 1-form Ω can be written as

Ω =
(
S + (x− T )−1A

)
dx, (3.8)
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where S is diagonal and

T =


a1IN1

a2IN2

. . .

aqINq

 . (3.9)

If Ni = 0, we omit the corresponding diagonal block aiINi
in the block diagonal matrix.

For (V,Ω) ∈ Ob(P(T ,S)) with V = {0} (corresponding to the case N = 0), condition

(B) is understood to be satisfied, with all matrices appearing therein interpreted as empty

matrices.

We now define morphisms in B(T ,S). For (V,Ω), (V ′,Ω′) ∈ B(T ,S), we set

HomB(T ,S)((V,Ω), (V ′,Ω′))

:= {f ∈ HomP(T ,S)((V,Ω), (V ′,Ω′)) | f satisfies condition (Bmor)}.

Here, condition (Bmor) is the following: for basis V ∼= CN and V ′ ∼= CN ′
, we write the

1-forms Ω and Ω′ as (3.8) and

Ω′ =
(
S′ + (x− T ′)−1A′) dx, S′, T ′, A′ ∈ Mat(N ′,C)

respectively. Then, the matrix representation F ∈ Mat(N ′ ×N,C) of f satisfies

FT = T ′F, FS = S′F, FA = A′F. (3.10)

If N = 0 or N ′ = 0, condition (Bmor) is understood to be automatically satisfied, with

the usual convention on empty matrices.

3.3. Functors

Retain the notation from the previous subsection. We now introduce some con-

structions corresponding to the three steps of the (inverse) middle Laplace transform:

extension, (inverse) Laplace transform, and projection. The (inverse) middle Laplace

transform functor is then obtained by applying these constructions in this order.

3.3.1. Birkhoff-Okubo extension functor

First, we define the functor

BO : P(T ,S) → B(T ,S),

which corresponds to the extension of the differential equation (2.1) into the Birkhoff-

Okubo normal form (2.4) as follows.

For (V,Ω) ∈ P(T ,S), we fix a basis V ∼= CN so that the 1-form Ω is written as (3.4)

with S diagonalized as in (2.3). Then, we define the EndC(Vq)-valued 1-form BO(Ω) by

the matrix representation

BO(Ω) :=
(
S⊕q + (x− T )−1(A− I)

)
dx, (3.11)
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where S⊕q, T, A ∈ Mat(qN,C) are given by (2.5). Then, we define

BO(V,Ω) := (Vq, BO(Ω)).

By definition, it holds that BO(V,Ω) ∈ Ob(B(T ,S)).

We then define the morphism part of the functor BO. For a morphism f ∈
HomP(T ,S)((V,Ω), (V ′,Ω′)), we define the linear map BO(f) : Vq → (V ′)q by

BO(f) := f⊕q =

f
...

f

 .

Then we have the following.

Lemma 3.2. BO(f) defines a morphism from BO(V,Ω) to BO(V ′,Ω′).

Proof. For (V,Ω), (V ′,Ω′) ∈ P(T ,S), we fix basis V ∼= CN and V ′ ∼= CN ′
such

that the 1-forms Ω and Ω′ are written as (3.4) and (3.5), respectively. Then, the matrix

representation F ∈ Mat(N ′ × N,C) of the morphism f with respect to the above basis

satisfies (3.6).

Here, the 1-forms BO(Ω) and BO(Ω′) are given by (3.11) and

BO(Ω′) =
(
(S′)⊕q + (x− T )−1(A′ − I)

)
dx,

where (S′)⊕q, A′ ∈ Mat(qN ′,C) are given by

A′ =


A′

1 A′
2 . . . A′

q

A′
1 A′

2 . . . A′
q

...
...

...

A′
1 A′

2 . . . A′
q

 , (S′)⊕q =

q⊕
i=1

S′ =


S′

S′

. . .

S′

 .

The matrix representation of BO(f) with respect to the fixed basis is given by F⊕q.

Then, we can verify that (3.10) holds, which shows that BO(f) defines a morphism from

BO(V,Ω) to BO(V ′,Ω′). □

Definition 3.3. We refer to the functor BO : P(T ,S) → B(T ,S) as the Birkhoff-
Okubo extension functor, or simply the BO-extension functor.

3.3.2. Laplace transform functor

We proceed to define the Laplace transform functor, which we denote by L, corre-
sponding to the Laplace transform in Definition 2.1. Set

−T := {−a1, . . . ,−aq}, −S := {−α1, . . . ,−αq̂}.

We first introduce the operation L, which corresponds to the Laplace transform for

Birkhoff-Okubo normal forms. On objects, it sends a connection in B(T ,S) to a con-

nection in B(S,−T ) as follows. For (V,Ω) ∈ B(T ,S), we fix a basis V ∼= CN so that
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the 1-form Ω is written as (3.8) with (3.9). Then, we define the EndC(V)-valued 1-form

L(Ω) by the matrix representation

L(Ω) :=
(
−T − (x− S)−1(A+ I)

)
dx.

Note that the corresponding differential equation of this connection is

dv

dx
=
(
−T − (x− S)−1(A+ I)

)
v ⇔ (x− S)

dv

dx
= − (A+ I + (x− S)T ) v,

which is nothing but the differential equation obtained by applying the Laplace transform

(2.6) for the Birkhoff-Okubo normal form (3.7). Then, we define

L(V,Ω) := (V, L(Ω)) ∈ Ob(B(S,−T )).

For f ∈ HomB(T ,S)((V,Ω), (V ′,Ω′)), we define the linear map L(f) : V → V ′ by

L(f) := f.

Then, it is easily verified that the map L(f) defines a morphism from L(V,Ω) to L(V ′,Ω′)

in B(S,−T ).

We can define the operation L−1 in the same way. That is, for (V,Ω) ∈ B(T ,S), we
fix a basis V ∼= CN so that the 1-form Ω is written as (3.8) with (3.9). Then, we define

the EndC(V)-valued 1-form L−1(Ω) by the matrix representation

L−1(Ω) :=
(
T − (x+ S)−1(A+ I)

)
dx.

Note that the corresponding differential equation of this connection is

dv

dx
=
(
T − (x+ S)−1(A+ I)

)
v ⇔ (x+ S)

dv

dx
= (−(A+ I) + (x+ S)T ) v,

which is nothing but the differential equation obtained by applying the inverse Laplace

transform (2.15) for the Birkhoff-Okubo normal form (3.7). Then, we define

L−1(V,Ω) := (V, L−1(Ω)) ∈ Ob(B(−S, T )).

For f ∈ HomB(T ,S)((V,Ω), (V ′,Ω′)), we define the linear map L−1(f) : V → V ′ by

L−1(f) := f.

Then, it is easily verified that the map L−1(f) defines a morphism from L−1(V,Ω) to

L−1(V ′,Ω′) in B(−S, T ).

We are now ready to define the functors L and L−1.

Definition 3.4. Let I : B → P denote the inclusion functor. We define the Laplace

transform functor L : P(T ,S) → P(S,−T ) by

L := I ◦ L ◦BO.
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For (V,Ω) ∈ P(T ,S), we write

L(V,Ω) = (Vq,L(Ω)). (3.12)

Similarly, we define the inverse Laplace transform functor L−1 : P(T ,S) → P(−S, T )

by

L−1 := I ◦ L−1 ◦BO.

For (V,Ω) ∈ P(T ,S), we write

L−1(V,Ω) = (Vq,L−1(Ω)). (3.13)

Remark 3.5. For (V,Ω) ∈ P(T ,S), we fix a basis V ∼= CN such that the 1-form

Ω is written as (3.4) with S diagonalized as in (2.3). Then, the matrix representation of

1-forms L(Ω) of (3.12) and L−1(Ω) of (3.13) with respect to the basis Vq ∼= (CN )q are

given by (2.11) and (2.17), respectively.

Proposition 3.6. The functors L and L−1 are exact.

Proof. Since the proof for L−1 is identical, it suffices to prove exactness for L.
Recall that P(T ,S) and P(S,−T ) are abelian categories (with kernels and cokernels

computed on the underlying vector spaces, with the induced connection). More con-

cretely, for a morphism f : (V,Ω) → (V ′,Ω′) in P(T ,S), i.e., Ω′f = fΩ, the subspace

Ker f ⊂ V is Ω-invariant, hence inherits a connection ΩKer f := Ω|Ker f . Then the kernel

of f is given by (Ker f,ΩKer f ). The quotient space Coker f = V ′/ Im f also inherits

a connection Ω′
Coker f because Im f is Ω′-invariant. Then the cokernel of f is given by

(Coker f,Ω′
Coker f ). The defining conditions of P(T ,S) are preserved under passing to Ω-

invariant subspaces and to quotients, so (Ker f,ΩKer f ) and (Coker f,Ω′
Coker f ) are again

objects of P(T ,S).
Since L is an additive functor between abelian categories, by [12, Proposition 8.3.18]

and its dual statement, it is enough to show that L preserves kernels and cokernels. Since

L(f) = f⊕q by the definitions of BO(f) and L(f), we see that

KerL(f) = Ker(f⊕q) = (Ker f)q = L(Ker f)

as vector spaces. We next compare the induced 1-forms. Let i : Ker f ↪→ V be the

inclusion. Since i defines a morphism i : (Ker f,ΩKer f ) → (V,Ω) in P(T ,S) and L
is a functor, we have L(i) : (L(Ker f),L(ΩKer f )) → (L(V),L(Ω)) is a morphism in

P(S,−T ). Hence, L(Ω)L(i) = L(i)L(ΩKer f ) holds. Since L(i) = i⊕q, we have

L(Ω) ◦ i⊕q = i⊕q ◦ L(ΩKer f ).

Combining this with KerL(f) = (Ker f)q = (Im i)q = Im(i⊕q), we see that KerL(f)
is L(Ω)-invariant and the induced 1-form L(Ω)KerL(f) = L(Ω)|KerL(f) coincides with

L(ΩKer f ). Therefore (KerL(f),L(Ω)KerL(f)) is isomorphic to (L(Ker f),L(ΩKer f )) in

P(S,−T ).
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Similarly,

CokerL(f) = Coker(f⊕q) ∼= (Coker f)q = L(Coker f)

as vector spaces. Let p : V ′ ↠ Coker f be the projection. Since p defines a mor-

phism p : (V ′,Ω′) → (Coker f,Ω′
Coker f ) in P(T ,S) and L is a functor, we have

L(p) : (L(V ′),L(Ω′)) → (L(Coker f),L(Ω′
Coker f )) is a morphism in P(S,−T ). Hence,

L(Ω′
Coker f )L(p) = L(p)L(Ω′) holds. Since L(p) = p⊕q, we have

L(Ω′
Coker f ) ◦ p⊕q = p⊕q ◦ L(Ω′).

Combining this with ImL(f) = Im(f⊕q) = (Im f)q = (Ker p)q = Ker(p⊕q), we see

that ImL(f) is L(Ω′)-invariant and hence L(Ω′) descends to CokerL(f). Moreover, the

induced 1-form coincides with L(Ω′
Coker f ), so (CokerL(f),L(Ω′)CokerL(f)) is isomorphic

to (L(Coker f),L(Ω′
Coker f )) in P(S,−T ). This proves that L is exact. □

3.3.3. Middle Laplace transform functor

We consider defining the functor from P(T ,S) to P(S,−T ), which corresponds to

the middle Laplace transform in Definition 2.4. For (V,Ω) ∈ P(T ,S), with the 1-form

(3.3), we define the linear subspace

KV :=

q⊕
i=1

KerAi =


v1

...

vq

 ∈ Vq

∣∣∣∣∣∣∣ vi ∈ KerAi (1 ≤ i ≤ q)

 . (3.14)

We fix a basis V ∼= CN such that the 1-form Ω is written as (3.4) with S diagonalized

as in (2.3). Then, the subspace (3.14) is nothing but the subspace K defined by (2.12).

Moreover, by Remark 3.5, the matrix representation of 1-form L(Ω) in L(V,Ω) with

respect to the basis Vq ∼= (CN )q is given by (2.11). Therefore, thanks to Lemma 2.3, we

can consider a subconnection and a quotient connection of (V,L(Ω)). This ensures the

well-definedness of the following connections:

K+(V,Ω) := (KV ,L(Ω)|KV ) ∈ P(S,−T ),

ML(V,Ω) := (Vq/KV ,ML(Ω)) ∈ P(S,−T ),

where L(Ω)|K denotes the End(K)-valued 1-form obtained by restriction, and ML(Ω)
the induced End(Vq/K)-valued 1-form. By our choice of basis on V, the 1-form ML(Ω)
of ML(V,Ω) is indeed given by (2.14). Similarly, we can define the connections

K−(V,Ω) := (KV ,L−1(Ω)|KV ) ∈ P(−S, T ),

ML−1(V,Ω) :=
(
Vq/KV ,ML−1(Ω)

)
∈ P(−S, T ).

Again, by fixing the basis of V, the 1-form ML−1(Ω) of ML−1(V,Ω) is given by (2.19).

Remark 3.7. K+ and ML (resp. K− and ML−1) are functors from P(T ,S) to

P(S,−T ) (resp. P(−S, T )).
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Definition 3.8. We refer to the functors ML : P(T ,S) → P(S,−T ) and ML−1 :

P(T ,S) → P(−S, T ) as the middle Laplace transform functor and the inverse middle

Laplace transform functor, respectively.

Since the inclusion ι : K ↪→ Vq induces a morphism in P(S,−T ) and P(−S, T ),

we obtain the following exact sequence in P(S,−T ):

0 K+(V,Ω) L(V,Ω) Coker ι+ 0ι+

where ι+ denotes the morphism in P(S,−T ) induced by ι. Then, by definition, we have

ML(V,Ω) = Coker ι+ = L(V,Ω)/K+(V,Ω).

Similarly, we obtain the following exact sequence in P(−S, T ):

0 K−(V,Ω) L−1(V,Ω) Coker ι− 0ι−

where ι− denotes the morphism in P(−S, T ) induced by ι. Hence we have

ML−1(V,Ω) = Coker ι− = L−1(V,Ω)/K−(V,Ω).

4. Inversion formula and irreducibility (one variable case)

Retain the notation from the previous section. In this section, we prove Theorem

2.10 by formulating it in terms of (meromorphic) connections. First, we introduce the

notions of irreducibility and exceptionality for connections.

Definition 4.1. Let (V,Ω) ∈ P(T ,S) be a connection with V 6= {0}, whose 1-form
Ω is given by (3.3).

• We say that (V,Ω) is irreducible if there is no 〈S,A1, . . . , Aq〉-invariant subspace of
V except V and {0}.

• We say that (V,Ω) is exceptional if dimV = 1 and Ai = 0 for all i = 1, . . . , q.

Otherwise, we say it is non-exceptional.

After fixing an isomorphism V ' CN , the above terminology agrees with the correspond-

ing terminology for the 1-form (3.4) in the sense of Definition 2.9.

Remark 4.2. If a connection (V,Ω) ∈ P(T ,S) with the 1-form (3.3) is irreducible

and non-exceptional, then it holds that

q⋂
i=1

KerAi ∩Ker(S + c) = {0} (∀c ∈ C), (?)

q∑
i=1

ImAi + Im(S + c) = V (∀c ∈ C). (??)
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These conditions are additive versions of the conditions (∗) and (∗∗) in Dettweiler-Reiter

[3, §3].

Theorem 2.10 can be rephrased as follows.

Theorem 4.3. Suppose that (V,Ω) ∈ P(T ,S) is irreducible and non-exceptional.

Then the following hold.

(i) ML−1 ◦ML(V,Ω) ∼ (V,Ω) and ML ◦ML−1(V,Ω) ∼ (V,Ω).

(ii) Both ML(V,Ω) and ML−1(V,Ω) are also irreducible and non-exceptional.

Here, the symbol ∼ denotes an isomorphism of connections.

4.1. Inversion formula

This subsection is devoted to the proof of the inversion formula (Theorem 4.3 (i)).

We will prove only the statement

ML−1 ◦ML(V,Ω) ∼ (V,Ω),

since the other one can be shown in the same way.

Suppose that (V,Ω) ∈ P(T ,S) is irreducible and non-exceptional, and that the

1-form Ω is expressed as (3.3). Let S ′ be the set of eigenvalues of S. Then we have

(V,Ω) ∈ P(T ,S ′). Since S ′ ⊆ S, the category P(T ,S ′) is a full subcategory of P(T ,S).
Therefore, for the proof of the inversion formula, it suffices to prove the assertion after

replacing S by S ′. After this replacement, using the same notation S = {α1, . . . , αq̂}, we
may assume in (3.4) that Nj ≥ 1 for all j = 1, 2, . . . , q̂.

Our goal is to show the existence of an isomorphism as connections

ML−1(ML(V,Ω)) → (V,Ω).

To this end, we will proceed in the following two steps.

Step 1. Show that (V,Ω) is isomorphic to the quotient connection

(V,Ω) ∼ L−1(L(V,Ω))/K′(V,Ω),

where K′(V,Ω) is a subconnection of L−1(L(V,Ω)) to be introduced later.

Step 2. Show that

L−1(L(V,Ω))/K′(V,Ω) ∼ ML−1(ML(V,Ω)). (4.1)

We begin with Step 1, that is, we describe the connection (V,Ω) as a quotient of

L−1(L(V,Ω)). Fix an isomorphism (a basis) V ∼= CN such that the 1-form Ω is expressed

as (3.4) with S diagonalized as in (2.3). That is, the coefficient matrix A(x) of Ω is given

by

A(x) = S +

q∑
i=1

Ai

x− ai
, S, Ai ∈ Mat(N,C),
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where

S =


α1IN1

α2IN2

. . .

αq̂INq̂

 .

By applying the Laplace transform functor and the inverse Laplace transform functor to

(V,Ω) in succession, we obtain the connection

L−1(L(V,Ω)) = ((Vq)q̂,L−1(L(Ω))).

For this connection, we now fix a basis (Vq)q̂ ∼= (CNq)q̂ so that the matrix representation

of the associated 1-form

L−1(L(Ω)) = G0 dx+

q∑
i=1

Gid log(x− ai)

is obtained by successively applying the Laplace transform and then the inverse Laplace

transform (see Definitions 2.1 and 2.6) to the original 1-form Ω. A direct calculation

yields the explicit form of the matrices G0, Gi ∈ Mat(Nqq̂,C) as follows:

G0 =


α1IqN

α2IqN
. . .

αq̂IqN

 ,

Gi =


Gi

1 Gi
2 · · · Gi

q̂

Gi
1 Gi

2 · · · Gi
q̂

...
...

...

Gi
1 Gi

2 · · · Gi
q̂

 , Gi
j =



ON ON · · · ON

... · · · · · ·
...

ENj
A1 ENj

A2 · · · ENj
Aq

... · · · · · ·
...

ON ON · · · ON

 ( i.

We then define a linear map ϕ : (Vq)q̂ → V as follows: for v = t(v1, . . . , vq̂) ∈ (Vq)q̂,

where each vj =
t(vj1, . . . , v

j
q) ∈ Vq, we set

ϕ(v) :=

q̂∑
j=1

ENj

q∑
k=1

Akv
j
k. (4.2)

Then, this linear map (4.2) defines a morphism of connections.

Proposition 4.4. The linear map (4.2) defines a morphism of connections

ϕ : L−1(L(V,Ω)) = ((Vq)q̂,L−1(L(Ω))) → (V,Ω). (4.3)

Proof. It is sufficient to show that
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ϕ ◦G0 = S ◦ ϕ, (4.4)

ϕ ◦Gi = Ai ◦ ϕ (1 ≤ i ≤ q). (4.5)

We prove the first statement (4.4). Let v = t(v1, . . . , vq̂) ∈ (Vq)q̂, where each vi =
t(vi1, . . . , v

i
q) ∈ Vq. Then, we have

G0v =


α1IqN

α2IqN
. . .

αq̂IqN



v1
v2
...

vq̂

 =


α1v1
α2v2
...

αq̂vq̂


and hence

(ϕ ◦G0)(v) =

q̂∑
j=1

ENj

q∑
k=1

Ak(αjv
j
k) =

q̂∑
j=1

αjENj

q∑
k=1

Akv
j
k.

On the other hand, since S = α1EN1
+ α2EN2

+ · · · + αq̂ENq̂
and ENj

ENk
= δjkENj

(where δjk denotes the Kronecker delta), we have

(S ◦ ϕ)(v) = S

q̂∑
j=1

ENj

q∑
k=1

Akv
j
k

= (α1EN1
+ α2EN2

+ · · ·+ αq̂ENq̂
)

q̂∑
j=1

ENj

q∑
k=1

Akv
j
k

=

q̂∑
j=1

αjENj

q∑
k=1

Akv
j
k,

which shows (4.4).

We proceed to show the statement (4.5). Take v = t(v1, . . . , vq̂) ∈ (Vq)q̂, where each

vj =
t(vj1, . . . , v

j
q) ∈ Vq. Then, we have

Giv =


Gi

1 Gi
2 · · · Gi

q̂

Gi
1 Gi

2 · · · Gi
q̂

...
...

...

Gi
1 Gi

2 · · · Gi
q̂



v1
v2
...

vq̂

 =


w1

w2

...

wq̂

 ,

where

wj =

q̂∑
k=1

Gi
kvk =

q̂∑
k=1



ON ON · · · ON

... · · · · · ·
...

ENk
A1 ENk

A2 · · · ENk
Aq

... · · · · · ·
...

ON ON · · · ON

 (i


vk1
vk2
...

vkq


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=

q̂∑
k=1



0N
...

ENk

q∑
l=1

Alv
k
l

...

0N


(i =



0N
...

q̂∑
k=1

ENk

q∑
l=1

Alv
k
l

...

0N


(i =



0N
...

ϕ(v)
...

0N

 (i =:



wj
1
...

wj
i
...

wj
q


.

Although w1 = w2 = · · · = wq̂ and wj
m = 0 (m 6= i), we retain the subscripts for the sake

of clarity in subsequent calculations. Then, we obtain

(ϕ ◦Gi)(v) =

q̂∑
j=1

ENj

q∑
m=1

Amwj
m =

q̂∑
j=1

ENjAiw
j
i

=

q̂∑
j=1

ENjAiϕ(v) = (EN1 + EN2 + · · ·+ ENq̂
)Aiϕ(v)

= Aiϕ(v),

which shows (4.5). □

Here, we shall show the properties of (4.2).

Lemma 4.5. The linear map (4.2) satisfies

Kerϕ = K′, Imϕ = V.

Here,

K′ :=


v1

...

vq̂

 ∈ (Vq)q̂

∣∣∣∣∣∣∣
vj =

t(vj1, . . . , v
j
q) ∈ Vq satisfies

ENj

q∑
k=1

Akv
j
k = 0 (j = 1, . . . , q̂)

 . (4.6)

Proof. First, we show that Kerϕ = K′. Since the inclusion Kerϕ ⊃ K′ is obvious,

it suffices to prove Kerϕ ⊂ K′. Take v = t(v1, . . . , vq̂) ∈ Kerϕ ⊂ (Vq)q̂, and write each

vj =
t(vj1, . . . , v

j
q). Then we have

ϕ(v) =

q̂∑
j=1

ENj

q∑
k=1

Akv
j
k

=


IN1

ON2

. . .

ONq̂


q∑

k=1

Akv
1
k + · · ·+


ON1

ON2

. . .

INq̂


q∑

k=1

Akv
q̂
k
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=

0N1

...

0Nq̂

 .

Hence, for each j = 1, . . . , q̂, we have

ENj

q∑
k=1

Akv
j
k = 0,

which shows v ∈ K′. This proves Kerϕ = K′.

Next, we show the statement Imϕ = V . Take w ∈ V and express

w = EN1w + EN2w + · · ·+ ENq̂
w.

Since (V,Ω) is irreducible and non-exceptional, by (??), for each j = 1, . . . , q̂, we have

q∑
i=1

ImAi + Im (S − αj) = V.

Thus, for each j = 1, . . . , q̂, there exist vj0, v
j
1, . . . , v

j
q ∈ V such that

ENj
w =

q∑
i=1

Aiv
j
i + (S − αj) v

j
0.

By multiplying ENj
, we have

ENj
w = ENj

q∑
i=1

Aiv
j
i

since ENj
(S − αj) = O. Now, define v = t(v1, . . . , vq̂) ∈ (Vq)q̂ with vj = t(vj1, . . . , v

j
q) ∈

Vq. Then, we have

ϕ(v) =

q̂∑
j=1

ENj

q∑
i=1

Aiv
j
i =

q̂∑
j=1

ENj
w = w.

This shows that ϕ is surjective, as desired. □

As a corollary of Proposition 4.4 and Lemma 4.5, we have the following.

Corollary 4.6. The connection

K′(V,Ω) := (K′,L−1(L(Ω))|K′) ∈ P(T ,S)

is a subconnection of L−1(L(V,Ω)). Moreover, the morphism (4.3) induces the isomor-

phism of connections

ϕ̄ : L−1(L(V,Ω))/K′(V,Ω) ∼−→ (V,Ω).
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We note that the quotient connection L−1(L(V,Ω))/K′(V,Ω) is described as

L−1(L(V,Ω))/K′(V,Ω) =
(
(Vq)q̂/K′,L−1(L(Ω))

∣∣∣
(Vq)q̂/K′

)
.

Let us proceed to Step 2, that is, we shall prove (4.1). To do that, we prepare the

following lemma concerning the expression of K′, which plays an important role later in

the proof.

Lemma 4.7. The vector space K′ defined in (4.6) can be expressed as

K′ =


v1

...

vq̂

 ∈ (Vq)q̂

∣∣∣∣∣∣∣Bjvj ∈ KV (1 ≤ j ≤ q̂)

 (4.7)

where Bj and KV are given by (2.10) and (3.14), respectively.

Proof. We abbreviate the right-hand side of (4.7) to K0 for short. We take

v = t(v1, . . . , vq̂) ∈ K′. Then, we have Bjvj = 0 (j = 1, . . . , q̂) by the definition (4.6) of

K′, which shows v ∈ K0 and hence K′ ⊂ K0.

Conversely, let v = t(v1, . . . , vq̂) ∈ K0 where each vj = t(vj1, . . . , v
j
q) ∈ Vq. Then we

have

Bjvj = −


ENj

A1 ENj
A2 · · · ENj

Aq

ENj
A1 ENj

A2 · · · ENj
Aq

...
...

...

ENj
A1 ENj

A2 · · · ENj
Aq



vj1
vj2
...

vjq

 = −


ENj

∑q
k=1 Akv

j
k

ENj

∑q
k=1 Akv

j
k

...

ENj

∑q
k=1 Akv

j
k


for each j = 1, . . . , q̂. Since we assumed Bjvj ∈ KV , we have

ENj

q∑
k=1

Akv
j
k ∈

q⋂
i=1

KerAi.

Besides, it holds that

(S − αj)ENj

q∑
k=1

Akv
j
k = 0.

Therefore we have

ENj

q∑
k=1

Akv
j
k ∈

q⋂
i=1

KerAi ∩Ker (S − αj) = {0}

for each j = 1, . . . , q̂. Here we used the property (?). As a consequence, we obtain that

each vj ∈ Vq satisfies
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ENj

q∑
k=1

Akv
j
k = 0 (j = 1, . . . , q̂).

It shows the desired implication K0 ⊂ K′. □

We now consider showing the isomorphism (4.1). To do this, we first construct a

morphism from L−1(L(V,Ω)) to L−1(ML(V,Ω)). Let f∗ : L(V,Ω) → ML(V,Ω) be a

quotient morphism. It is nothing but the quotient map from Vq to Vq/K as a linear

map. Then, by definition, we see that the morphism f := L−1(f∗) from L−1(L(V,Ω)) to
L−1(ML(V,Ω)) is given by the linear map

f : (Vq)q̂ → (Vq/KV)
q̂

∈ ∈v1
...

vq̂

 7→

v̄1
...

v̄q̂

 , v̄j = vj +KV .

We then construct a morphism

f ′ : L−1(L(V,Ω))/K′(V,Ω) → ML−1(ML(V,Ω))

as follows. Let π : L−1(ML(V,Ω)) → ML−1(ML(V,Ω)) be the quotient morphism. As

a linear map, the quotient morphism π is nothing but

π : (Vq/KV)
q̂ → (Vq/KV)

q̂

/
q̂⊕

j=1

Ker B̄j ,

where B̄j are the coefficient matrices of ML(Ω) in (2.14). Therefore, the composition

π ◦ f : L−1(L(V,Ω)) → ML−1(ML(V,Ω)) is given by the linear map

π ◦ f : (Vq)q̂ → (Vq/KV)
q̂

/
q̂⊕

j=1

Ker B̄j

∈ ∈v1
...

vq̂

 7→

v̄1 +Ker B̄1

...

v̄q̂ +Ker B̄q̂

 , v̄j = vj +KV .

For v,w ∈ (Vq)q̂ satisfying v −w ∈ K′, it can be easily verified that

(π ◦ f)(v) = (π ◦ f)(w)

by using Lemma 4.7. Hence, the linear map π ◦ f induces the linear map
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f ′ : (Vq)q̂/K′ → (Vq/KV)
q̂

/
q̂⊕

j=1

Ker B̄j

∈ ∈v1
...

vq̂

+K′ 7→

v̄1 +Ker B̄1

...

v̄q̂ +Ker B̄q̂

 , v̄j = vj +KV .

(4.8)

We can check that this linear map defines a morphism of connections. Then, we obtain

the morphism

f ′ : L−1(L(V,Ω))/K′(V,Ω) → ML−1(ML(V,Ω)). (4.9)

Then, the diagram

L−1(L(V,Ω)) L−1(L(V,Ω))/K′(V,Ω)

L−1(ML(V,Ω)) ML−1(ML(V,Ω))

π′

f f ′

π

(4.10)

is commutative. Here π′ denotes the quotient morphism. Finally, we shall show that the

morphism (4.9) indeed gives an isomorphism (4.1) of connections, which follows from the

following proposition.

Proposition 4.8. The linear map f ′ defined by (4.9) is bijective.

Proof. The surjectivity follows from the surjectivity of f and the commutative

diagram (4.10). We shall show the injectivity. Suppose that v = t(v1, . . . , vq̂) ∈ (Vq)q̂

satisfies f ′(v+K′) = 0. Then we have B̄j v̄j = 0 in Vq/KV (1 ≤ j ≤ q̂). This means that

Bjvj ∈ KV (1 ≤ j ≤ q̂). Then, by the expression (4.7), we have v ∈ K′. □

As a consequence, we have an isomorphism of connections

ϕ̄ ◦ (f ′)−1 : ML−1(ML(V,Ω)) ∼−→ (V,Ω),

which shows ML−1 ◦ML(V,Ω) ∼ (V,Ω), as desired.

4.2. Irreducibility

This subsection is devoted to proving Theorem 4.3 (ii). Let us prepare a lemma.

Lemma 4.9 (cf. Lemma 2.8 in Dettweiler-Reiter [3]). The functor ML : P(T ,S) →
P(S,−T ) satisfies the following.

(i) It preserves the inclusion. Namely, if (W,Ω|W) ∈ P(T ,S) is a subconnection of

(V,Ω) ∈ P(T ,S), then

ML(W,Ω|W) ⊂ ML(V,Ω). (4.11)
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(ii) It preserves the direct sum. Namely, if (V,Ω) can be written (V,Ω) = (W1,Ω1) ⊕
(W2,Ω2) by (W1,Ω1), (W2,Ω2) ∈ P(T ,S), then

ML(V,Ω) = ML(W1,Ω1)⊕ML(W2,Ω2).

The functor ML−1 : P(T ,S) → P(−S, T ) also satisfies the above two statements.

Proof. We prove the assertion (i) for ML. Since the functor L is exact (see

Proposition 3.6), it preserves the inclusion. Hence, we have L(W,Ω|W) ⊂ L(V,Ω) as

connection. Note that the morphism ι := L(ι∗) coming from the inclusion ι∗ : W ↪→ V
gives the inclusion from L(W,Ω|W) ⊂ L(V,Ω). Here, it is nothing but the inclusion map

ι : Wq ↪→ Vq as a linear map. Since KW = Wq ∩ KV , the linear map ι induces the

inclusion map

ῑ : Wq/KW ↪→ Vq/KV .

This can be regarded as a morphism from ML(W,Ω|W) to ML(V,Ω) and gives the

desired inclusion (4.11). We can show the assertion for ML−1 in the same way.

The assertion (ii) follows from (i). □

Now we show Theorem 4.3 (ii).

Proof of Theorem 4.3 (ii) (cf. the proof of [3, Corollary 3.6]). Suppose

that (V,Ω) ∈ P(T ,S) is irreducible and non-exceptional. Fix an isomorphism V ∼= CN

such that the 1-form Ω is expressed as (3.4) with S diagonalized as in (2.3). Then the

1-form ML(Ω) of ML(V,Ω) = (Vq/KV ,ML(Ω)) is expressed as

ML(Ω) = −T̄ dx+

q̂∑
j=1

B̄j d log(x− αj).

Here T̄ , B̄j are the endomorphisms of Vq/KV induced by T and Bj in (2.5) and (2.10),

respectively.

By Theorem 4.3 (i), the connection ML(V,Ω) is nonzero. Let (W,ML(Ω)|W) be

a minimal nonzero subconnection of ML(V,Ω). By the minimality, (W,ML(Ω)|W) is

irreducible.

We first show that (W,ML(Ω)|W) is non-exceptional. Suppose, to the contrary, that

it is exceptional. Then dimW = 1. Since T̄ is induced by T = diag[a1IN , . . . , aqIN ],

the scalar by which T̄ acts on W is one of a1, . . . , aq. Hence there exists a unique index

m such that T̄ |W = am idW . Moreover, B̄j |W = 0 for all j = 1, . . . , q̂. Take a nonzero

element w̄ ∈ W and let w = t(w1, w2, . . . , wq) ∈ Vq be a representative of w̄. The

condition B̄jw̄ = 0 means Bjw ∈ KV (j = 1, . . . , q̂). Then, by the same argument as in

the proof of Lemma 4.7, using (?) for (V,Ω), we obtain

ENj

q∑
k=1

Akwk = 0 (j = 1, . . . , q̂)
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and hence

q∑
k=1

Akwk = 0. (4.12)

Next we consider the condition (T̄ − am)w̄ = 0, which is equivalent to (T − am)w ∈ KV .

Thus

(ai − am)Aiwi = 0 (i = 1, . . . , q).

Since a1, . . . , aq are distinct, we have Aiwi = 0 for all i 6= m. Together with (4.12), this

gives Amwm = 0. Hence Aiwi = 0 for all i = 1, . . . , q. Therefore we obtain w ∈ KV , and

so w̄ = 0, a contradiction. Thus (W,ML(Ω)|W) is non-exceptional.

Applying the inverse middle Laplace transform ML−1 to (W,ML(Ω)|W), we have

ML−1(W,ML(Ω)|W) ⊂ (V,Ω)

by Lemma 4.9 (i) and Theorem 4.3 (i). Moreover, (W,ML(Ω)|W) is irreducible and

non-exceptional, so Theorem 4.3 (i) shows that ML−1(W,ML(Ω)|W) is nonzero. Since

(V,Ω) is irreducible, we obtain

ML−1(W,ML(Ω)|W) = (V,Ω).

Applying the middle Laplace transform ML again and using Theorem 4.3 (i), we get

(W,ML(Ω)|W) = ML(V,Ω).

This shows that ML(V,Ω) is irreducible and non-exceptional. The assertion for

ML−1(V,Ω) is proved in the same way. □

5. Generalized middle convolution in one variable

By employing the middle Laplace transform, we generalize the middle convolution

to linear ordinary differential equations with an irregular singular point. We consider

the same setting as in Section 2, namely, the linear ordinary differential equation (2.1),

or equivalently, the Pfaffian system (2.2), where S is diagonalizable and satisfies

S ∼


α1IN1

α2IN2

. . .

αq̂INq̂

 .

Here, α1, . . . , αq̂ ∈ C, and N = N1 +N2 + · · ·+Nq̂ is a partition of N .

Definition 5.1. For the differential equation (2.1) and λ = (λ1, λ2, . . . , λq) ∈ Cq,

we refer to the operation that sends (2.1) to the equation
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dv

dx
=

(
S +

q∑
i=1

Ai + λi

x− ai

)
v

as the addition with parameter λ, and denote it by addλ.

By definition, it is clear that this operation is invertible and keeps the irreducibility.

We then define the middle convolution as follows.

Definition 5.2. For the differential equation (2.1) and β = (β1, β2, . . . , βq̂) ∈ Cq̂,

we define the middle convolution mcβ with parameter β by the following composition:

mcβ := ML−1 ◦ add−β ◦ML.

We note that the addition addλ and the middle convolution mcβ induce the endo-

functors on P(T ,S) with (3.2), and we call these functors the addition functor and the

middle convolution functor, respectively. By abuse of notation, we also write addλ and

mcβ for these functors.

As a corollary of Theorem 4.3, we obtain some fundamental properties of the middle

convolution functor.

Theorem 5.3. Suppose that (V,Ω) ∈ P(T ,S) is irreducible and non-exceptional.

Then mc0(V,Ω) ∼ (V,Ω). Furthermore, for any β ∈ Cq̂ such that add−β ◦ML(V,Ω) is

non-exceptional, mcβ(V,Ω) is also irreducible and non-exceptional. In this case,

mcγ ◦mcβ(V,Ω) ∼ mcβ+γ(V,Ω)

holds for any γ ∈ Cq̂. Analogous statements hold for the irreducible and non-exceptional

equation (2.1), under the corresponding non-exceptionality condition on add−β ◦ML.

Proof. The statement mc0(V,Ω) ∼ (V,Ω) is a direct consequence of Theorem 4.3

(i). By Theorem 4.3 (ii), ML(V,Ω) is irreducible. Since the addition functor preserves

irreducibility, it follows that add−β ◦ML(V ,Ω) is irreducible. Besides, since we assumed

that add−β ◦ ML(V,Ω) is non-exceptional, we can apply Theorem 4.3 (ii) to add−β ◦
ML(V,Ω). Then we see that mcβ(V,Ω) is irreducible and non-exceptional. Finally,

applying Theorem 4.3 (i) to add−β ◦ML(V,Ω), we obtain

mcγ ◦mcβ(V,Ω) = ML−1 ◦ add−γ ◦ (ML ◦ML−1) ◦ add−β ◦ML(V,Ω)

∼ ML−1 ◦ add−γ ◦ add−β ◦ML(V,Ω)

= ML−1 ◦ add−(β+γ) ◦ML(V,Ω) = mcβ+γ(V,Ω).

This proves the assertion. The corresponding statement for the equation (2.1) follows

from the connection version. □

Moreover, the middle convolution in Definition 5.2 gives a generalization of the

middle convolution introduced by Dettweiler and Reiter for Fuchsian systems. To see

this, consider the Fuchsian system
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du

dx
=

(
q∑

i=1

Ai

x− ai

)
u, Ai ∈ Mat(N,C). (5.1)

This corresponds to the special case of equation (2.1) with q̂ = 1, N1 = N and α1 = 0 (i.e.,

S = O). Here, we briefly recall the original middle convolution with β ∈ C introduced

by Dettweiler-Reiter [3]. For the equation (5.1), we set

A =


A1 A2 · · · Aq

A1 A2 · · · Aq

...
...

...

A1 A2 · · · Aq

 , Ci =


ON · · · · · · · · · ON

· · · · · · · · ·
A1 · · · Ai + β · · · Aq

· · · · · · · · ·
ON · · · · · · · · · ON

 (i (1 ≤ i ≤ q).

Then the subspaces K =
⊕q

i=1 KerAi and

K∞ := Ker(C1 + C2 + · · ·+ Cq) = Ker(A+ β)

are common invariant subspaces of C1, C2, . . . , Cq. We note that the subspace K is the

same as the case of the middle Laplace transform. Let C̄i be the matrix which represents

the linear actions of Ci on the quotient space CqN/(K+K∞). Then, the operation which

sends the equation (5.1) to

dy

dx
=

(
q∑

i=1

C̄i

x− ai

)
y (5.2)

is called the middle convolution with β, which was originally introduced by Dettweiler-

Reiter.

We now show the composition ML−1 ◦ add−β ◦ML for the Fuchsian system (5.1)

realizes Dettweiler-Reiter’s original middle convolution (5.2). By applying the Laplace

transformation in Definition 2.1 for the Fuchsian system (5.1), we obtain

dV

dx
=

(
−T +

B1

x

)
V,

where

T =


a1IN

a2IN
. . .

aqIN

 , B1 = −A = −


A1 A2 · · · Aq

A1 A2 · · · Aq

...
...

...

A1 A2 · · · Aq

 .

By projecting this equation to the quotient space CqN/K with K =
⊕q

i=1 KerAi, we

have

dv

dx
=

(
−T̄ +

B̄1

x

)
v, T̄ , B̄1 ∈ Mat(N ′,C),
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where N ′ = qN −dimK and T̄ , B̄1 are matrices representing the induced action of T,B1

on the quotient space CqN/K. Without loss of generality, we may fix a basis of the vector

space CN ′ ∼= CqN/K such that the matrix T̄ is of the form

T̄ =


a1Ik1

a2Ik2

. . .

aqIkq

 , ki = N − dimKerAi (1 ≤ i ≤ q).

Here we note that, letting ι : CqN → CN ′
be the quotient map, we have

Ker B̄1 = {ι(v) ∈ CN ′
| v ∈ KerB1}.

We then apply the addition add−β with −β. Then we have

dvadd
dx

=

(
−T̄ +

B̄1 − β

x

)
vadd.

By applying the inverse Laplace transform in Definition 2.6, we have

dW

dx
=

(
q∑

i=1

Gi

x− ai

)
W

where Gi = −Eki
(B̄1 − β) for 1 ≤ i ≤ q. By considering the projection to the quotient

space CN ′
/Ker(B̄1 − β), we obtain

dw

dx
=

(
q∑

i=1

Ḡi

x− ai

)
w, (5.3)

where Ḡi denotes the matrix which represents the induced action of Gi on CN ′
/Ker(B̄1−

β). We shall show that the equation (5.3) is constant gauge equivalent to the equation

(5.2). Noting that K∞ = Ker(A+ β) = Ker(B1 − β), we have

CN ′
/Ker(B̄1 − β) ∼= (CqN/K)/Ker(B̄1 − β)

∼= (CqN/K)/ {(K +K∞) /K}
∼= CqN/(K +K∞).

(5.4)

By chasing the isomorphism (5.4), we see that the action on CN ′
/Ker(B̄1 − β) induced

by Gi is the same as the action on CqN/(K +K∞) induced by the matrix
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ON

. . .

IN
. . .

ON



A1 + β A2 · · · Aq

A1 A2 + β · · · Aq

...
. . .

...

A1 A2 · · · Aq + β



=


ON · · · · · · · · · ON

· · · · · · · · ·
A1 · · · Ai + β · · · Aq

· · · · · · · · ·
ON · · · · · · · · · ON

 (i = Ci.

This means that the tuple of matrices (Ḡ1, Ḡ2, . . . , Ḡq) is constant gauge equivalent to

(C̄1, C̄2, . . . , C̄q). This shows that the equation (5.2) is constant gauge equivalent to the

equation (5.3).

Remark 5.4. As mentioned in the introduction, several researchers have proposed

generalizations of the middle convolution for linear ordinary differential equations with

irregular singular points [1, 14, 29, 30, 31]. Although our generalized middle convolu-

tion is similar to Yamakawa’s in that both make use of the Laplace transform (which he

interprets it as Harnad duality), our definition explicitly proceeds via the Birkhoff-Okubo

normal form.

6. Middle Laplace transform in several variables

In what follows, we consider generalizing the middle Laplace transform for linear

Pfaffian systems of several variables. Namely, we prolong the middle Laplace transform,

introduced for linear ordinary differential equations in the previous section, as an oper-

ation for linear Pfaffian systems. Let us recall the setting explained in the introduction.

Let n be a natural number and A be a hyperplane arrangement in Cn. Fix a coordinate

(x1, . . . , xn) of Cn. For H ∈ A, we denote fH by the defining linear polynomial of H. We

then consider linear Pfaffian systems with logarithmic singularities along A and irregular

singularities along the hyperplanes {xi = ∞} (i = 1, . . . , n)

du = Ωu, Ω =

n∑
i=1

Sxi(x) dxi +
∑
H∈A

AH d log fH , (6.1)

where x = (x1, . . . , xn),

Sxi(x) = Axi +

n∑
j=1
j ̸=i

Axixjxj

and Axi
, Axixj

, AH are constant N ×N matrices. Throughout the paper, we assume
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Axixj
= Axjxi

(
⇔ ∂Sxi

∂xj
=

∂Sxj

∂xi

)
(i 6= j). (6.2)

Then, the completely integrable condition of the system (6.1) is given by

Ω ∧ Ω = O. (6.3)

We also assume (6.3) throughout this paper. This can be expressed as the commutative

conditions for coefficient matrices Axi , Axixj and AH , which will be explained later.

Following Haraoka [5], we prepare some notation. For each i (1 ≤ i ≤ n), we set

Axi
= {H ∈ A | (fH)xi

6= 0}.

Then the system (6.1) is written as

∂u

∂xi
= Ωxiu =

Sxi(x) +
∑

H∈Axi

AH
(fH)xi

fH

u (1 ≤ i ≤ n). (6.4)

Here we note that Sxi(x) does not depend on xi. We refer to the equation (6.4) as the

xi-equation of (6.1).

Take a pair of distinct variables (xi, xj) and write (x, y) = (xi, xj). Then, we set

x′ = (x1, . . . , x̌i, . . . , xn), x′′ = (x1, . . . , x̌i, . . . , x̌j , . . . , xn), (6.5)

where x̌i stands for the omission of xi. Namely, (x, x′) = (x, y, x′′).

For H ∈ Ax, we define the linear polynomial aH ∈ C[x′] by

fH = (fH)x(x− aH).

Then the x-equation of the system (6.1) can be written as

∂u

∂x
=

(
Sx(x) +

∑
H∈Ax

AH

x− aH

)
u.

Similarly, for H ∈ Ay, we define the linear polynomial bH ∈ C[x, x′′] by

fH = (fH)y(y − bH).

For H ∈ Ax, we define the subset

CH,y = {H ′ ∈ Ax \ {H} | (aH − aH′)y 6= 0}.

For each H ′ ∈ CH,y, we define the linear polynomial cHH′ ∈ C[x′′] by

aH − aH′ = (aH − aH′)y(y − cHH′).

Clearly, cHH′ = cH′H holds.
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Example 6.1. Set n = 3 and consider the hyperplane arrangement A =

{H1,H2,H3,H4} consisting of

H1 = {x1 = 0}, H2 = {x1 = x2}, H3 = {2x1 + x2 + 3x3 = 0}, H4 = {x3 = 1}.

Then we have

fH1 = x1, fH2 = x1 − x2, fH3 = 2x1 + x2 + 3x3, fH4 = x3 − 1

and

Ax1 = {H1, H2, H3}, Ax2 = {H2, H3}, Ax3 = {H3, H4}.

If we choose (x, y) = (x1, x2), then we have

aH1
= 0, aH2

= x2, aH3
= −x2

2
− 3

2
x3, bH2

= x1, bH3
= −2x1 − 3x3

and

CH1,y = {H2,H3}, CH2,y = {H1,H3}, CH3,y = {H1,H2},
cH1H2

= 0, cH2H3
= −x3, cH1H3

= −3x3.

Proposition 6.2 (cf. Haraoka [5], Theorem 2.1). The system (6.1) satisfies the

completely integrable condition (6.3) if and only if, for any pair (i, j) (1 ≤ i, j ≤ n) of

distinct indices, by setting (xi, xj) = (x, y), the following conditions hold:

[Ax, Axy] = [Axy, Axz] = O (z ∈ x′′), (6.6)

[Ax, Ay] +

Axy,
∑

H∈Ac
x∩Ay

AH −
∑

H∈Ax

AH

 = O, (6.7)

[Ax, Ayz] + [Axz, Ay] = O (z ∈ x′′), (6.8)

[Axz, Ayz] = O (z ∈ x′′),

[Axz1 , Ayz2 ] + [Axz2 , Ayz1 ] = O (z1, z2 ∈ x′′),

• For H ∈ Ax ∩ Ay,

[AH , Axy] = O,

[AH , Ay + (aH)yAx] = O, (6.9)

[AH , (aH)yAxz +Ayz] = O (z ∈ x′′), (6.10)AH ,
∑

H′′∈CH,y

cHH′′=bH′

AH′′ +AH′

 = O (H ′ ∈ Ac
x ∩ Ay), (6.11)
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∑

H′′∈CH,y
cHH′′=cHH′

AH′′

 = O

(
H ′ ∈ CH,y such that

cHH′ 6= bK for any K ∈ Ac
x ∩ Ay

)
. (6.12)

• For H ∈ Ax ∩ Ac
y,

[AH , Ay + aH(0)Axy] = O, (6.13)

[AH , (aH)zAxy +Ayz] = O (z ∈ x′′), (6.14)AH ,
∑

H′′∈Ax∩Ay

cHH′′=bH′

AH′′ +AH′

 = O (H ′ ∈ Ac
x ∩ Ay), (6.15)

AH ,
∑

H′′∈Ax∩Ay
cHH′=cHH′′

AH′′

 = O

(
H ′ ∈ Ax ∩ Ay such that

cHH′ 6= bK for any K ∈ Ac
x ∩ Ay

)
. (6.16)

Here aH(0) and bH(0) denote the constant terms of aH and bH , respectively. Since

Axy = Ayx, the above conditions are symmetric in x and y. In other words, the conditions

obtained by the interchange (x, aH) ↔ (y, bH) also hold.

This proposition can be shown by a direct computation of (6.3). We remark that

the conditions (6.11), (6.12), (6.15) and (6.16) were given by Haraoka [5, Theorem 2.1].

6.1. Definition

In this subsection, we generalize the middle Laplace transform for the linear Pfaffian

systems (6.1) satisfying the following conditions: there exists a variable xℓ = x such that

Ax and Axz are diagonalizable (∀z ∈ x′), (6.17)

∃xj ∈ x′ such that Ax ∩ Axj
6= ∅ ⇒ Axz = O (∀z ∈ x′). (6.18)

Here, we used the notation (6.5), namely, we set x′ = {x1, . . . , xn} \ {x}. By the

commutativity conditions (6.6), the matrices {Ax, Axz | z ∈ x′} are pairwise commu-

tative. Hence, by the diagonalizability condition (6.17), these matrices can be simul-

taneously diagonalized by a suitable constant gauge transformation. Therefore, with-

out loss of generality, we may assume that all the matrices {Ax, Axz | z ∈ x′} are

diagonal. Thus Sx(x) = Ax +
∑

z∈x′ Axzz is diagonal and its eigenvalues are linear

polynomials in x′. After relabeling the distinct eigenvalues of Sx(x), write them as

aĤ1
, . . . , aĤp̂

, aĤp̂+1
(x′), . . . , aĤq̂

(x′), where aĤ1
, . . . , aĤp̂

∈ C and aĤp̂+1
(x′), . . . , aĤq̂

(x′)

are nonconstant linear polynomials in x′. Thus we may write Sx(x) in the form
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Sx(x) =



aĤ1
IN1

. . .

aĤp̂
INp̂

aĤp̂+1
(x′)INp̂+1

. . .

aĤq̂
(x′)INq̂


, (6.19)

where N1 +N2 + · · ·+Nq̂ = N . We note that

Sx(x) = Ax +
∑
z∈x′

Axzz =

q̂∑
i=1

aĤi
ENi

. (6.20)

For each i = 1, 2, . . . , q̂, we define the hyperplane Ĥi by the defining polynomial fĤi
:=

x− aĤi
. Consequently, we have

{x ∈ Cn | det(x− Sx(x)) = 0} =

q̂⋃
i=1

Ĥi.

Next we set

A = {H1, . . . , Hp, . . . , Hq, . . . , Hr}

with

Ax = {H1, . . . , Hq}, Ax \
⋃

xj∈x′

Axj
= {H1, . . . , Hp}.

Namely, the defining polynomials fH1 , . . . , fHp depend only on x, fHp+1 , . . . , fHq depend

on x and the other variables, and fHq+1 , . . . , fHr do not depend on x.

As in the case of ordinary differential equations, it consists of the following three

steps.

Step 1. Extend the system (6.1) to the Birkhoff-Okubo normal form.

Step 2. Apply the Laplace transform.

Step 3. Project onto a suitable quotient space.

We shall explain the above steps in detail and in order.

Step 1. Let us consider extending the x-equation

∂u

∂x
=

(
Sx(x) +

q∑
i=1

AHi

x− aHi

)
u (6.21)

to the system of Birkhoff-Okubo normal form. Set

U(x) = t (U1, . . . , Uq) =
t

(
u(x)

x− aH1

,
u(x)

x− aH2

, . . . ,
u(x)

x− aHq

)
. (6.22)
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Then, the vector U(x) satisfies

(x− Tx(x))
∂U

∂x
=
(
A− I + Sx(x)

⊕q(x− Tx(x))
)
U, (6.23)

where

A =


AH1

AH2
· · · AHq

AH1
AH2

· · · AHq

...
...

...

AH1
AH2

· · · AHq

 ,

Sx(x)
⊕q =


Sx(x)

Sx(x)
. . .

Sx(x)

 = A⊕q
x +

∑
z∈x′

A⊕q
xz z, (6.24)

Tx(x) =



aH1
IN

. . .

aHp
IN

aHp+1
(x′)IN

. . .

aHq
(x′)IN


. (6.25)

This equation is the same as (2.4). By multiplying (x− T̃x(x))
−1 from the left, we obtain

∂U

∂x
=

(
Sx(x)

⊕q +

q∑
i=1

ÃHi

x− aHi

)
U, (6.26)

where

ÃHi
=

q∑
j=1

E
(q)
ij ⊗ (AHj

− δijIN )

=



O · · · · · · · · · O
... · · · · · · · · ·

...

AH1
· · · AHi

− IN · · · AHq

... · · · · · · · · ·
...

O · · · · · · · · · O

 ( i

for 1 ≤ i ≤ q. Here E
(q)
ij denotes the q × q matrix with the only non-zero entry 1 at

(i, j)-th position.

Next, we proceed to derive y-equations (y ∈ x′) for U(x). For the pair (x, y), we

use the notation (6.5). Namely, we write (x1, . . . , xn) = (x, y′) = (x, y, x′′). Then, the

y-equation of (6.1) is given by
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∂u

∂y
=

Sy(x) +
∑

p+1≤i≤r
Hi∈Ay

AHi

y − bHi(x, x
′′)

u. (6.27)

First, we consider ∂Ui/∂y for i = 1, . . . , p. Since the polynomials aHi (1 ≤ i ≤ p) is

independent on y, we have

∂Ui

∂y
=

∂

∂y

(
u(x)

x− aHi

)
=

1

x− aHi

∂u

∂y

=

Sy(x) +
∑

p+1≤j≤r
Hj∈Ay

AHj

y − bHj
(x, x′′)

 u(x)

x− aHi

.

We focus on the latter term. The polynomials bHj
(q+1 ≤ j ≤ r) are independent on x.

On the other hand, for j = p+ 1, . . . , q, we have

1

y − bHj

1

x− aHi

=
(fHj

)y

fHj

1

x− aHi

=
(fHj

)y

(fHj
)x

1

x− aHj

1

x− aHi

=
(fHj )y

(fHj
)x

1

aHj
− aHi

(
1

x− aHj

− 1

x− aHi

)
=

(fHj
)y

(fHj
)x

1

(aHj
− aHi

)y

1

y − cHiHj

(
1

x− aHj

− 1

x− aHi

)
=

1

y − cHiHj

(
1

x− aHi

− 1

x− aHj

)
.

Therefore, we obtain

∂Ui

∂y
=

Sy(x) +
∑

q+1≤j≤r
Hj∈Ay

AHj

y − bHj
(x′′)

Ui +
∑

p+1≤j≤q
Hj∈Ay

AHj

y − cHiHj

(Ui − Uj). (6.28)

Next, we consider ∂Ui/∂y for i = p + 1, . . . , q. For i such that aHi
is independent

on y, i.e., Hi ∈ Ax ∩ Ac
y, we can calculate ∂Ui/∂y in the same way as above and obtain

(6.28). On the other hand, for i such that aHi depends on y, i.e., Hi ∈ Ax ∩Ay, we have

∂Ui

∂y
=

∂

∂y

(
u(x)

x− aHi

)
=

1

x− aHi

∂u

∂y
− (x− aHi

)y
(x− aHi)

2
u(x).

By using the x-equation for Ui

∂Ui

∂x
=

∂

∂x

(
u(x)

x− aHi

)
=

1

x− aHi

∂u

∂x
− 1

(x− aHi)
2
u(x),
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and (fHi
)y = (fHi

)x(x− aHi
)y, we obtain

∂Ui

∂y
=

1

x− aHi

∂u

∂y
− (fHi)y

(fHi
)x

(
1

x− aHi

∂u

∂x
− ∂Ui

∂x

)
=

1

x− aHi

(
∂u

∂y
− (fHi

)y
(fHi)x

∂u

∂x

)
+

(fHi
)y

(fHi)x

∂Ui

∂x
.

(6.29)

By using the x-equation (6.21) and the y-equation (6.27) for u(x), we obtain

∂u

∂y
− (fHi

)y
(fHi)x

∂u

∂x

=

Sy(x) +
∑

p+1≤j≤r
Hj∈Ay

AHj

y − bHj (x, x
′′)

− (fHi)y
(fHi)x

Ax +
∑

1≤j≤q

AHj

x− aHj


u(x)

=

Sy(x) +
∑

p+1≤j≤r
Hj∈Ay, j ̸=i

AHj

y − bHj (x, x
′′)

− (fHi
)y

(fHi)x

Ax +
∑

1≤j≤q
j ̸=i

AHj

x− aHj


u(x)

+

[
AHi

y − bHi
(x, x′′)

− (fHi)y
(fHi

)x

AHi

x− aHi

]
u(x).

Since the latter term vanishes, we have

∂u

∂y
− (fHi

)y
(fHi)x

∂u

∂x
=

Sy(x) +
∑

p+1≤j≤r
Hj∈Ay, j ̸=i

AHj

y − bHj

− (fHi
)y

(fHi)x

Ax +
∑

1≤j≤q
j ̸=i

AHj

x− aHj


u(x).

Besides, by using the x-equation for Ui which is obtained from (6.26), we have

(fHi
)y

(fHi
)x

∂Ui

∂x
=

(fHi
)y

(fHi
)x

AxUi +
1

x− aHi

∑
1≤j≤q

(AHj
− δijIN )Uj


=

(fHi)y
(fHi

)x
AxUi +

1

y − bHi

∑
1≤j≤q

(AHj
− δijIN )Uj .

(6.30)

Then, the equation (6.29) turns into
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∂Ui

∂y
=

1

x− aHi

Sy(x) +
∑

p+1≤j≤r
Hj∈Ay, j ̸=i

AHj

y − bHj

− (fHi
)y

(fHi)x

Ax +
∑

1≤j≤q
j ̸=i

AHj

x− aHj


u(x)

+
(fHi

)y
(fHi

)x
AxUi +

1

y − bHi

∑
1≤j≤q

(AHj
− δijIN )Uj

=

Sy(x) +
∑

q+1≤j≤r
Hj∈Ay

AHj

y − bHj

Ui

+
1

x− aHi

 ∑
p+1≤j≤q

Hj∈Ay, j ̸=i

AHj

y − bHj

− (fHi
)y

(fHi
)x

∑
1≤j≤q
j ̸=i

AHj

x− aHj

u(x)

+
1

y − bHi

∑
1≤j≤q

(AHj
− δijIN )Uj .

(6.31)

We focus on the second term of the right-hand side. Since

1

x− aHi

1

y − bHj

=
(fHj )y

(fHj
)x

1

aHi
− aHj

(
1

x− aHi

− 1

x− aHj

)
(p+ 1 ≤ j ≤ q, j 6= i),

1

x− aHi

1

x− aHj

=


− (fHi)x
(fHi

)y

1

y − cHiHj

(
1

x− aHi

− 1

x− aHj

)
(1 ≤ j ≤ p),

1

aHi
− aHj

(
1

x− aHi

− 1

x− aHj

)
(p+ 1 ≤ j ≤ q, j 6= i),

we have

1

x− aHi

 ∑
p+1≤j≤q

Hj∈Ay, j ̸=i

AHj

y − bHj

− (fHi
)y

(fHi)x

∑
1≤j≤q
j ̸=i

AHj

x− aHj



=
1

x− aHi

∑
p+1≤j≤q

Hj∈Ay, j ̸=i

AHj

y − bHj

− (fHi)y
(fHi

)x

1

x− aHi

 ∑
1≤j≤p

AHj

x− aHj

+
∑

p+1≤j≤q
j ̸=i

AHj

x− aHj


=
∑

1≤j≤p

AHj

y − cHiHj

(
1

x− aHi

− 1

x− aHj

)

+
∑

p+1≤j≤q
Hj∈Ay, j ̸=i

AHj

(
(fHj )y

(fHj
)x

− (fHi
)y

(fHi
)x

)
1

aHi
− aHj

(
1

x− aHi

− 1

x− aHj

)
.

Here, since Hi,Hj ∈ Ax ∩ Ay, we have
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(fHj
)y

(fHj
)x

− (fHi
)y

(fHi
)x

= (x− aHj
)y − (x− aHi

)y = (aHi
− aHj

)y.

Then, by definition, it holds that

(aHi
− aHj

)y =


aHi

− aHj

y − cHiHj

(Hj ∈ CHi,y),

0 (Hj /∈ CHi,y).

Therefore, we have

1

x− aHi

 ∑
p+1≤j≤q

Hj∈Ay, j ̸=i

AHj

y − bHj

− (fHi)y
(fHi

)x

∑
1≤j≤q
j ̸=i

AHj

x− aHj


=
∑

1≤j≤p

AHj

y − cHiHj

(
1

x− aHi

− 1

x− aHj

)

+
∑

p+1≤j≤q
Hj∈CHi,y

AHj

y − cHiHj

(
1

x− aHi

− 1

x− aHj

)

=

 ∑
1≤j≤p

+
∑

p+1≤j≤q
Hj∈CHi,y

 AHj

y − cHiHj

(
1

x− aHi

− 1

x− aHj

)
.

Eventually, we see that the equation (6.31) can be expressed as

∂Ui

∂y
=

Sy(x) +
∑

q+1≤j≤r
Hj∈Ay

AHj

y − bHj

Ui +
∑

1≤j≤q
Hj∈CHi,y

AHj

y − cHiHj

(Ui − Uj)

+
1

y − bHi

∑
1≤j≤q

(AHj
− δijIN )Uj .

Summarizing the above results, we obtain the following.

Proposition 6.3. Let u(x) be a solution of the system (6.1) satisfying (6.18). Then,

for each y ∈ x′, the vector U(x) = t(U1, U2, . . . , Uq) defined by (6.22) satisfies the follow-

ing:

• For Ui such that Hi ∈ Ax ∩Ac
y (namely, 1 ≤ i ≤ p or p+1 ≤ i ≤ q with Hi /∈ Ay),

∂Ui

∂y
=

Sy(x) +
∑

q+1≤j≤r
Hj∈Ay

AHj

y − bHj

Ui +
∑

p+1≤j≤q
Hj∈Ay

AHj

y − cHiHj

(Ui − Uj). (6.32)
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• For Ui such that Hi ∈ Ax ∩ Ay (namely, p+ 1 ≤ i ≤ q with Hi ∈ Ay),

∂Ui

∂y
=

Sy(x) +
∑

q+1≤j≤r
Hj∈Ay

AHj

y − bHj

Ui +
∑

1≤j≤q
Hj∈CHi,y

AHj

y − cHiHj

(Ui − Uj)

+
1

y − bHi

∑
1≤j≤q

(AHj
− δijIN )Uj .

(6.33)

Remark 6.4. Proposition 6.3 itself holds even if the assumption (6.17) is not satis-

fied.

Combining (6.32) and (6.33), we see that U(x) satisfies the system of the form

∂U

∂y
=

Sy(x)
⊕q +

∑
p+1≤i≤r
Hi∈Ay

ÃHi

y − bHi

+
∑

1≤i<j≤q
Hj∈CHi,y

cHiHj
̸=bH for any H ∈ Ay

ÃHij

y − cHiHj

U, (6.34)

where

Sy(x)
⊕q =


Sy(x)

Sy(x)
. . .

Sy(x)

 = A⊕q
y +

∑
z∈(x,x′′)

A⊕q
yz z

and ÃHi
(p+1 ≤ i ≤ q, Hi ∈ Ay) are given in (6.26). Then, we see that the systems for

U(x) given by (6.26) and (6.34) for all y ∈ x′ forms the Pfaffian system of the form

dU = BOx(Ω)U, BOx(Ω) :=

n∑
i=1

Sxi
(x)⊕q dxi +

∑
H∈Ã

ÃH d log fH . (6.35)

Here

Ã := A ∪ {Hij | 1 ≤ i < j ≤ q satisfies Hj ∈ CHi,y for some y ∈ x′} (6.36)

and Hij is the hyperplane defined by the polynomial fHij
= y − cHiHj

. We note that,

by considering the extension, the singular locus increases in general.

Step 2. We consider the Laplace transform in x-direction

Lx :


∂

∂x
7→ x,

x 7→ − ∂

∂x

(6.37)

for the Pfaffian system (6.35), which corresponds to the integral transform
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U(x) 7→ V (x) =

∫
∆

U(t, x′)e−xt dt

with a suitable path of integration ∆. We set V := Lx(U), namely,

V = t(V1, V2, . . . , Vq), Vi := Lx(Ui).

Then, as in Subsection 2.1, the x-equation (6.23) of the system (6.35) is transformed into

(
x− Sx(x)

⊕q
) ∂V
∂x

= −
(
A+

(
x− Sx(x)

⊕q
)
Tx(x)

)
V (6.38)

We consider expressing the equation (6.38) as Schlesinger form. Set

B := {Ĥ1, . . . , Ĥq̂} ∪ (Ã \ Ax). (6.39)

We note that

Bx = {Ĥ1, . . . , Ĥq̂}. (6.40)

Then, by multiplying (x− Sx(x)
⊕q))

−1
from the left, the equation (6.38) is transformed

as

∂V

∂x
=

−Tx(x) +
∑

Ĥ∈Bx

BĤ

x− aĤ

V =

−Tx(x) +

q̂∑
j=1

BĤj

x− aĤj

V, (6.41)

where

BĤj
= −


ENj

AH1
ENj

AH2
· · · ENj

AHq

ENjAH1 ENjAH2 · · · ENjAHq

...
...

...

ENjAH1 ENjAH2 · · · ENjAHq

 . (6.42)

This equation is the same as (2.9). We proceed to derive the differential equations of

V (x) in the other directions. Let us take any y ∈ x′ and shall derive the equation for

∂Vi/∂y. First, we consider the case Hi ∈ Ax ∩ Ac
y. By applying (6.37) for the equation

(6.32), we have

∂Vi

∂y
=

Ay +
∑
z∈x′′

Ayzz +
∑

q+1≤j≤r
Hj∈Ay

AHj

y − bHj

Vi−Ayx
∂Vi

∂x
+

∑
p+1≤j≤q
Hj∈Ay

AHj

y − cHiHj

(Vi−Vj).

Here we note that, the polynomials bHj and cHiHj appearing in (6.32) do not depend on

x. Since it holds that

∂Vi

∂x
= −aHiVi −

q̂∑
k=1

ENk

x− aĤk

q∑
j=1

AHjVj
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from the equation (6.41), we obtain

∂Vi

∂y
=

Ay +
∑
z∈x′′

Ayzz + aHi
Ayx +

∑
q+1≤j≤r
Hj∈Ay

AHj

y − bHj

Vi +
∑

p+1≤j≤q
Hj∈Ay

AHj

y − cHiHj

(Vi − Vj)

+

q̂∑
k=1

AyxENk

x− aĤk

q∑
j=1

AHj
Vj .

Let us focus on the last term. From (6.20), we have

AyxENk
=

{
O (1 ≤ k ≤ p̂),

(aĤk
)yENk

(p̂+ 1 ≤ k ≤ q̂).

Moreover, for p̂+ 1 ≤ k ≤ q̂ with (aĤk
)y 6= 0, i.e., Ĥk ∈ By, it holds that

AyxENk

x− aĤk

=
(aĤk

)yENk

x− aĤk

=
(fĤk

)x(aĤk
)yENk

(fĤk
)y(y − bĤk

)
= − ENk

y − bĤk

.

Therefore, for Hi ∈ Ax ∩ Ac
y we have

∂Vi

∂y
=

Ay +
∑
z∈x′′

Ayzz + aHiAyx +
∑

q+1≤j≤r
Hj∈Ay

AHj

y − bHj

Vi +
∑

p+1≤j≤q
Hj∈Ay

AHj

y − cHiHj

(Vi − Vj)

−
∑

p̂+1≤k≤q̂

Ĥk∈By

1

y − bĤk

q∑
j=1

ENk
AHjVj .

(6.43)

Thanks to the assumption (6.18), if Axy 6= O, then Ax ∩ Axj = ∅ holds for any xj ∈ x′.

This says that aHi
∈ C.

Next, we shall derive the equation for ∂Vi/∂y with Hi ∈ Ax ∩ Ay. In this case, we

can assume Axz = O for any z ∈ x′ thanks to the assumption (6.18). By using (6.30),

the equation (6.33) for ∂Ui/∂y can be expressed as

∂Ui

∂y
=

Ay +
∑
z∈x′′

Ayzz +
∑

q+1≤j≤r
Hj∈Ay

AHj

y − bHj

Ui

+
∑

1≤j≤q
Hj∈CHi,y

AHj

y − cHiHj

(Ui − Uj) +
(fHi

)y
(fHi)x

(
∂Ui

∂x
−AxUi

)
.

Since Hi ∈ Ax ∩ Ay, it holds that
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(fHi
)y

(fHi
)x

= −(aHi
)y.

Hence we have

∂Ui

∂y
=

Ay +
∑
z∈x′′

Ayzz +
∑

q+1≤j≤r
Hj∈Ay

AHj

y − bHj

Ui

+
∑

1≤j≤q
Hj∈CHi,y

AHj

y − cHiHj

(Ui − Uj)− (aHi
)y

(
∂Ui

∂x
−AxUi

)
.

By applying the Laplace transform (6.37) for this equation, we have

∂Vi

∂y
=

Ay +
∑
z∈x′′

Ayzz +
∑

q+1≤j≤r
Hj∈Ay

AHj

y − bHj

Vi

+
∑

1≤j≤q
Hj∈CHi,y

AHj

y − cHiHj

(Vi − Vj)− (aHi)y (xVi −AxVi) .

Combining this and the equation (6.43), we obtain the following.

Proposition 6.5. Suppose that the system (6.1) satisfies (6.17) and (6.18). By the

transformation (6.37), the y-equation (y ∈ x′) of (6.35) is transformed as follows:

• For Vi such that Hi ∈ Ax ∩Ac
y (namely, 1 ≤ i ≤ p or p+1 ≤ i ≤ q with Hi /∈ Ay),

∂Vi

∂y
=

Ay +
∑
z∈x′′

Ayzz + aHiAyx +
∑

q+1≤j≤r
Hj∈Ay

AHj

y − bHj

Vi

+
∑

p+1≤j≤q
Hj∈Ay

AHj

y − cHiHj

(Vi − Vj)−
∑

p̂+1≤k≤q̂

Ĥk∈By

1

y − bĤk

q∑
j=1

ENk
AHjVj .

(6.44)

• For Vi such that Hi ∈ Ax ∩ Ay (namely, p+ 1 ≤ i ≤ q with Hi ∈ Ay),

∂Vi

∂y
=

Ay + (aHi
)yAx − (aHi

)yx+
∑
z∈x′′

Ayzz +
∑

q+1≤j≤r
Hj∈Ay

AHj

y − bHj

Vi

+
∑

1≤j≤q
Hj∈CHi,y

AHj

y − cHiHj

(Vi − Vj) .

(6.45)
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Combining (6.41), (6.44) and (6.45) for all y ∈ x′, we obtain the Pfaffian system

dV = Lx(Ω)V, Lx(Ω) := −
n∑

i=1

Txi
(x) dxi +

∑
H∈B

BH d log fH (6.46)

where −Txi
(x) is of the form

−Txi
(x) = Bxi

+

n∑
j=1
j ̸=i

Bxixj
xj , (Bxi

, Bxixj
∈ Mat(qN,C)).

The actual expressions of the y-equations of Pfaffian system (6.46) are given by (8.9)

and (8.22). We remark that the system (6.46) satisfies the assumption (6.18). Namely,

it holds that

∃xj ∈ x′ such that Bx ∩ Bxj
6= ∅ ⇒ Bxz = O (∀z ∈ x′).

Moreover, if Ax ∩ Axj 6= ∅ for some xj ∈ x′ in the initial system (6.1), then the trans-

formed system (6.46) satisfies Bx ∩Bz = ∅ for all z ∈ x′. On the other hand, if Axxj 6= O

for some xj ∈ x′ in the initial system (6.1), then the transformed system (6.46) satisfies

Bxz = O for all z ∈ x′.

Remark 6.6. If the Pfaffian system (6.1) is completely integrable, then the Pfaffian

system (6.46) is also completely integrable.

Definition 6.7. We call the operation which sends the Pfaffian system (6.1) satis-

fying (6.17) and (6.18) to the Pfaffian system (6.46) the Laplace transform in xℓ-direction

and denote it by Lxℓ .

Step 3. Let Kx be a subspace of (CN )q defined by

Kx :=

q⊕
i=1

KerAHi =


v1

...

vq

 ∈ (CN )q

∣∣∣∣∣∣∣ vi ∈ KerAHi (1 ≤ i ≤ q)

 , (6.47)

which is the same as (2.12). Then, thanks to Lemma 2.3, we see that this subspace is

invariant for the action of the x-equation (6.41). Namely, it holds that

(Lx(Ω))xKx ⊂ Kx.

For y-equations (y ∈ x′), an analog of [5, Proposition 2.2] holds.

Proposition 6.8. For any y ∈ x′, the subspace Kx is invariant for the y-equation

of the system (6.46). Namely,

(Lx(Ω))yKx ⊂ Kx

holds for any value of x.
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Proof. Take any v = t(v1, . . . , vq) ∈ Kx, and set

w = (Lx(Ω))yv = t(w1, . . . , wq).

First, we shall show AHi
wi = 0 for Hi ∈ Ax ∩ Ac

y (namely, 1 ≤ i ≤ p or p + 1 ≤ i ≤ q

with Hi /∈ Ay). In this case, from (6.44) and vj ∈ KerAHj
, we have

wi =

Ay +
∑
z∈x′′

Ayzz +AyxaHi
+

∑
q+1≤j≤r
Hj∈Ay

AHj

y − bHj

 vi +
∑

p+1≤j≤q
Hj∈Ay

AHj

y − cHiHj

(vi − vj)

−
∑

p̂+1≤k≤q̂

Ĥ∈By

1

y − bĤk

q∑
j=1

ENk
AHj

vj

=

Ay +
∑
z∈x′′

Ayzz +AyxaHi
+

∑
q+1≤j≤r
Hj∈Ay

AHj

y − bHj

+
∑

p+1≤j≤q
Hj∈Ay

AHj

y − cHiHj

 vi.

Then, we have

AHi
wi = AHi

Ay +
∑
z∈x′′

Ayzz +AyxaHi
+

∑
q+1≤j≤r
Hj∈Ay

AHj

y − bHj

+
∑

p+1≤j≤q
Hj∈Ay

AHj

y − cHiHj

 vi.

Here, it holds that [AHi
, Ay + aHi

Axy] = O thanks to (6.13) and the condition (6.18).

It also holds that [AHi
, Ayz] = O (z ∈ x′) thanks to (6.14) (note that, (aH)zAxy = O

holds under the condition (6.18)). The commutativity on the remaining part is already

shown by Haraoka (cf. the proof of [5, Proposition 2.2]). Therefore, we have AHiwi = 0

for Hi ∈ Ax ∩ Ac
y.

Next, we show AHi
w = 0 with Hi ∈ Ax ∩Ay (namely, p+1 ≤ i ≤ q with Hi ∈ Ay).

As in before, in this case we can assume Axz = O (z ∈ x′), especially Axy = O. Then,

by using (6.45), we have

wi =

Ay + (aHi
)yAx − (aHi

)yx+
∑
z∈x′′

Ayzz +
∑

q+1≤j≤r
Hj∈Ay

AHj

y − bHj

 vi

+
∑

1≤j≤q
Hj∈CHi,y

AHj

y − cHiHj

(vi − vj)

=

Ay + (aHi
)yAx − (aHi

)yx+
∑
z∈x′′

Ayzz +
∑

q+1≤j≤r
Hj∈Ay

AHj

y − bHj

+
∑

1≤j≤q
Hj∈CHi,y

AHj

y − cHiHj

 vi.



50 S. Adachi

Then we obtain

AHi
wi = AHi

Ay + (aHi
)yAx − (aHi

)yx+
∑
z∈x′′

Ayzz +
∑

q+1≤j≤r
Hj∈Ay

AHj

y − bHj

+
∑

1≤j≤q
Hj∈CHi,y

AHj

y − cHiHj

 vi.

Here, it hold that [AHi
, Ay+(aHi

)yAx] = [AHi
, Ayz] = O thanks to (6.9) and (6.10) (note

that, in this case, Axz = O (z ∈ x′) thanks to the assumption (6.18)). The commutativity

on the remaining part is already shown by Haraoka (cf. the proof of [5, Proposition 2.2]).

Therefore, we have AHi
wi = 0 for Hi ∈ Ax ∩ Ay. As a result, we obtain w ∈ Kx. □

Proposition 6.8 leads that, the Pfaffian system (6.46) induces the Pfaffian system

dv = MLx(Ω)v, MLx(Ω) = −
n∑

i=1

T̄xi(x) dxi +
∑
H∈B

B̄H d log fH . (6.48)

on the quotient space CqN/Kx. Here MLx(Ω) is the matrix 1-form that represents the

action of Lx(Ω) on CqN/Kx.

Definition 6.9. We call the operation which sends the Pfaffian system (6.1) sat-

isfying (6.17) and (6.18) to the Pfaffian system (6.48) the middle Laplace transform in

xℓ-direction and denote it by MLxℓ .

We note that, the middle Laplace transform MLxℓ changes the rank of Pfaffian

systems in general. Some examples will be given in Section 10.

6.2. Inverse (middle) Laplace transform

In the same way as the previous subsection, we can define the inverse Laplace trans-

form and the inverse middle Laplace transform. Let us consider the Pfaffian system (6.1)

satisfying (6.17) and (6.18). We take xℓ = x satisfying (6.17) and (6.18), and suppose

(6.19). For this system, we consider the Birkhoff-Okubo extension (6.35) and its inverse

Laplace transform in x-direction

L−x :


∂

∂x
7→ −x,

x 7→ ∂

∂x
,

(6.49)

which corresponds to the integral transform

U(x) 7→ W (x) =

∫
∆

U(t, x′)ext dt

with a suitable path of integration ∆. In the Pfaffian system (6.35), we set W := L−x(U).

Namely,

W = t(W1,W2, . . . ,Wq), Wi := L−x(Ui).
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Then, as in Subsection 2.2, the x-equation (6.23) of the system (6.35) is transformed into

(
x+ Sx(x)

⊕q
) ∂W

∂x
=
(
−A+

(
x+ Sx(x)

⊕q
)
Tx(x)

)
W.

This equation can be transformed into

∂W

∂x
=

Tx(x) +

q̂∑
j=1

BĤj

x+ aĤj

W (6.50)

where BĤj
is given by (6.42). This equation is the same as (2.16). On the y-equation,

in the same way as Proposition 6.5, we can show the following.

Proposition 6.10. Suppose that the system (6.1) satisfies (6.17) and (6.18). By the

transformation (6.49), the y-equation (y ∈ x′) of (6.35) is transformed as follows:

• For Wi such that Hi ∈ Ax∩Ac
y (namely, 1 ≤ i ≤ p or p+1 ≤ i ≤ q with Hi /∈ Ay),

∂Wi

∂y
=

Ay +
∑
z∈x′′

Ayzz + aHi
Ayx +

∑
q+1≤j≤r
Hj∈Ay

AHj

y − bHj

Wi

+
∑

p+1≤j≤q
Hj∈Ay

AHj

y − cHiHj

(Wi −Wj)−
∑

p̂+1≤k≤q̂

Ĥk∈By

(aĤk
)y

x+ aĤk

q∑
j=1

ENk
AHj

Wj .

(6.51)

• For Wi such that Hi ∈ Ax ∩ Ay (namely, p+ 1 ≤ i ≤ q with Hi ∈ Ay),

∂Wi

∂y
=

Ay + (aHi)yAx + (aHi)yx+
∑
z∈x′′

Ayzz +
∑

q+1≤j≤r
Hj∈Ay

AHj

y − bHj

Wi

+
∑

1≤j≤q
Hj∈CHi,y

AHj

y − cHiHj

(Wi −Wj) .

(6.52)

Combining (6.50), (6.51) and (6.52) for all y ∈ x′, we obtain the Pfaffian system

dW = L−x(Ω)W, L−x(Ω) :=

n∑
i=1

Txi(x) dxi +
∑

H∈B−

BH d log fH , (6.53)

where

B− := {σ(Ĥ1), . . . , σ(Ĥq̂)} ∪ (Ã \ Ax).

and σ(H) is the hyperplane defined by the polynomial fσ(H) := (fH)x(x+ aH). We note
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that Txi
(x) is of the form

Txi
(x) = Bxi

+

n∑
j=1
j ̸=i

Bxixj
xj , (Bxi

, Bxixj
∈ Mat(qN,C)).

and the system (6.53) satisfies the assumption (6.18). Namely, it holds that

∃xj ∈ x′ such that B−
x ∩ B−

xj
6= ∅ ⇒ Bxz = O (∀z ∈ x′).

Moreover, if Ax ∩ Axj 6= ∅ for some xj ∈ x′ in the initial system (6.1), then the trans-

formed system (6.53) satisfies B−
x ∩B−

z = ∅ for all z ∈ x′. On the other hand, if Axxj 6= O

for some xj ∈ x′ in the initial system (6.1), then the transformed system (6.53) satisfies

Bxz = O for all z ∈ x′.

Remark 6.11. If the Pfaffian system (6.1) is completely integrable, then the Pfaffian

system (6.53) is also completely integrable.

Definition 6.12. We call the operation which sends the Pfaffian system (6.1) sat-

isfying (6.17) and (6.18) to the Pfaffian system (6.53) the inverse Laplace transform in

xℓ-direction and denote it by L−xℓ .

The subspace Kx is invariant for the system (6.53), which can be shown in the same

way with the previous subsection. Therefore, the Pfaffian system (6.53) induces the

Pfaffian system

dw = ML−x(Ω)w, ML−x(Ω) =

n∑
i=1

T̄xi
(x) dxi +

∑
H∈B−

B̄Hd log fH . (6.54)

on the quotient space CqN/Kx. Here ML−x(Ω) is the matrix 1-form that represents the

action of L−x(Ω) on CqN/Kx.

Definition 6.13. We call the operation which sends the Pfaffian system (6.1) satis-

fying (6.17) and (6.18) to the Pfaffian system (6.54) the inverse middle Laplace transform

in xℓ-direction and denote it by ML−xℓ .

6.3. Fundamental properties of the middle Laplace transform

We summarize some fundamental properties of the (inverse) middle Laplace trans-

form without proofs. All the proofs will be given in Section 8.

Definition 6.14. Let N ≥ 1. For a Pfaffian system (6.1), or equivalently its corre-

sponding 1-form Ω, we use the following terminology.

• We say that it is irreducible in xℓ-direction if the xℓ-equation of du =

Ωu is irreducible in the sense of Definition 2.9. Namely, there is no

〈Axℓ
, {Axℓxj

}j ̸=ℓ, {AH}H∈Axℓ
〉-invariant subspace except CN and {0}.

• We say that it is exceptional in xℓ-direction if the xℓ-equation of du = Ωu is
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exceptional in the sense of Definition 2.9. Namely, N = 1 and AH = 0 for all

H ∈ Axℓ
. Otherwise, we say it is non-exceptional in xℓ-direction.

Theorem 6.15. If a Pfaffian system (6.1) satisfying (6.17) and (6.18) is irreducible

and non-exceptional in xℓ-direction, then the following hold.

(i) ML−xℓ ◦MLxℓ(Ω) ∼ Ω and MLxℓ ◦ML−xℓ(Ω) ∼ Ω.

(ii) The middle Laplace transformed system (6.48) and the inverse middle Laplace trans-

formed system (6.54) are also irreducible and non-exceptional in xℓ-direction.

Here, the equivalence relation ∼ on 1-forms is defined by

Ω ∼ Ω′ def⇐⇒ ∃P ∈ GL(N,C) such that Ω′ = P−1ΩP. (6.55)

We remark that, in terms of Pfaffian systems, statement (i) can be written as

ML−xℓ ◦MLxℓ = MLxℓ ◦ML−xℓ = id.

Here, the above symbol “ = ” is understood up to constant gauge equivalence; that is,

the equations obtained by ML−xℓ ◦MLxℓ and MLxℓ ◦ML−xℓ coincide with the original

one modulo a gauge transformation by some constant matrix P ∈ GL(N,C). We also

remark that statement (ii) is essentially the same as Theorem 2.10 (ii).

6.4. Formulation of the middle Laplace transform as a map

Since the (inverse) middle Laplace transformed systems (6.48) and (6.54) depend on

the choice of the basis of CqN/K, the (inverse) middle Laplace transform operation cannot

be regarded as a map. However, they induce the map of quotient spaces consisting of

isomorphic classes of Pfaffian systems as follows. Fix any two hyperplane arrangements

Sxℓ
and Txℓ

consisting of hyperplanes whose defining polynomial depends on xℓ. Then,

we define the set PTxℓ
,Sxℓ

of the 1-forms of the form of (6.1) by

PTxℓ
,Sxℓ

:=

Ω =

n∑
i=1

Sxi(x)dxi +
∑
H∈A

AH d log fH

∣∣∣∣∣∣
Axi

, Axixj
, AH ∈ Mat(N,C), N ∈ Z≥0,

Ω satisfies (6.2), (6.3), (6.17), (6.18),

Axℓ
= Txℓ

and Bxℓ
⊂ Sxℓ

 .

Here the arrangement Bxℓ
is defined by (6.40) when x = xℓ. We note that the size of

the coefficient matrices of 1-forms in PTxℓ
,Sxℓ

is not fixed. We often identify a 1-form

Ω ∈ PTxℓ
,Sxℓ

with the Pfaffian system du = Ωu. We define the quotient space MTxℓ
,Sxℓ

of 1-forms by

MTxℓ
,Sxℓ

:= PTxℓ
,Sxℓ

/ ∼ .

Here the equivalence relation ∼ is defined by (6.55). Then, the middle Laplace transform

MLxℓ and the inverse middle Laplace transform ML−xℓ can be regarded as maps

MLxℓ : MTxℓ
,Sxℓ

→ MSxℓ
,−Txℓ

, ML−xℓ : MTxℓ
,Sxℓ

→ M−Sxℓ
,Txℓ

.

Here −Txℓ
denotes the hyperplane arrangement {σ(H) | H ∈ Txℓ

}. For example, if
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Tx1
= {{x1 = 0}, {x1 − 1 = 0}, {x1 − x2 = 0}},

then

−Tx1
= {{x1 = 0}, {x1 + 1 = 0}, {x1 + x2 = 0}}.

In this setting, Theorem 6.15 can be rephrased concisely. Let Pirr,ne
Txℓ

,Sxℓ
be the subset of

PTxℓ
,Sxℓ

consisting of 1-forms which are irreducible and non-exceptional in xℓ-direction,

and set

Mirr,ne
Txℓ

,Sxℓ
:= Pirr,ne

Txℓ
,Sxℓ

/ ∼ .

Then, Theorem 6.15 states that the maps

MLxℓ : Mirr,ne
Txℓ

,Sxℓ
→ Mirr,ne

Sxℓ
,−Txℓ

, ML−xℓ : Mirr,ne
Txℓ

,Sxℓ
→ Mirr,ne

−Sxℓ
,Txℓ

are both bijective.

7. Categorical interpretation (several variables case)

We give a categorical interpretation of the (middle) Laplace transform with several

variables, which is useful to prove Theorem 6.15.

7.1. Category of meromorphic connections

We set X = (P1)n. Let OX be the sheaf of holomorphic functions on X. We set

M1
X be the sheaf of meromorphic 1-forms on X. Let CX be the category of meromorphic

connections on X. That is,

Ob(CX) =

(OX ⊗ V ,∇)

∣∣∣∣∣∣∣∣
V is a finite dimensional C-vector space and

∇ : OX ⊗ V → M1
X ⊗OX

(OX ⊗ V)
is a C-linear map satisfying

∇(hv) = dh⊗OX
v + h∇(v) (h ∈ OX , v ∈ OX ⊗ V)

 ,

where we write ⊗C = ⊗ for short. A linear map f : V → V ′ is called a morphism of

(meromorphic) connections from (OX ⊗ V ,∇) to (OX ⊗ V ′,∇′) if the diagram

OX ⊗ V M1
X ⊗OX

(OX ⊗ V)

OX ⊗ V ′ M1
X ⊗OX

(OX ⊗ V ′)

∇

φ id.⊗OX
φ

∇′

is commutative. Here ϕ : OX ⊗ V → OX ⊗ V ′ is a morphism of OX -modules obtained

through the isomorphism

f ∈ HomC(V,V ′) ∼= HomC(CN ,CN ′
) (V ∼= CN , V ′ ∼= CN ′

)

∼= HomOX(X)(OX(X)N ,OX(X)N
′
)

∼= HomOX
(ON

X ,ON ′

X )
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∼= HomOX
(OX ⊗ V ,OX ⊗ V ′) 3 ϕ.

In the above, we used the fact OX(X) = C which follows from the compactness of

X = (P1)n.

A linear map∇ of (OX⊗V ,∇) can be expressed as∇ = d−Ω, where Ω is an EndC(V)-
valued meromorphic 1-form. Then, we identify CX with the category of pairs (V,Ω)
consisting of a finite dimensional C-vector space V and an EndC(V)-valued meromorphic

1-form Ω. The morphisms (V,Ω) → (V ′,Ω′) in CX are linear maps f : V → V ′ satisfying

Ω′f = fΩ.

We shall also explain the correspondence of meromorphic connections and differential

equations. For a connection (V,Ω) ∈ CX , we fix an isomorphism (a basis) V ∼= CN . Then

the 1-form Ω can be expressed as

Ω =

n∑
i=1

Axi
(x) dxi,

where Axi
(x) ∈ Mat(N,C(x)). Therefore, the connection (V,Ω) can be identified with

the GL(N,C)-conjugacy class of the Pfaffian system du = Ωu. We call this matrix Axi
(x)

the coefficient matrix of Ω in xi-direction. For another connection (V ′,Ω′) ∈ CX , we fix

an isomorphism V ′ ∼= CN ′
and let {Bxi

(x)}ni=1 be the coefficient matrices of Ω′. Then,

the linear map f : V → V ′ is to be a morphism of connections f : (V,Ω) → (V ′,Ω′), if

and only if the matrix representation F ∈ Mat(N ′×N,C) of f with respect to the above

two basis satisfies

FAxi
(x) = Bxi

(x)F (i = 1, 2, . . . , n).

In particular, if the morphism f : (V,Ω) → (V ′,Ω′) is an isomorphism of vector spaces,

then the corresponding matrix representation F is invertible. This means that the Pfaf-

fian system du = Ωu can be transformed into dv = Ω′v by the gauge transformation

v = Fu.

7.2. Subcategories of CX

Here we introduce some subcategories of CX . Firstly, let C Int
X be the full subcategory

of CX consisting of flat connections. That is,

Ob(C Int
X ) := {(OX ⊗ V ,∇) |∇ ◦ ∇ = 0} = {(V,Ω) | dΩ− Ω ∧ Ω = 0}.

In the following, as in the previous section, take any ` (1 ≤ ` ≤ n) and set x = xℓ.

7.2.1. Category of Pfaffian systems with logarithmic singularities along

hyperplane arrangements

Let Sx and Tx be two hyperplane arrangements consisting of hyperplanes whose

defining polynomial depends on x. We set

Tx = {H1, . . . , Hp, . . . , Hq}, Sx = {Ĥ1, . . . , Ĥp̂, . . . , Ĥq̂}, (7.1)
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where fHj
(j = 1, . . . , p) and fĤj

(j = 1, . . . , p̂) depend only on x, and fHj
(j = p+1, . . . , q)

and fĤj
(j = p̂ + 1, . . . , q̂) depend on x and other variables. Then, we define the full

subcategory Px = Px(Tx,Sx) as

Ob(Px(Tx,Sx)) := {(V,Ω) ∈ Ob(CX) | Ω satisfies the condition (P)}.

Here the condition (P) is given as follows: there exists a hyperplane arrangement A
satisfying Ax = Tx such that the 1-form Ω can be expressed as

Ω =

n∑
i=1

Axi
(x) dxi =

n∑
i=1

Sxi
(x) dxi +

∑
H∈A

AHd log fH , (7.2)

where Ax = Tx, AH ∈ EndC(V) and Sxi
(x) are expressed as

Sxi
(x) = Axi

+

n∑
j=1
j ̸=i

Axixj
xj , Axi

, Axixj
∈ EndC(V)

and satisfy

(i) Axixj
= Axjxi

(
⇔ ∂Sxi

∂xj
=

∂Sxj

∂xi

)
(i 6= j),

(ii) Ax and Axz (z ∈ x′) are diagonalizable,

(iii) If there exists xj ∈ x′ such that Ax ∩ Axj
6= ∅, then Axz = O for all z ∈ x′,

(iv) {x ∈ Cn | det(x− Sx(x)) = 0} ⊂
q̂⋃

i=1

Ĥi.

The conditions (i), (ii) and (iii) correspond to (6.2), (6.17) and (6.18), respectively. Then,

the category Px(Tx,Sx) can be regarded as the category of Pfaffian systems of the form

(6.1) with (6.2), (6.17) and (6.18). Let PInt
x be the full subcategory of Px consisting of

flat connections. Both Px(Tx,Sx) and PInt
x (Tx,Sx) are abelian categories.

Remark 7.1. Two objects (V,Ω), (V ′,Ω′) ∈ Pxℓ
(Txℓ

,Sxℓ
) are isomorphic if and

only if V ∼= V ′ as C-vector space and Ω ∼ Ω′ (in the sense of (6.55)) holds with respect

to any basis of V ∼= CN and V ′ ∼= CN . In this case, we write (V,Ω) ∼ (V ′,Ω′) by abuse

of notation.

7.2.2. Category of Pfaffian systems of Birkhoff-Okubo normal form

We define the subcategory Bx = Bx(Tx,Sx) of Px. First, we define Ob(Bx) as

Ob(Bx) =

(V,Ω) ∈ Ob(Px)

∣∣∣∣∣∣
There exists an isomorphism V ∼= CN

(i.e., a choice of basis) for some N ∈ Z≥0

such that Ω satisfies the condition (B)

 .

Here the condition (B) is given as follows: there exists a decomposition of N
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N = N1 + · · ·+Nq (Nj ≥ 0, j = 1, 2, . . . , q)

and a constant matrix A ∈ Mat(N,C) such that the coefficient matrix Ax(x) of Ω can

be expressed as

Ax(x) = Sx(x) + (x− Tx(x))
−1A, (7.3)

where Sx(x) is a diagonal matrix and

Tx(x) =



aH1IN1

. . .

aHpINp

aHp+1(x
′)INp+1

. . .

aHq
(x′)INq


. (7.4)

If Ni = 0, we omit the corresponding diagonal block aHi
(x′)INi

in the block diagonal

matrix. For (V,Ω) ∈ Ob(Px) with V = {0} (corresponding to the case N = 0), condition

(B) is understood to be satisfied, with all matrices appearing therein interpreted as empty

matrices.

For (V,Ω), (V ′,Ω′) ∈ Ob(Bx), we define

HomBx((V,Ω), (V ′,Ω′)) := {f ∈ HomPx((V,Ω), (V ′,Ω′)) | f satisfies (Bmor)},

where the condition (Bmor) is the following: for the basis V ∼= CN and V ′ ∼= CN ′

satisfying the condition (B), we express the coefficient matrices of Ω and Ω′ in x-direction

as (7.3) and

A′
x(x) = S′

x(x) + (x− T ′
x(x))

−1A′,

respectively. Then, the matrix representation F ∈ Mat(N ′ ×N,C) of f satisfies

FTx(x) = T ′
x(x)F,

FSx(x) = S′
x(x)F,

FA = A′F.

If N = 0 or N ′ = 0, condition (Bmor) is understood to be automatically satisfied, with

the usual convention on empty matrices.

7.3. Functors

Here we introduce three constructions corresponding to the three steps of the middle

Laplace transform: extension to the Birkhoff-Okubo normal form, Laplace transform, and

projection onto the quotient space.
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7.3.1. Birkhoff-Okubo extension functor

We define the functor BOx : PInt
x (Tx,Sx) → Bx(Tx,Sx). This corresponds to the

extension of a given Pfaffian system to the Birkhoff-Okubo normal form.

For (V,Ω) ∈ PInt
x (Tx,Sx), we fix an isomorphism V ∼= CN such that the coefficient

matrix of Ω in x-direction

Ax(x) = Sx(x) +

q∑
i=1

AHi

x− aHi

(7.5)

satisfies

Sx(x) =



aĤ1
IN̂1

. . .

aĤp̂
IN̂p̂

aĤp̂+1
(x′)IN̂p̂+1

. . .

aĤq̂
(x′)IN̂q̂


. (7.6)

Here N = N̂1 + · · · + N̂q̂ (N̂j ≥ 0) is a decomposition of N . If N̂j = 0, we omit the

corresponding diagonal block aĤj
(x′)IN̂j

in the block diagonal matrix. Then, we define

the EndC(Vq)-valued 1-form BOx(Ω) by the matrix representation

BOx(Ω) :=

n∑
i=1

Ãxi
(x) dxi,

by (6.35). Namely, Ãx(x) is defined by the right-hand side of (6.26), that is,

Ãx(x) = Sx(x)
⊕q + (x− Tx(x))

−1Ã

where Sx(x)
⊕q and Tx(x) are given by (6.24) and (6.25) respectively and

Ã = A− IqN .

The other coefficient matrices Ãxi
(x) (i 6= `) are defined by the coefficients of the right-

hand side of (6.34). Then we define

BOx(V,Ω) := (Vq, BOx(Ω)).

By definition, it holds that BOx(V,Ω) ∈ Ob(Bx).

For f ∈ HomPInt
x

((V,Ω), (V ′,Ω′)), we define the linear map BOx(f) : Vq → (V ′)q

by

BOx(f) := f⊕q =

f
...

f

 .
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Then it is easy to check that the map BOx(f) is a morphism from BOx(V,Ω) to

BOx(V ′,Ω′) in Bx(Tx,Sx) (cf. Lemma 3.2).

Definition 7.2. We call the functor BOxℓ : PInt
xℓ

(Txℓ
,Sxℓ

) → Bxℓ
(Txℓ

,Sxℓ
) the

Birkhoff-Okubo extension functor in xℓ-direction.

7.3.2. Laplace transform functor

We first introduce the operation Lx, which corresponds to the Laplace transform

for Birkhoff-Okubo normal forms. On objects, it sends a connection in Bx(Tx,Sx) to a

connection in Bx(Sx,−Tx). Here we recall that −Tx = {σ(H) | H ∈ Tx} and σ(H) is

the hyperplane defined by the polynomial fσ(H) := (fH)x(x+ aH).

To describe the operation Lx, we consider the Laplace transform of the linear Pfaffian

system whose x-equation is in Birkhoff-Okubo normal form. For (V,Ω) ∈ Bx(Tx,Sx),

we fix an isomorphism (a basis) V ∼= CN satisfying the condition (B); that is, we assume

the coefficient matrix Ax(x) of Ω in x-direction is given in the form (7.3). Then, let us

consider the Pfaffian system

du = Ωu (7.7)

and the Laplace transform in x-direction. We shall prepare some notation. From the

definition, the coefficient matrix Ax(x) can be expressed as

Ax(x) = Sx(x) + (x− Tx(x))
−1A = Sx(x) +

q∑
i=1

AHi

x− aHi

,

where A is a constant matrix, Tx(x) is given by (7.4), and Sx(x) is a diagonal matrix.

We divide the matrices Sx(x) and A as

Sx(x) =



Sx
1 (x)

. . .

Sx
p (x)

Sx
p+1(x)

. . .

Sx
q (x)


, A =


A11 A12 · · · A1q

A21 A22 · · · A2q

...
...

...

Aq1 Aq2 · · · Aqq

 .

where Sx
j (x) is an Nj ×Nj diagonal matrix (j = 1 . . . , q) and Aij is an Ni ×Nj matrix

(1 ≤ i, j ≤ q). Then, the matrix AHi
(1 ≤ i ≤ q) can be expressed as

AHi
=

 O

Ai1 · · · Aiq

O

 (i.

We take any y ∈ x′ = {x1, . . . , xn} \ {x} and consider the y-equation
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∂u

∂y
= Ay(x) =

Sy(x) +
∑

H∈Ay

AH

y − bH

u (7.8)

of (7.7). We also divide the matrices Sy(x) and {AH}H∈Ay
as

Sy(x) =


Sy
11(x) Sy

12(x) · · · Sy
1q(x)

Sy
21(x) Sy

22(x) · · · Sy
2q(x)

...
...

...

Sy
q1(x) Sy

q2(x) · · · Sy
qq(x)

 , AH =


AH

11 AH
12 · · · AH

1q

AH
21 AH

22 · · · AH
2q

...
...

...

AH
q1 AH

q2 · · · AH
qq


where Sy

ij(x) and AH
ij are Ni × Nj matrices (1 ≤ i, j ≤ q). Lastly, we also divide the

vector u as

u = t(u1, . . . , uq),

where the size of ui is Ni (1 ≤ i ≤ q). Then, we consider applying the Laplace transform

in x-direction (6.37) for the Pfaffian system (7.7). Set

v = t(v1, . . . , vq), vi = Lx(ui).

Then, the x-equation of the Pfaffian system is transformed into

∂v

∂x
= Âx(x)v,

where Âx(x) is given by

Âx(x) := −Tx(x)− (x− Sx(x))
−1(A+ I). (7.9)

On the transformation of y-equation (7.8) (y ∈ x′), in a similar way to Proposition 6.5,

we can show the following.

Proposition 7.3. By the Laplace transform in x-direction (6.37), the y-equation

(7.8) (y ∈ x′) of (7.7) is transformed into

∂vi
∂y

=
∂

∂y
[(x− Sx

i (x))(x− aHi
)] vi +

q∑
j=1

Sy
ijvj +

∂Sx
i

∂y
(x− Sx

i (x))
−1

q∑
k=1

A′
ikvk

+
∑

H∈Ac
x∩Ay

1

y − bH

q∑
j=1

AH
ij vj (i = 1, . . . , q).

(7.10)

Here we set

A+ I =


A′

11 A′
12 · · · A′

1q

A′
21 A′

22 · · · A′
2q

...
...

...

A′
q1 A′

q2 · · · A′
qq

 .
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Summarizing the equations (7.10), we have the y-equation

∂v

∂y
= Ây(x)v (7.11)

of the Laplace transform of (7.7) in x-direction.

Remark 7.4. The inverse Laplace transform is omitted, as it can be considered in

the same way as the Laplace transform.

We are now ready to define the operation Lx. For (V,Ω) ∈ Bx(Tx,Sx), we fix an

isomorphism V ∼= CN satisfying the condition (B); that is, we assume the coefficient

matrix Ax(x) of Ω in x-direction is given in the form (7.3). For this connection, we set

the EndC(V)-valued 1-form Lx(Ω) by the matrix representation

Lx(Ω) =

n∑
i=1

Âxi(x) dxi,

where Âxℓ
(x) = Âx(x) is given by (7.9) and the other coefficient matrices Âxi

(x) (i 6= `)

are defined by the coefficient matrices of the right-hand side of (7.11). Then, we define

Lx(V,Ω) := (V, Lx(Ω)).

Note that (V, Lx(Ω)) is an object of Bx(Sx,−Tx).
For f ∈ HomBx(Tx,Sx)((V,Ω), (V ′,Ω′)), we define the linear map Lx(f) : V → V ′ by

Lx(f) := f.

Then it is easy to check that the map Lx(f) is a morphism from Lx(V,Ω) to Lx(V ′,Ω′)

in Bx(Sx,−Tx).
We define the operation L−x in the same way. That is,

L−x(V,Ω) := (V, L−x(Ω)), L−x(f) := f,

where L−x(Ω) is the EndC(V)-valued 1-form defined by the matrix representation corre-

sponding to the inverse Laplace transform of du = Ωu in x-direction.

Now we define the functors corresponding to the (inverse) Laplace transform for

linear Pfaffian systems in Definitions 6.7 and 6.12. Let I : Bx → Px denote the inclusion

functor. Then, from Remarks 6.6 and 6.11, we can verify that the connections I ◦ Lx ◦
BOx(V,Ω) and I◦L−x◦BOx(V,Ω) are both flat for any (V,Ω) ∈ PInt

x (Tx,Sx). Therefore,

the compositions I ◦ Lx ◦BOx and I ◦ L−x ◦BOx define the functors

PInt
x (Tx,Sx) → PInt

x (Sx,−Tx), PInt
x (Tx,Sx) → PInt

x (−Sx, Tx),

respectively. Then, we define the (inverse) Laplace transform functor as follows.

Definition 7.5. We define the Laplace transform functor in x-direction Lx :

PInt
x (Tx,Sx) → PInt

x (Sx,−Tx) by
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Lx := I ◦ Lx ◦BOx.

For (V,Ω) ∈ PInt
x (Tx,Sx), we write

Lx(V,Ω) = (Vq,Lx(Ω)).

Similarly, we define the inverse Laplace transform functor in x-direction L−x :

PInt
x (Tx,Sx) → PInt

x (−Sx, Tx) by

L−x := I ◦ L−x ◦BOx.

For (V,Ω) ∈ PInt
x (Tx,Sx), we write

L−x(V,Ω) = (Vq,L−x(Ω)).

Remark 7.6. (i) The 1-forms Lx(Ω) and L−x(Ω) are given by (6.46) and (6.53),

respectively.

(ii) The functors L±x are both exact. This can be verified in the same way as in

Proposition 3.6 (the one variable case).

7.3.3. Middle Laplace transform functor

For (V,Ω) ∈ PInt
x (Tx,Sx) with (7.2), we set the subspace Kx

V of Vq as

Kx
V :=

q⊕
i=1

KerAHi
, (7.12)

which corresponds to (6.47). The subspace Kx
V is invariant under the action of the 1-form

Lx(Ω), which can be checked similarly in the previous section. Hence, we can take the

restriction and the quotient:

Kx(V,Ω) := (Kx
V ,Lx(Ω)|Kx

V
), MLx(V,Ω) := (Vq/Kx

V ,Lx(Ω)|Vq/Kx
V
).

Since Kx
V is also invariant under the action of the 1-form L−x(Ω), we can take the

restriction and the quotient:

K−x(V,Ω) := (Kx
V ,L−x(Ω)|Kx

V
), ML−x(V,Ω) := (Vq/Kx

V ,L−x(Ω)|Vq/Kx
V
).

We note that Kx and MLx (resp. K−x and ML−x) are the functors from PInt
x (Tx,Sx)

to PInt
x (Sx,−Tx) (resp. PInt

x (−Sx, Tx)).

Definition 7.7. We call the functors MLxℓ and ML−xℓ the middle Laplace trans-

form functor in xℓ-direction and the inverse middle Laplace transform functor in xℓ-

direction, respectively.

Remark 7.8. The 1-forms Lxℓ(Ω)|Vq/Kx
V
and L−xℓ(Ω)|Vq/Kx

V
are given by MLxℓ(Ω)

and ML−xℓ(Ω) in (6.48) and (6.54), respectively. Hence, we write Lxℓ(Ω)|Vq/Kx
V

=

MLxℓ(Ω) and L−xℓ(Ω)|Vq/Kx
V
= ML−xℓ(Ω) by abuse of notation.
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Remark 7.9. MLxℓ can be interpreted as follows. Since the inclusion map ι :

Kxℓ

V ↪→ Vq induces a morphism in PInt
xℓ

(Sxℓ
,−Txℓ

), then we obtain an exact sequence

0 Kxℓ(V,Ω) Lxℓ(V,Ω) Coker ι 0ι

in PInt
xℓ

(Sxℓ
,−Txℓ

). Then, we have MLxℓ(V,Ω) = Coker ι. Similarly, we obtain an exact

sequence

0 K−xℓ(V,Ω) L−xℓ(V,Ω) Coker ι 0ι

in PInt
xℓ

(−Sxℓ
, Txℓ

). Then we have ML−xℓ(V,Ω) = Coker ι.

8. Inversion formula and irreducibility (several variables case)

Retain the notation of the previous section. In this section, we show Theorem 6.15.

First, we introduce the notions of irreducibility and exceptionality for connections.

Definition 8.1. Let (V,Ω) ∈ PInt
xℓ

(Txℓ
,Sxℓ

) be a connection with V 6= {0}, whose
1-form Ω is of the form (7.2).

• We say that (V,Ω) is irreducible in xℓ-direction if there is no

〈Axℓ
, {Axℓxj}j ̸=ℓ, {AH}H∈Axℓ

〉-invariant subspace of V except V and {0}.

• We say that (V,Ω) is exceptional in xℓ-direction if dimV = 1 and AH = 0 for all

H ∈ Axℓ
. Otherwise, we say it is non-exceptional in xℓ-direction.

Clearly, a connection (V,Ω) ∈ PInt
xℓ

(Txℓ
,Sxℓ

) is irreducible and non-exceptional in

xℓ-direction if and only if the corresponding Pfaffian system du = Ωu is irreducible and

non-exceptional in xℓ-direction (Definition 6.14).

Remark 8.2. As in Remark 4.2, if a connection (V,Ω) ∈ PInt
xℓ

(Txℓ
,Sxℓ

) with the

1-form Ω of the form (7.2) is irreducible and non-exceptional in xℓ-direction, then it holds

that⋂
H∈Axℓ

KerAH ∩Ker(Axℓ
+ cxℓ

) ∩
⋂
j ̸=ℓ

Ker(Axℓxj
+ cxℓxj

) = {0} (∀cxℓ
, cxℓxj

∈ C),

(?ℓ)∑
H∈Axℓ

ImAH + Im(Axℓ
+ cxℓ

) +
∑
j ̸=ℓ

Im(Axℓxj + cxℓxj ) = V (∀cxℓ
, cxℓxj ∈ C). (??ℓ)

Then, Theorem 6.15 can be rephrased as follows.

Theorem 8.3. Suppose that (V,Ω) ∈ PInt
xℓ

(Txℓ
,Sxℓ

) is irreducible and non-

exceptional in xℓ-direction. Then the following hold.

(i) ML−xℓ ◦MLxℓ(V,Ω) ∼ (V,Ω) and MLxℓ ◦ML−xℓ(V,Ω) ∼ (V,Ω).

(ii) Both MLxℓ(V,Ω) and ML−xℓ(V,Ω) are irreducible and non-exceptional in xℓ-

direction.
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Here the symbol ∼ means isomorphic as connections (see Remark 7.1).

We note that the above statement (ii) is essentially the same as the statement of

Theorem 4.3 (ii). Therefore, in the following, we shall only show the inversion formula

(Theorem 8.3 (i)).

8.1. A proof of inversion formula

This subsection is devoted to proving the inversion formula (Theorem 8.3 (i)). We

only show the statement ML−xℓ ◦ MLxℓ(V,Ω) ∼ (V,Ω). Take any ` (1 ≤ ` ≤ n)

and write xℓ = x. We set Tx and Sx as in (7.1). Suppose that (V,Ω) ∈ PInt
x (Tx,Sx)

consisting of an N -dimensional vector space V and a 1-form of the form (7.2) is irreducible

and non-exceptional in x-direction. Let S ′
x be the subarrangement of Sx such that

{x ∈ Cn | det(x− Sx(x)) = 0} =
⋃

Ĥ∈S′
x

Ĥ.

Then we have (V,Ω) ∈ PInt
x (Tx,S ′

x). Since S ′
x ⊆ Sx, the category PInt

x (Tx,S ′
x) is a full

subcategory of PInt
x (Tx,Sx). Therefore, for the proof of the inversion formula, it suffices

to prove the assertion after replacing Sx by S ′
x. After this replacement, using the same

notation Sx = {Ĥ1, . . . , Ĥq̂}, we may assume in (7.6) that N̂j ≥ 1 for all j = 1, 2, . . . , q̂.

Our goal is to show the existence of the isomorphism ML−x(MLx(V,Ω)) → (V,Ω)
as connections. The strategy of the proof is essentially the same as in the one variable

case. Nevertheless, for completeness, we provide a brief explanation.

First, we shall describe (V,Ω) as a quotient connection of L−x(Lx(V,Ω)). In the

following, we fix an isomorphism (a basis) V ∼= CN as in Section 7.3.1, i.e., the coefficient

matrix Ax(x) ∈ Mat(N,C(x)) of Ω in x-direction is given by (7.5) with (7.6). Then, by

definition of

L−x(Lx(V,Ω)) = ((Vq)q̂,L−x(Lx(Ω))),

we can fix an isomorphism (a basis) (Vq)q̂ ∼= (CNq)q̂ such that the coefficient matrices of

L−x(Lx(Ω)) are obtained by iterating the procedures explained in Sections 6.1 and 6.2

for Ω (The actual form of the coefficient matrices will be given later).

Then, we define a linear map ϕ : (Vq)q̂ → V as follows: for v = t(v1, . . . , vq̂) ∈ (Vq)q̂

with vi =
t(vi1, . . . , v

i
q) ∈ Vq, we define

ϕ(v) :=

q̂∑
i=1

ENi

q∑
j=1

AHjv
i
j . (8.1)

This map is an analog of the linear map (4.2) introduced in the one variable case. Then,

a natural generalization of Proposition 4.4 holds.

Proposition 8.4. The linear map (8.1) defines a morphism of connections

ϕ : L−x(Lx(V,Ω)) → (V,Ω). (8.2)

The proof of this proposition is a bit lengthy, so we postpone it to Section 8.2. By
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using (??ℓ), in the same way as Lemma 4.5, we can show the following.

Lemma 8.5. The linear map (8.1) satisfies

Kerϕ = K′, Imϕ = V.

Here

K′ :=


v1

...

vq̂

 ∈ (Vq)q̂

∣∣∣∣∣∣∣
vi =

t(vi1, . . . , v
i
q) ∈ Vq satisfies

ENi

q∑
j=1

AHj
vij = 0 (i = 1, . . . , q̂)

 . (8.3)

As a consequence of this lemma and Proposition 8.4, we have the following.

Corollary 8.6. The connection K′(V,Ω) := (K′,L−x(Lx(Ω))|K′) is a subconnec-

tion of L−x(Lx(V,Ω)), and the morphism (8.2) induces the isomorphism

ϕ̄ : L−x(Lx(V,Ω))/K′(V,Ω) ∼−→ (V,Ω).

Here we note that

L−x(Lx(V,Ω))/K′(V,Ω) =
(
(Vq)q̂/K′,L−x(Lx(Ω))

∣∣∣
(Vq)q̂/K′

)
.

To show L−x(Lx(V,Ω))/K′(V,Ω) ∼ ML−x(MLx(V,Ω)), we prepare a lemma con-

cerning the expression of K′. This can be shown in the same way as in Lemma 4.7, by

using (?ℓ).

Lemma 8.7. The vector space K′ in (8.3) can be expressed as

K′ =


v1

...

vq̂

 ∈ (Vq)q̂

∣∣∣∣∣∣∣ BĤi
vi ∈ Kx

V (i = 1, . . . , q̂)


where BĤi

and Kx
V are given by (6.42) and (7.12), respectively.

Let us show L−x(Lx(V,Ω))/K′(V,Ω) ∼ ML−x(MLx(V,Ω)). To do this, we first

construct a morphism from L−x(Lx(V,Ω)) to L−x(MLx(V,Ω)). Let f∗ : Lx(V,Ω) →
MLx(V,Ω) be a quotient morphism. It is nothing but the quotient map from Vq to

Vq/Kx
V as a linear map. Then, by definition, we see that the morphism f := L−x(f∗)

from L−x(Lx(V,Ω)) to L−x(MLx(V,Ω)) is given by the linear map

f : (Vq)q̂ → (Vq/Kx
V)

q̂

∈ ∈v1
...

vq̂

 7→

v̄1
...

v̄q̂

 , v̄i = vi +Kx
V .
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We shall construct a morphism f ′ from L−x(Lx(V ,Ω))/K′(V,Ω) to ML−x(MLx(V,Ω)).
Let π : L−x(MLx(V,Ω)) → ML−x(MLx(V,Ω)) be the quotient morphism. As a linear

map, the quotient morphism π is nothing but

π : (Vq/Kx
V)

q̂ → (Vq/Kx
V)

q̂

/
q̂⊕

i=1

Ker B̄Ĥi
,

where B̄Ĥi
are the coefficient matrices of MLx(Ω) in (6.48). Therefore, the composition

π ◦ f : L−x(Lx(V,Ω)) → ML−x(MLx(V,Ω)) is given by the linear map

π ◦ f : (Vq)q̂ → (Vq/Kx
V)

q̂

/
q̂⊕

i=1

Ker B̄Ĥi

∈ ∈v1
...

vq̂

 7→

v̄1 +Ker B̄Ĥ1

...

v̄q̂ +Ker B̄Ĥq̂

 , v̄i = vi +Kx
V .

For v,w ∈ (Vq)q̂ satisfying v −w ∈ K′, it can be easily checked

(π ◦ f)(v) = (π ◦ f)(w)

by using Lemma 8.7. Hence, the linear map π ◦ f induces the linear map

f ′ : (Vq)q̂/K′ → (Vq/Kx
V)

q̂

/
q̂⊕

i=1

Ker B̄Ĥi

∈ ∈v1
...

vq̂

+K′ 7→

v̄1 +Ker B̄Ĥ1

...

v̄q̂ +Ker B̄Ĥq̂

 , v̄i = vi +Kx
V .

(8.4)

We can easily check that the linear map f ′ becomes a morphism from

L−x(Lx(V,Ω))/K′(V,Ω) to ML−x(MLx(V,Ω)) and the diagram

L−x(Lx(V,Ω)) L−x(Lx(V,Ω))/K′(V,Ω)

L−x(MLx(V,Ω)) ML−x(MLx(V,Ω))

π′

f f ′

π

is commutative. Here π′ denotes the quotient morphism. Then, in the same way as

Proposition 4.8, we have the following.

Proposition 8.8. The linear map f ′ in (8.4) is bijective.

As a consequence, we have an isomorphism of connections
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ϕ̄ ◦ (f ′)−1 : ML−x(MLx(V,Ω)) ∼−→ (V,Ω),

which shows ML−x ◦MLx(V,Ω) ∼ (V,Ω), as desired.

8.2. Proof of Proposition 8.4

This subsection is devoted to the proof of Proposition 8.4. For the connection

L−x(Lx(V,Ω)), let

L−x(Lx(Ω)) =

n∑
i=1

Gxi(x) dxi (8.5)

be the matrix representation of L−x(Lx(Ω)) with respect to the fixed basis (Vq)q̂ ∼=
(CNq)q̂ at the beginning of Section 8.1. Then, our goal is to show

ϕ ◦Gxi
(x) = Axi

(x) ◦ ϕ (i = 1, 2, . . . , n). (8.6)

By iterating the Laplace transform Lx and the inverse Laplace transform L−x for the

1-form Ω, we have

Gx(x) = Gx +
∑
z∈x′

Gxzz +

q∑
i=1

GHi

x− aHi

,

where

Gx =



aĤ1
IqN

. . .

aĤp̂
IqN

aĤp̂+1
(0)IqN

. . .

aĤq̂
(0)IqN


,

Gxz =



OqN

. . .

OqN

(aĤp̂+1
)zIqN

. . .

(aĤq̂
)zIqN


, (8.7)

GHi
=


Gi

1 Gi
2 · · · Gi

q̂

Gi
1 Gi

2 · · · Gi
q̂

...

Gi
1 Gi

2 · · · Gi
q̂

 , Gi
j =



ON ON · · · ON

... · · · · · ·
...

ENjAH1 ENjAH2 · · · ENjAHq

... · · · · · ·
...

ON ON · · · ON

 ( i.(8.8)

Then, by a similar calculation with the proof of Proposition 4.4, we have the following.
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Proposition 8.9. The linear map (8.1) satisfies

(i) ϕ ◦Gx = Ax ◦ ϕ,

(ii) ϕ ◦Gxz = Axz ◦ ϕ (z ∈ x′),

(iii) ϕ ◦GHi
= AHi

◦ ϕ (1 ≤ i ≤ q).

Therefore, we see that (8.6) with i = ` holds.

We proceed to consider the commutativity on other variables: we choose any y ∈ x′

and shall show that

ϕ ◦Gy(x) = Ay(x) ◦ ϕ.

The expression of Gy(x) is quite different whether there exists an xk ∈ x′ such that

Ax ∩ Axk
6= ∅ or not. Hence we divide the proof into two cases:

Case 1: There exists an xk ∈ x′ such that Ax ∩ Axk
6= ∅.

Case 2: Ax ∩ Axk
= ∅ for all xk ∈ x′.

8.2.1. Case 1

In this case, from the assumption (6.18), we can assume Axz = O for z ∈ x′ (Namely,

p̂ = q̂). Then, the y-equation of (6.46) is given by

∂V

∂y
=

By + xByx +
∑
z∈x′′

Byzz +
∑

q+1≤j≤r
Hj∈Ay

BHj

y − bHj

+
∑

1≤k<l≤q
Hl∈CHk,y

BHkl

y − cHkHl

V, (8.9)

where

By =



Ay

. . .

Ay

Ay + (aHp+1
)yAx

. . .

Ay + (aHq
)yAx


,

Byx = −



ON

. . .

ON

(aHp+1)yIN
. . .

(aHq )yIN


Byz =

Ayz

. . .

Ayz

 , BHj =

AHj

. . .

AHj

 , (8.10)
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


AHl

−AHl
(k

BHkl
=

−AHk
AHk

(l

) )

k l

. (8.11)

Now we set

Λ0 =

{
(k, l)

∣∣∣∣ 1 ≤ k < l ≤ q, Hl ∈ CHk,y

cHkHl
6= bHj

for all q + 1 ≤ j ≤ r such that Hj ∈ Ay

}/
≈ ,

where

(k, l) ≈ (k′, l′)
def⇔ cHkHl

= cHk′Hl′ .

Then, the equation (8.9) can be expressed as

∂V

∂y
=

By + xByx +
∑
z∈x′′

Byzz +
∑

q+1≤j≤r
Hj∈Ay

CHj

y − bHj

+
∑

[(k,l)]∈Λ0

C[(k,l)]

y − cHkHl

V,

where

CHj
= BHj

+
∑

(k,l)∈Λj

BHkl
, Λj =

{
(k, l)

∣∣∣∣ 1 ≤ k < l ≤ q, Hl ∈ CHk,y

cHkHl
= bHj

}

for q + 1 ≤ j ≤ r and

C[(k,l)] =
∑

(k′,l′)∈[(k,l)]

BHk′l′

for [(k, l)] ∈ Λ0.

By applying Proposition 6.10, we obtain the coefficient matrix of (8.5) in y-direction:

Gy(x) = Gy +
∑
z∈x′′

Gyzz +
∑

p+1≤k≤q
Hk∈Ay

GHk

y − bHk

+
∑

q+1≤j≤r
Hj∈Ay

FHj

y − bHj

+
∑

[(k,l)]∈Λ0

F[(k,l)]

y − cHkHl

where GHk
(p+ 1 ≤ k ≤ q) are given by (8.8) and
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Gy =

By + aĤ1
Byx

. . .

By + aĤp̂
Byx

 , Gyz =

Byz

. . .

Byz

 ,

FHj =

CHj

. . .

CHj

 , F[(k,l)] =

C[(k,l)]

. . .

C[(k,l)]

 .

Since we have already shown

ϕ ◦GHk
= AHk

◦ ϕ (p+ 1 ≤ k ≤ q),

it suffices to show

ϕ ◦Gy = Ay ◦ ϕ, (8.12)

ϕ ◦

(∑
z∈x′′

Gyzz

)
=

(∑
z∈x′′

Ayzz

)
◦ ϕ, (8.13)

ϕ ◦ FHj = AHj ◦ ϕ (q + 1 ≤ j ≤ r such that Hj ∈ Ay), (8.14)

ϕ ◦ F[(k,l)] = 0 ([(k, l)] ∈ Λ0). (8.15)

Let v = t(v1, . . . , vp̂) ∈ L−x(Lx(V)) with vi =
t(vi1, . . . , v

i
q) ∈ Vq and

w =

w1

...

wp̂

 := Gyv =

(By + aĤ1
Byx)v1

...

(By + aĤq̂
Byx)vp̂

 .

Then, we have

wi = (By + aĤi
Byx)vi

=



Ay

. . .

Ay

Ay + (aHp+1)y(Ax − aĤi
)

. . .

Ay + (aHq
)y(Ax − aĤi

)




vi1
vi2
...

viq

 .

Therefore we have

(ϕ ◦Gy)(v) = ϕ(w) =

p̂∑
i=1

ENi

 p∑
j=1

AHj
Ayv

i
j +

q∑
j=p+1

AHj
{Ay + (aHj

)y(Ax − aĤi
)}vij

 .

From the conditions (6.13) and (6.9), we see that [AHj , Ay] = O (j = 1, . . . , p) and

[AHj , Ay + (aHj )yAx] = O (j = p+ 1, . . . , q), respectively. Then, we have
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(ϕ ◦Gy)(v) =

p̂∑
i=1

ENi

 p∑
j=1

AyAHj
vij +

q∑
j=p+1

{Ay + (aHj
)y(Ax − aĤi

)}AHj
vij


=

p̂∑
i=1

ENi

 q∑
j=1

AyAHj
vij +

q∑
j=p+1

(aHj
)y(Ax − aĤi

)AHj
vij

 .

The condition [Ax, Ay] = O coming from (6.7) and

Ax =

aĤ1
IN1

. . .

aĤp̂
INp̂

 =

p̂∑
i=1

aĤi
ENi

imply [ENi
, Ay] = O for i = 1, . . . , p̂. Hence, we obtain

(ϕ ◦Gy)(v) = Ay

p̂∑
i=1

ENi

q∑
j=1

AHj
vij +

p̂∑
i=1

ENi

q∑
j=p+1

(aHj
)y(Ax − aĤi

)AHj
vij .

Now we notice that the i-th diagonal block of Ax−aĤi
is ONi

, and hence ENi
(Ax−aĤi

) =

O. Therefore, we obtain

(ϕ ◦Gy)(v) = Ay

p̂∑
i=1

ENi

q∑
j=1

AHj
vij = (Ay ◦ ϕ)(v),

which shows (8.12).

We shall show (8.13). By a direct calculation, we obtain

(ϕ ◦Gyz)(v) =

p̂∑
i=1

ENi

q∑
j=1

AHj
Ayzv

i
j

for z 6= x, y. From the conditions (6.10) and (6.14), we have [AHj
, Ayz] = O for 1 ≤ j ≤ q.

Furthermore, the condition [Ax, Ayz] = O coming from (6.8) implies [ENi , Ayz] = O for

1 ≤ i ≤ p̂. Combining them, we obtain

(ϕ ◦Gyz)(v) = Ayz

p̂∑
i=1

ENi

q∑
j=1

AHjv
i
j = (Ayz ◦ ϕ)(v),

which shows (8.13).

We proceed to show (8.14). By a direct calculation, we have

FHjv =

CHj
v1

...

CHj
vq̂


and
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CHj
vi =

BHj
+

∑
(k,l)∈Λj

BHkl

 vi =

AHjv
i
1

...

AHjv
i
q

+
∑

(k,l)∈Λj





0N
...

AHl
(vik − vil) (k
...

AHk
(−vik + vil) (l

...

0N

=:

wi
1
...

wi
q

 .

Then, we obtain

(ϕ ◦ FHj
)(v) =

p̂∑
i=1

ENi

q∑
m=1

AHm
wi

m

=

p̂∑
i=1

ENi

q∑
m=1

AHm

AHj
vim +

∑
(m,l)∈Λj

AHl
(vim − vil) +

∑
(k,m)∈Λj

AHk
(−vik + vim)


=

p̂∑
i=1

q∑
m=1

[
ENi

AHm
AHj

vim

+ENi

 ∑
(m,l)∈Λj

AHmAHl
(vim − vil) +

∑
(k,m)∈Λj

AHmAHk
(−vik + vim)


 .

(8.16)

To proceed with the calculation, let us recall the Pfaffian system (6.46). From the

completely integrable condition for (6.46), we have

[BĤi
, CHj ] = O (1 ≤ i ≤ p̂, q + 1 ≤ j ≤ r such that Hj ∈ Ay).

By using (6.42), (8.10) and (8.11), this condition can be expressed as[ENiAH1 , AHj ] [ENiAH2 , AHj ] · · · [ENiAHq , AHj ]
...

[ENiAH1 , AHj ] [ENiAH2 , AHj ] · · · [ENiAHq , AHj ]




O · · · ENi [AHk
, AHl

] · · · ENi [AHl
, AHk

] · · · O

+
∑

(k,l)∈Λj

...
...

...
...

O · · · ENi
[AHk

, AHl
] · · · ENi

[AHl
, AHk

] · · · O

) )

k l

= O.

Picking up the m-th column (1 ≤ m ≤ q), we obtain
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[ENi
AHm

, AHj
] + ENi

 ∑
(m,l)∈Λj

[AHm
, AHl

] +
∑

(k,m)∈Λj

[AHm
, AHk

]

 = O

for 1 ≤ i ≤ p̂ and q + 1 ≤ j ≤ r. By using this, we see that (8.16) is reduced to

(ϕ ◦ FHj )(v) =(AHj ◦ ϕ)(v),

which shows (8.14).

Lastly, we shall show (8.15). Take [(k, l)] ∈ Λ0 and consider

F[(k,l)]v =

C[(k,l)]v1
...

C[(k,l)]vp̂

 , C[(k,l)]vi =
∑

(k′,l′)∈[(k,l)]





0N
...

AHl′ (v
i
k′ − vil′) (k′

...

AHk′ (−vik′ + vil′) (l′

...

0N

=:

wi
1
...

wi
q

 .

Then we have

(ϕ ◦ F[(k,l)])(v) =

p̂∑
i=1

ENi

q∑
m=1

AHmwi
m

=

p̂∑
i=1

ENi

q∑
m=1

AHm

 ∑
(m,l′)∈[(k,l)]

AHl′ (v
i
m − vil′)−

∑
(k′,m)∈[(k,l)]

AHk′ (v
i
k′ − vim)

 .

(8.17)

Here, we focus on the second term on the right-hand side:

q∑
m=1

AHm

∑
(k′,m)∈[(k,l)]

AHk′ (v
i
k′ − vim) =

∑
1≤m≤q

(k′,m)∈[(k,l)]

AHm
AHk′ (v

i
k′ − vim)

=
∑

1≤m≤q
1≤k′<m

cH
k′Hm=cHkHl

AHm
AHk′ (v

i
k′ − vim)

=
∑

1≤k′≤q
k′<m≤q

cH
k′Hm=cHkHl

AHmAHk′ (v
i
k′ − vim).

Since cHk′Hm
= cHmHk′ holds, we can exchange k′ ↔ m in this sum and obtain
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q∑
m=1

AHm

∑
(k′,m)∈[(k,m)]

AHk′ (v
i
k′ − vim) =

∑
1≤m≤q
m<k′≤q

cHmH
k′ =cHkHl

AHk′AHm
(vim − vik′)

=

q∑
m=1

∑
(m,k′)∈[(k,l)]

AHk′AHm
(vim − vik′).

Substituting this into (8.17), we have

(ϕ ◦ F[(k,l)])(v) =

p̂∑
i=1

ENi

q∑
m=1

∑
(m,l′)∈[(k,l)]

[AHm , AHl′ ](v
i
m − vil′). (8.18)

From the completely integrable condition of the system (6.46), it holds that∑
(k′,l′)∈[(k,l)]

[BĤi
, BHk′l′ ] = O (1 ≤ i ≤ p̂).

From (6.42) and (8.11), we have  O · · · ENi [AHl′ , AHk′ ] · · · ENi [AHk′ , AHl′ ] · · · O∑
(k′,l′)∈[(k,l)]

[BĤi
, BHk′l′ ] =

∑
(k′,l′)∈[(k,l)]

...
...

...
...

O · · · ENi
[AHl′ , AHk′ ] · · · ENi

[AHk′ , AHl′ ] · · · O

) )

k′ l′

= O.

Then, by picking up the m-th column, we have∑
(m,l′)∈[(k,l)]

ENi
[AHl′ , AHm

] +
∑

(k′,m)∈[(k,l)]

ENi
[AHk′ , AHm

] = O (8.19)

for 1 ≤ i ≤ p̂ and 1 ≤ m ≤ q. Here (8.18) can be expressed as

(ϕ ◦ F[(k,l)])(v) =

p̂∑
i=1

ENi


q∑

m=1

∑
(m,l′)∈[(k,l)]

[AHm
, AHl′ ]v

i
m −

q∑
m=1

∑
(m,l′)∈[(k,l)]

[AHm
, AHl′ ]v

i
l′

 .

By using (8.19) for the first summation on m, we obtain

(ϕ ◦ F[(k,l)])(v) =

p̂∑
i=1

ENi


q∑

m=1

∑
(k′,m)∈[(k,l)]

[AHk′ , AHm ]vim −
q∑

m=1

∑
(m,l′)∈[(k,l)]

[AHm , AHl′ ]v
i
l′

 .

As in the above, we can change the order of summation and exchange the index k′ ↔ m.

Then we have
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q∑
m=1

∑
(k′,m)∈[(k,l)]

[AHk′ , AHm
]vim =

q∑
m=1

∑
(m,k′)∈[(k,l)]

[AHm
, AHk′ ]v

i
k′ .

Hence, we have

(ϕ ◦ F[(k,l)])(v) =

p̂∑
i=1

ENi


q∑

m=1

∑
(m,k′)∈[(k,l)]

ENi
[AHm

, AHk′ ]v
i
k′ −

q∑
m=1

∑
(m,l′)∈[(k,l)]

[AHm
, AHl′ ]v

i
l′


= 0.

8.2.2. Case 2

In this case, the polynomial fH with H ∈ Ax does not depend on other variables.

Namely, it holds that aH ∈ C for H ∈ Ax, i.e., p = q. In particular, since the polynomial

fH with H ∈ Ay does not depend on x, it holds that bH ∈ C[x′′] for H ∈ Ay.

Then, the x-equation (6.41) of the Pfaffian system (6.46) is written

∂V

∂x
=

(
Bx +

q̂∑
i=1

BĤi

x− aĤi

)
V (8.20)

with

Bx = −

aH1

. . .

aHp

 , BĤi
= −

ENi
AH1

· · · ENi
AHp

...

ENi
AH1

· · · ENi
AHp

 (1 ≤ i ≤ q̂).

(8.21)

Here we note that aĤ1
, . . . , aĤp

∈ C and aĤp̂+1
, . . . , aĤq̂

∈ C[x′]. From Proposition 6.5,

the y-equation of (6.46) is given by

∂V

∂y
=

By +
∑
z∈x′′

Byzz +
∑

q+1≤j≤r
Hj∈Ay

BHj

y − bHj

+
∑

p̂+1≤k≤q̂

Ĥk∈By

BĤk

y − bĤk

V, (8.22)

where

By =

Ay + aH1
Axy

. . .

Ay + aHp
Axy

 , Byz =

Ayz

. . .

Ayz

 ,

BHj
=

AHj

. . .

AHj

 (q + 1 ≤ j ≤ r with Hj ∈ Ay). (8.23)

Let us consider the inverse Laplace transform. Applying Proposition 6.10 to the Pfaffian

system (6.46), we obtain the coefficient matrix of (8.5) in y-direction:
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Gy(x) = Gy +Gyxx+
∑
z∈x′′

Gyzz +
∑

q+1≤j≤r
Hj∈Ay

GHj

y − bHj

+
∑

1≤k<l≤q̂

Ĥl∈CĤk,y

GĤkl

y − cĤkĤl

, (8.24)

where

Gy =



By

. . .

By

By + (aĤp̂+1
)yBx

. . .

By + (aĤq̂
)yBx


,

Gyx =



OpN

. . .

OpN

(aĤp̂+1
)yIpN

. . .

(aĤq
)yIpN


, (8.25)

Gyz =

Byz

. . .

Byz

 , GHj
=

GHj

. . .

GHj

 ,




BĤl

−BĤl
(k

GĤkl
=

−BĤk
BĤk

(l

) )

k l

.

Here we set

CĤk,y
:= {Ĥ ∈ Bx \ {Ĥk} | (aĤ − aĤk

)y 6= 0}

by abuse of notation. We note that (8.25) is the same as (8.7) with z = y. As in Case 1,

let us rearrange the equation (8.24). By abuse of notation, we set

Λj :=

{
(k, l)

∣∣∣∣∣ 1 ≤ k < l ≤ q̂, Ĥl ∈ CĤk,y

cĤkĤl
= bHj

}
.

Then we have
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Gy(x) = Gy +Gyxx+
∑
z∈x′′

Gyzz+
∑

q+1≤j≤r
Hj∈Ay

FHj

y − bHj

+
∑

1≤k<l≤q̂

Ĥl∈CĤk,y

cĤkĤl
̸=bHj

for all q+1≤j≤r

such that Hj∈Ay

GĤkl

y − cĤkĤl

,

(8.26)

where

FHj
= GHj

+
∑

(k,l)∈Λj

GH̃kl
. (8.27)

Moreover, we set

Λ′ :=

{
(k, l)

∣∣∣∣∣ 1 ≤ k < l ≤ q̂, Ĥl ∈ CĤk,y

cĤkĤl
6= bHj

for all q + 1 ≤ j ≤ r such that Hj ∈ Ay

}/
≈ ,

where

(k, l) ≈ (k′, l′)
def⇔ cĤkĤl

= cĤ′
kĤ

′
l
.

For each [(k, l)] ∈ Λ′, we take a representative (k, l) satisfying

(k, l) ≈ (k, l′) ⇒ l ≤ l′. (8.28)

For such (k, l), we set

FĤkl
=

∑
k<l′≤q̂

Ĥl′∈CĤk,y
cĤkĤ

l′
=cĤkĤl

GĤkl′
(8.29)

and define

F[(k,l)] =

q̂∑
k=1

(k,l)∈[(k,l)] with (8.28)

FĤkl
.

Then we can express ∑
1≤k<l≤q̂

Ĥl∈CĤk,y

cĤkĤl
̸=bHj

for all q+1≤j≤r

such that Hj∈Ay

GĤkl

y − cĤkĤl

=
∑

[(k,l)]∈Λ′

F[(k,l)]

y − cĤkĤl

.

Then, the y-equation (8.26) can be expressed as

Gy(x) = Gy +Gyxx+
∑
z∈x′′

Gyzz +
∑

q+1≤j≤r
Hj∈Ay

FHj

y − bHj

+
∑

[(k,l)]∈Λ′

F[(k,l)]

y − cĤkĤl

.
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Since ϕ◦Gyx = Ayx◦ϕ has been already shown in Proposition 8.9 (note that Axy = Ayx),

it suffices to show

ϕ ◦Gy = Ay ◦ ϕ, (8.30)

ϕ ◦

(∑
z∈x′′

Gyzz

)
=

(∑
z∈x′′

Ayzz

)
◦ ϕ, (8.31)

ϕ ◦ FHj
= AHj

◦ ϕ (q + 1 ≤ j ≤ r such that Hj ∈ Ay), (8.32)

ϕ ◦ F[(k,l)] = 0 ([(k, l)] ∈ Λ′). (8.33)

We shall show (8.30). Let v = t(v1, . . . , vq̂) ∈ L−x(Lx(V)) with vi =
t(vi1, . . . , v

i
p) ∈ Vp

and

w =



w1

...

wp̂

wp̂+1

...

wq̂


:= Gyv =



Byv1
...

Byvp̂
{By + (aĤp̂+1

)yBx}vp̂+1

...

{By + (aĤq̂
)yBx}vq̂


.

Then, we have

wi = Byvi =

Ay + aH1
Axy

. . .

Ay + aHp
Axy


vi1

...

vip


for 1 ≤ i ≤ p̂ and

wi = {By + (aĤi
)yBx}vi

=


Ay + aH1

{Axy − (aĤi
)y}

Ay + aH2{Axy − (aĤi
)y}

. . .

Ay + aHp
{Axy − (aĤi

)y}



vi1
vi2
...

vip


for p̂+ 1 ≤ i ≤ q̂. Hence, we have

ϕ(w) =

p̂∑
i=1

ENi

p∑
j=1

AHj
(Ay + aHj

Axy)v
i
j +

q̂∑
i=p̂+1

ENi

p∑
j=1

AHj
{Ay + aHj

(Axy − (aĤi
)y)}vij .

By (6.13) and aHj
∈ C, it holds that [AHj

, Ay + aHj
Axy] = O for 1 ≤ j ≤ p. Then we

have

ϕ(w) =

p̂∑
i=1

ENi

p∑
j=1

(Ay+aHj
Axy)AHj

vij+

q̂∑
i=p̂+1

ENi

p∑
j=1

{Ay+aHj
(Axy−(aĤi

)y)}AHj
vij .
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From

Axy =



ON1

. . .

ONp̂

(aĤp̂+1
)yINp̂+1

. . .

(aĤq̂
)yINq̂


, (8.34)

we have ENi
Axy = O for 1 ≤ i ≤ p̂ and ENi

{Axy− (aĤi
)y} = O for p̂+1 ≤ i ≤ q̂. Hence,

we obtain

ϕ(w) =

q̂∑
i=1

ENi

p∑
j=1

AyAHjv
i
j .

Here we prepare a lemma.

Lemma 8.10. Under the assumption (6.17) (hence Ax and Axy are diagonalizable),

it holds that

[Ay, Ax] = O, [Ay, Axz] = O (z ∈ x′′).

Proof. Firstly, we shall show [Ay, Ax] = O. From (6.7), we have

[Ay, Ax] =

Axy,
∑

H∈Ac
x∩Ay

AH −
∑

H∈Ax

AH

 . (8.35)

Define the linear map adAxy
: Mat(N,C) → Mat(N,C) by adAxy

(A) = [Axy, A]. Then

(8.35) implies [Ay, Ax] ∈ Im(adAxy
). On the other hand, by the Jacobi identity,

[Axy, [Ay, Ax]] = [[Ax, Axy], Ay] + [Ax, [Ay, Axy]]. (8.36)

By (6.6), we see that [Ax, Axy] = O. Moreover, by applying (6.6) also to the interchanged

pair (y, x) and using Axy = Ayx, we have [Ay, Axy] = O. Then, the right-hand side of

(8.36) vanishes and hence [Ay, Ax] ∈ Ker(adAxy
). Therefore,

[Ay, Ax] ∈ Ker(adAxy
) ∩ Im(adAxy

).

We claim that Ker(adAxy
) ∩ Im(adAxy

) = {O} under the assumption. Let Eij = E
(N)
ij

denote the standard matrix unit. For clearly, we denote (8.34) as Axy = diag[λ1, . . . , λN ]

specifically for this proof. Then we have

adAxy
(Eij) = (λi − λj)Eij .

Take A ∈ Ker(adAxy ) ∩ Im(adAxy ) and write
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A =
∑

1≤i,j≤N

aijEij (aij ∈ C).

From A ∈ Ker(adAxy ), we have

adAxy (A) =
∑

1≤i,j≤N

(λi − λj)aijEij = O

and hence (λi − λj)aij = 0. Therefore we have aij = 0 for (i, j) such that λi 6= λj . On

the other hand, since A ∈ Im(adAxy
), there exists M =

∑
1≤i,j≤N mijEij ∈ Mat(N,C)

such that adAxy
(M) = A. This implies∑

1≤i,j≤N

(λi − λj)mijEij =
∑

1≤i,j≤N

aijEij

and hence (λi−λj)mij = aij . Therefore we have aij = 0 for (i, j) such that λi = λj . Thus

aij = 0 for all (i, j), i.e., A = O. This proves the claim and follows that [Ay, Ax] = O.

Next we shall show [Ay, Axz] = O. From (6.8), we have

[Ay, Axz] = [Ax, Ayz]

for any z ∈ x′′. This means that [Ay, Axz] ∈ Im(adAx
). On the other hand, by the Jacobi

identity,

[Ax, [Ay, Axz]] = [Axz, [Ay, Ax]] + [Ay, [Ax, Axz]]. (8.37)

Here we recall that [Ay, Ax] = O, which we proved above. Moreover, applying (6.6) to the

pair (x, z), we have [Ax, Axz] = O. Therefore, the right-hand side of (8.37) vanishes. This

means that [Ay, Axz] ∈ Ker(adAx
). Therefore, [Ay, Axz] ∈ Ker(adAx

) ∩ Im(adAx
). Since

Ax is diagonal, the same argument as above shows that Ker(adAx
)∩Im(adAx

) = {O}. □

Lemma 8.10 and (6.20) imply [Ay, ENi
] = O for 1 ≤ i ≤ q̂. Hence we have

(ϕ ◦Gy)(v) = ϕ(w) = Ay

q̂∑
i=1

ENi

p∑
j=1

AHj
vij = (Ay ◦ ϕ)(v),

as desired.

Next, we shall show (8.31). For z 6= x, y, we have

(ϕ ◦Gyz)(v) =

q̂∑
i=1

p∑
j=1

ENi
AHj

Ayzv
i
j .

Here, from the completely integrable conditions (6.10) and (6.14) for (6.46), we have

[Byz, BĤi
] = O (1 ≤ i ≤ q̂). This implies [ENiAHj , Ayz] = O for 1 ≤ i ≤ q̂ and

1 ≤ j ≤ p. Therefore we have
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(ϕ ◦Gyz)(v) = Ayz

q̂∑
i=1

p∑
j=1

ENi
AHj

vij = (Ayz ◦ ϕ)(v),

as desired.

Next, we shall show (8.32). We write FHjv = t(w1, . . . , wq̂) and wi =
t(wi

1, . . . , w
i
p) ∈

Vp. From (8.27), we have

wi = BHj
vi +

∑
(i,l)∈Λj

BĤl
(vi − vl) +

∑
(k,i)∈Λj

BĤk
(−vk + vi)

for 1 ≤ i ≤ q̂ and hence

wi
m = AHjv

i
m +

∑
(i,l)∈Λj

p∑
n=1

ENl
AHn(v

l
n − vin) +

∑
(k,i)∈Λj

p∑
n=1

ENk
AHn(v

k
n − vin)

for 1 ≤ m ≤ p. Therefore we obtain

ϕ(FHj
v) =

q̂∑
i=1

ENi

p∑
m=1

AHm
wi

m

=

q̂∑
i=1

p∑
m=1

ENi
AHm

AHj
vim +

∑
(i,l)∈Λj

p∑
n=1

ENl
AHn

(vln − vin)

+
∑

(k,i)∈Λj

p∑
n=1

ENk
AHn(v

k
n − vin)

 .

(8.38)

To proceed with the calculation, we give a lemma which comes from the completely

integrable condition for (6.46).

Lemma 8.11.

[AHj
, ENi

AHm
] +

∑
p̂+1≤l≤q̂,
cĤiĤl

=bHj

p∑
n=1

(ENi
AHn

ENl
− ENl

AHn
ENi

)AHm
= O (8.39)

for 1 ≤ i ≤ p̂, q + 1 ≤ j ≤ r with Hj ∈ Ay, and 1 ≤ m ≤ p.

[AHj , ENiAHm ] +
∑

Ĥl∈CĤi,y

cĤiĤl
=bHj

p∑
n=1

(ENiAHnENl
− ENl

AHnENi)AHm = O (8.40)

for p̂+ 1 ≤ i ≤ q̂, q + 1 ≤ j ≤ r with Hj ∈ Ay, and 1 ≤ m ≤ p.

Proof. Using (8.20), (8.22), we compute the completely integrable condition for

(6.46). Then, from the condition (6.15) we have
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, BHj +

∑
p̂+1≤l≤q̂

cĤiĤl
=bHj

BĤl

 = O

for 1 ≤ i ≤ p̂, q + 1 ≤ j ≤ r with Hj ∈ Ay. Substituting (8.21) and (8.23) into this

identity and then extracting the m-th block column (1 ≤ m ≤ p), we obtain (8.39).

Also, from the condition (6.11), we haveBĤi
, BHj

+
∑

Ĥl∈CĤi,y

cĤiĤl
=bHj

BĤl

 = O

for p̂ + 1 ≤ i ≤ q̂, q + 1 ≤ j ≤ r with Hj ∈ Ay. Substituting (8.21) and (8.23) into this

identity and then extracting the m-th block column (1 ≤ m ≤ p), we obtain (8.40). □

To use this lemma, we divide the sum (8.38) on i into 1 ≤ i ≤ p̂ and p̂+ 1 ≤ i ≤ q̂.

Set

A =

p̂∑
i=1

p∑
m=1

ENiAHm

AHjv
i
m +

∑
(i,l)∈Λj

p∑
n=1

ENl
AHn(v

l
n − vin) +

∑
(k,i)∈Λj

p∑
n=1

ENk
AHn(v

k
n − vin)

 ,

B =

q̂∑
i=p̂+1

p∑
m=1

ENiAHm

AHjv
i
m +

∑
(i,l)∈Λj

p∑
n=1

ENl
AHn(v

l
n − vin) +

∑
(k,i)∈Λj

p∑
n=1

ENk
AHn(v

k
n − vin)

 .

We focus on A. For 1 ≤ i ≤ p̂, it holds that Ĥl ∈ CĤi,y
if and only if p̂ + 1 ≤ l ≤ q̂.

Therefore

{(i, l) ∈ Λj | 1 ≤ i ≤ p̂} = {(i, l) | 1 ≤ i ≤ p̂, p̂+ 1 ≤ l ≤ q̂, cĤiĤl
= bHj

},
{(k, i) ∈ Λj | 1 ≤ i ≤ p̂} = ∅.

Then, we have

A =

p̂∑
i=1

p∑
m=1

ENiAHm

AHjv
i
m +

∑
p̂+1≤l≤q̂

cĤiĤl
=bHj

p∑
n=1

ENl
AHn(v

l
n − vin)

 .

Applying (8.39) to ENi
AHm

AHj
, we have

A =

p̂∑
i=1

p∑
m=1

AHjENiAHm +
∑

p̂+1≤l≤q̂
cĤiĤl

=bHj

p∑
n=1

(ENiAHnENl
− ENl

AHnENi)AHm

 vim
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+

p̂∑
i=1

p∑
m=1

ENi
AHm

∑
p̂+1≤l≤q̂

cĤiĤl
=bHj

p∑
n=1

ENl
AHn

(vln − vin).

Then we obtain

A = AHj

p̂∑
i=1

ENi

p∑
m=1

ENiAHmvim +RA, (8.41)

where

RA =

p̂∑
i=1

p∑
m=1

∑
p̂+1≤l≤q̂

cĤiĤl
=bHj

p∑
n=1

(ENi
AHn

ENl
− ENl

AHn
ENi

)AHm
vim

+

p̂∑
i=1

p∑
m=1

∑
p̂+1≤l≤q̂

cĤiĤl
=bHj

p∑
n=1

ENi
AHm

ENl
AHn

(vln − vin).

Here we can exchange the running index m ↔ n in the second term, which gives

RA =

p̂∑
i=1

p∑
m=1

∑
p̂+1≤l≤q̂

cĤiĤl
=bHj

p∑
n=1

(ENiAHnENl
− ENl

AHnENi)AHmvim

+

p̂∑
i=1

p∑
n=1

∑
p̂+1≤l≤q̂

cĤiĤl
=bHj

p∑
m=1

ENiAHnENl
AHm(vlm − vim)

=

p̂∑
i=1

p∑
m=1

∑
p̂+1≤l≤q̂

cĤiĤl
=bHj

p∑
n=1

(ENiAHnENl
AHmvlm − ENl

AHnENiAHmvim).

(8.42)

A similar consideration and (8.40) give

B = AHj

q̂∑
i=p̂+1

ENi

p∑
m=1

AHm
vim +RB, (8.43)

where

RB =

q̂∑
i=1

p∑
m=1

∑
p̂+1≤l≤q̂

cĤiĤl
=bHj

p∑
n=1

(ENl
AHnENiAHmvim − ENiAHnENl

AHmvlm).

From (8.42), we obtain
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RA +RB =

q̂∑
i=p̂+1

p∑
m=1

∑
p̂+1≤l≤q̂

cĤiĤl
=bHj

p∑
n=1

(ENl
AHnENiAHmvim − ENiAHnENl

AHmvlm)

=

q̂∑
i=p̂+1

p∑
m=1

∑
p̂+1≤l≤q̂

cĤiĤl
=bHj

p∑
n=1

ENl
AHnENiAHmvim

−
q̂∑

i=p̂+1

p∑
m=1

∑
p̂+1≤l≤q̂

cĤiĤl
=bHj

p∑
n=1

ENiAHnENl
AHmvlm.

By exchanging the running index i ↔ l in the second term, we have RA + RB = O.

Then, from (8.41) and (8.43) we obtain

(ϕ ◦ FHj )(v) = A+B = AHj

q̂∑
i=1

ENi

p∑
m=1

AHmvim = (AHj ◦ ϕ)(v),

which shows (8.32).

Lastly, we shall show (8.33). Take [(k, l)] ∈ Λ′ and a representative (k, l) satisfying

(8.28). Then, from (8.29), we have

FĤkl
v =

∑
k<l′≤q̂

Ĥl′∈CĤk,y
cĤkĤ

l′
=cĤkĤl

GĤkl′
v =

∑
k<l′≤q̂

Ĥl′∈CĤk,y
cĤkĤ

l′
=cĤkĤl





0pN
...

BĤl′
(vk − vl′) (k
...

BĤk
(−vk + vl′) (l′

...

0pN

=:



w1

...

wk

...

wl′

...

wq̂


.

Namely,

wk =
∑

k<l′≤q̂

Ĥl′∈CĤk,y
cĤkĤ

l′
=cĤkĤl

BĤl′
(vk − vl′)

and

wl′ =

{
BĤk

(vl′ − vk) k < l′ ≤ q̂ with Ĥl′ ∈ CĤk,y
and cĤkĤl′

= cĤkĤl
,

0pN otherwise.

Hence, by setting wi =
t(wi

1, . . . , w
i
p), we have
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(ϕ ◦ FĤkl
)(v) =

q̂∑
i=1

ENi

p∑
j=1

AHj
wi

j

= −ENk

p∑
j=1

AHj

∑
k<l′≤q̂

Ĥl′∈CĤk,y
cĤkĤ

l′
=cĤkĤl

p∑
m=1

ENl′AHm
(vkm − vl

′

m)

−
∑

k<l′≤q̂

Ĥl′∈CĤk,y
cĤkĤ

l′
=cĤkĤl

ENl′

∑
j=1

AHj

p∑
m=1

ENk
AHm

(vl
′

m − vkm)

=

p∑
m=1

∑
k<l′≤q̂

Ĥl′∈CĤk,y
cĤkĤ

l′
=cĤkĤl

p∑
j=1

(ENk
AHj

ENl′ − ENl′AHj
ENk

)AHm
(vl

′

m − vkm).

Then, we have

ϕ(F[(k,l)]v) := C −D,

where

C =

q̂∑
k=1

(k,l)∈[(k,l)] with (8.28)

p∑
m=1

∑
k<l′≤q̂

Ĥl′∈CĤk,y
cĤkĤ

l′
=cĤkĤl

p∑
j=1

(ENk
AHj

ENl′ − ENl′AHj
ENk

)AHm
vl

′

m,

D =

q̂∑
k=1

(k,l)∈[(k,l)] with (8.28)

p∑
m=1

∑
k<l′≤q̂

Ĥl′∈CĤk,y
cĤkĤ

l′
=cĤkĤl

p∑
j=1

(ENk
AHj

ENl′ − ENl′AHj
ENk

)AHm
vkm.

To show C = D, we prepare the following lemma.

Lemma 8.12. ∑
Ĥl′∈CĤk,y

cĤkĤl
=cĤkĤ

l′

p∑
j=1

(ENk
AHj

ENl′ − ENl′AHj
ENk

)AHm
= O (8.44)

for p̂+1 ≤ k ≤ q̂, 1 ≤ l ≤ q̂ such that cĤkĤl
6= bHj

for any q+1 ≤ j ≤ r, and 1 ≤ m ≤ p.

∑
p̂+1≤l′≤q̂

cĤkĤl
=cĤkĤ

l′

p∑
j=1

(ENk
AHj

ENl′ − ENl′AHj
ENk

)AHm
= O (8.45)
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for 1 ≤ k ≤ p̂, p̂+1 ≤ l ≤ q̂ such that cĤkĤl
6= bHj

for any q+1 ≤ j ≤ r, and 1 ≤ m ≤ p.

Proof. By using (8.20) and (8.22), we compute the completely integrable condi-

tion for (6.46). Then, from the condition (6.12) we haveBĤk
,

∑
Ĥl′∈CĤk,y

cĤkĤl
=cĤkĤ

l′

BĤl′

 = O

for p̂ + 1 ≤ k ≤ q̂, 1 ≤ l ≤ q̂ such that cĤkĤl
6= bHj

for any q + 1 ≤ j ≤ r, which gives

(8.44). Also, from the condition (6.16) we haveBĤk
,

∑
p̂+1≤l′≤q̂

cĤkĤl
=cĤkĤ

l′

BĤl′

 = O

for 1 ≤ k ≤ p̂, p̂ + 1 ≤ l ≤ q̂ such that cĤkĤl
6= bHj for any q + 1 ≤ j ≤ r, which gives

(8.45). □

With this lemma in mind, we divide the summation on k in D as follows:

D =


p̂∑

k=1
(k,l)∈[(k,l)]
with (8.28)

+

q̂∑
k=p̂+1

(k,l)∈[(k,l)]
with (8.28)


p∑

m=1

∑
k<l′≤q̂

Ĥl′∈CĤk,y
cĤkĤ

l′
=cĤkĤl

p∑
j=1

(ENk
AHj

ENl′ − ENl′AHj
ENk

)AHm
vkm

=

p̂∑
k=1

(k,l)∈[(k,l)] with (8.28)

p∑
m=1

∑
p̂+1≤l′≤q̂

Ĥl′∈CĤk,y
cĤkĤ

l′
=cĤkĤl

p∑
j=1

(ENk
AHjENl′ − ENl′AHjENk

)AHmvkm

+

q̂∑
k=p̂+1

(k,l)∈[(k,l)] with (8.28)

p∑
m=1

∑
k<l′≤q̂

Ĥl′∈CĤk,y
cĤkĤ

l′
=cĤkĤl

p∑
j=1

(ENk
AHj

ENl′ − ENl′AHj
ENk

)AHm
vkm.

Here we note that any representative (k, l) ∈ [(k, l)] for 1 ≤ k ≤ p̂ satisfies p̂+ 1 ≤ l ≤ q̂.

Hence, thanks to (8.45), we see that the first term vanishes. By using (8.44) for the

second term, we have
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D =

q̂∑
k=p̂+1

(k,l)∈[(k,l)] with (8.28)

p∑
m=1

∑
k<l′≤q̂

Ĥl′∈CĤk,y
cĤkĤ

l′
=cĤkĤl

p∑
j=1

(ENk
AHjENl′ − ENl′AHjENk

)AHmvkm

= −
q̂∑

k=p̂+1
(k,l)∈[(k,l)] with (8.28)

p∑
m=1

∑
1≤l′<k

Ĥl′∈CĤk,y
cĤkĤ

l′
=cĤkĤl

p∑
j=1

(ENk
AHj

ENl′ − ENl′AHj
ENk

)AHm
vkm.

Here we notice that this summation can be expressed as

D = −
q̂∑

l′=1
(l′,k)∈[(k,l)] with (8.28)

p∑
m=1

∑
l′<k≤q

Ĥk∈CĤ
l′ ,y

cĤ
l′ Ĥk

=cĤkĤl

p∑
j=1

(ENk
AHj

ENl′ − ENl′AHj
ENk

)AHm
vkm.

Moreover, since cĤkĤl′
= cĤkĤl

= cĤl′ Ĥl
holds, we have

D = −
q̂∑

l′=1
(l′,k)∈[(k,l)] with (8.28)

p∑
m=1

∑
l′<k≤q

Ĥk∈CĤ
l′ ,y

cĤ
l′ Ĥk

=cĤ
l′ Ĥl

p∑
j=1

(ENk
AHj

ENl′ − ENl′AHj
ENk

)AHm
vkm.

By exchanging the running index k ↔ l′, we have C = D, which shows (8.33).

9. Generalized middle convolution in several variables

In this section, we introduce two transformations on MTxℓ
,Sxℓ

, equivalently, two

endofunctors of PInt
xℓ

(Txℓ
,Sxℓ

).

Definition 9.1. For λ = (λH)H∈Txℓ
∈ C#Txℓ , we define the operation

addxℓ

λ :PTxℓ
,Sxℓ

→ PTxℓ
,Sxℓ

∈ ∈

Ω 7→Ω+
∑

H∈Txℓ

λHd log fH ,

which we call the addition in xℓ-direction with λ.

We remark the addition operator addxℓ

λ can be regarded as an (invertible) map

addxℓ

λ : MTxℓ
,Sxℓ

→ MTxℓ
,Sxℓ

.

Then, we define the middle convolution in xℓ-direction as follows.

Definition 9.2. For β = (βH)H∈Sxℓ
∈ C#Sxℓ , we define the map
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mcxℓ

β := ML−xℓ ◦ addxℓ

−β ◦MLxℓ : MTxℓ
,Sxℓ

→ MTxℓ
,Sxℓ

,

which we call the (generalized) middle convolution in xℓ-direction mcxℓ

β with β.

The map addxℓ

λ (resp. mcxℓ

β ) induces the endofunctor on PInt
xℓ

(Txℓ
,Sxℓ

). We call

this functor the addition functor in xℓ-direction (resp. middle convolution functor in

xℓ-direction). By abuse of notation, we write addxℓ

λ (resp. mcxℓ

β ) for the addition functor

(resp. middle convolution functor).

As a corollary of Theorem 8.3, we obtain some fundamental properties of the middle

convolution functor.

Corollary 9.3. Suppose that (V,Ω) ∈ PInt
xℓ

(Txℓ
,Sxℓ

) is irreducible and non-

exceptional in xℓ-direction. Then mcxℓ
0 (V,Ω) ∼ (V,Ω). Furthermore, for any β ∈ C#Sxℓ

such that addxℓ

−β ◦MLxℓ(V,Ω) is non-exceptional in xℓ-direction, mcxℓ

β (V,Ω) is also ir-

reducible and non-exceptional in xℓ-direction. In this case,

mcxℓ
γ ◦mcxℓ

β (V,Ω) ∼ mcxℓ

β+γ(V,Ω)

holds for any γ ∈ C#Sxℓ . Analogous statements hold for the irreducible and non-

exceptional system (6.1), under the corresponding non-exceptionality condition on addxℓ

−β◦
MLxℓ .

This corollary is shown in the same way as Theorem 5.3 using Theorem 8.3 instead

of Theorem 4.3.

Remark 9.4. As mentioned in Introduction, Haraoka [5] introduced the middle

convolution in several variables for Pfaffian systems with logarithmic singularity

du = Ωu, Ω =
∑
H∈A

AH d log fH .

Our middle convolution gives a generalization of Haraoka’s middle convolution. In fact,

Preg
Txℓ

:=

Ω =
∑
H∈A

AH d log fH

∣∣∣∣∣∣
AH ∈ Mat(N,C), N ≥ 1,

Ω satisfies Ω ∧ Ω = 0,

Axℓ
= Txℓ

 , Mreg
Txℓ

:= Preg
Txℓ

/ ∼

are the subsets of PTxℓ
,{xℓ=0} and MTxℓ

,{xℓ=0}, respectively. Then, for any β ∈ C, our
middle convolution mcxℓ

β : Mreg
Txℓ

→ Mreg
Txℓ

coincides with the Haraoka’s middle convolu-

tion in xℓ-direction.

10. Examples

We give some examples in the case of two variables. Let (x1, x2) = (x, y) be a

coordinate of C2 and A = {H1,H2,H3} be the hyperplane arrangement in C2 consisting

of

H1 = {x = 0}, H2 = {x = 1}, H3 = {x = y}.



Middle Laplace transform and middle convolution 89

That is,

fH1 = x, fH2 = x− 1, fH3 = x− y.

Then we have

Ax = {H1,H2,H3}, Ay = {H3}, CH1,y = {H3}, CH2,y = {H3}, CH3,y = {H1,H2},
cH1H3 = 0, cH2H3 = 1.

We consider the following rank one Pfaffian system

du = Ωu, Ω =
∑
H∈A

αH d log fH = αH1

dx

x
+ αH2

dx

x− 1
+ αH3

d(x− y)

x− y
, (10.1)

where αH1
, αH2

, αH3
∈ C \ {0} are constants. This equation can be expressed as

∂u

∂x
=

(
αH1

x
+

αH2

x− 1
+

αH3

x− y

)
u

∂u

∂y
=

αH3

y − x
u.

We consider applying the middle Laplace transform in x-direction for (10.1). For this

equation, we have Ĥ1 = {x = 0} and

Ã = A ∪ {H13,H23}, H13 := {y = 0}, H23 := {y − 1 = 0}.

and hence obtain B = {Ĥ1, H13, H23} (cf. (6.36) and (6.39)). Then, by operating the

middle Laplace transform, we have the rank three system

dV = MLx(Ω)V

=

(
(Bx + yBxy) dx+ xBxy dy +BH1

dx

x
+BH13

dy

y
+BH23

dy

y − 1

)
V

(10.2)

where

Bx = −

0

1

0

 , Bxy = −

0

0

1

 , BH1
= −

αH1 αH2 αH3

αH1
αH2

αH3

αH1
αH2

αH3

 ,

BH13 =

 αH3
0 −αH3

0 0 0

−αH1
0 αH1

 , BH23 =

0 0 0

0 αH3
−αH3

0 −αH2
αH2

 .

In this case, we do not need to consider the projection to the quotient space (Step 3)

since Kx =
⊕3

i=1 KerαHi
= {0}. In other words, Lx(Ω) = MLx(Ω) in this case. The

equation (10.2) is essentially the same as the Pfaffian system satisfied by the Humbert’s

confluent hypergeometric function Φ1 of two variables, which can be verified directly (for

example, see [18]).
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Remark 10.1. The function u(x, y) = xαH1 (x − 1)αH2 (x − y)αH3 satisfies (10.1).

Therefore, by construction, we see that the equation (10.2) has an integral representation

of solutions

V (x, y) =

∫
∆

tαH1 (t− 1)αH2 (t− y)αH3 e−tx ~ϕ, ~ϕ = t

(
dt

t
,

dt

t− 1
,

dt

t− y

)
,

which can be used to study the global behavior of solutions.

10.1. Appell’s F1

Let β ∈ C be a complex number. By considering the addition in x-direction addx−β

for (10.2) with −β, we have

dW = (addx−β ◦MLx)(Ω)W

=

(
(Bx + yBxy) dx+ xBxy dy + (BH1

− β)
dx

x
+BH13

dy

y
+BH23

dy

y − 1

)
W.

We assume β 6= 0,−(αH1 + αH2 + αH3). Then, it holds that Ker(BH1 − β) = {0}. By

applying the inverse middle Laplace transform ML−x, we obtain the rank three system

dZ = (ML−x ◦ addx−β ◦MLx)(Ω)Z = mcxβ(Ω)Z

=

(
CH1

dx

x
+ CH2

dx

x− 1
+ CH3

d(x− y)

x− y
+ CH13

dy

y
+ CH23

dy

y − 1

)
Z

(10.3)

where

CH1
=

αH1 + β αH2 αH3

0 0 0

0 0 0

 , CH2
=

 0 0 0

αH1 αH2 + β αH3

0 0 0

 ,

CH3 =

 0 0 0

0 0 0

αH1
αH2

αH3
+ β

 , CH13 = BH13 , CH23 = BH23 .

We remark that, in this case, it is also unnecessary to consider the projection to the

quotient space, since Ker(BH1
− β) = {0}. The resulting system (10.3) is essentially the

same as the Pfaffian system satisfied by the hypergeometric function Appell’s F1 of two

variables (for example, see [7]).

10.2. Haraoka’s confluent F4

We give another example. By applying the addition addy(−αH1
−αH3

,−αH2
−αH3

) in

y-direction for (10.2) with (−αH1
− αH3

,−αH2
− αH3

) ∈ C2, we have

dW = (addy(−αH1
−αH3

,−αH2
−αH3

) ◦MLx)(Ω)W

=

(
(Bx + yBxy) dx+ xBxy dy +BH1

dx

x
+ (BH13

− αH1
− αH3

)
dy

y

+ (BH23 − αH2 − αH3)
dy

y − 1

)
W.

(10.4)
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We then consider applying the inverse middle Laplace transform ML−y in y-direction.

Since dimKer(BH13
− αH1

− αH3
) = dimKer(BH23

− αH2
− αH3

) = 1, the rank of the

resulting equation is given by 3 × 2 − 2 = 4. To see that, we first apply the inverse

Laplace transform L−y, we have

dZ = (L−y ◦ addy(−αH1
−αH3

,−αH2
−αH3

) ◦MLx)(Ω)Z

=

(
Cx dx+ Cy dy + CH1

dx

x
+ CH3

d(x− y)

x− y
+ CH13

dy

y

)
Z

where

Cx =

(
Bx

Bx +Bxy

)
=



0

−1

0

0

−1

−1

 ,

Cy =

(
O3

I3

)
=



0

0

0

1

1

1

 ,

CH1
=

(
BH1

BH1

)
=



−αH1
−αH2

−αH3
0 0 0

−αH1
−αH2

−αH3
0 0 0

−αH1
−αH2

−αH3
0 0 0

0 0 0 −αH1 −αH2 −αH3

0 0 0 −αH1 −αH2 −αH3

0 0 0 −αH1
−αH2

−αH3

 ,

CH3 = −
(
EN2

(BH13
− αH1

− αH3
) EN2

(BH23
− αH2

− αH3
)

EN2
(BH13

− αH1
− αH3

) EN2
(BH23

− αH2
− αH3

)

)

=



0 0 0 0 0 0

0 0 0 0 0 0

αH1 0 αH3 0 αH2 αH3

0 0 0 0 0 0

0 0 0 0 0 0

αH1
0 αH3

0 αH2
αH3

 ,

CH13 = −
(
EN1

(BH13
− αH1

− αH3
) EN1

(BH23
− αH2

− αH3
)

EN1
(BH13

− αH1
− αH3

) EN1
(BH23

− αH2
− αH3

)

)



92 S. Adachi

=



αH1 0 αH3 αH2 + αH3 0 0

0 αH1
+ αH3

0 0 αH2
αH3

0 0 0 0 0 0

αH1
0 αH3

αH2
+ αH3

0 0

0 αH1
+ αH3

0 0 αH2
αH3

0 0 0 0 0 0

 .

Here we used

EN1
=

1

1

0

 , EN2
=

0

0

1

 .

We find that

Ker(BH13
− αH1

− αH3
) =

〈−αH3

0

αH1

〉 , Ker(BH23
− αH2

− αH3
) =

〈 0

−αH3

αH2

〉

and hence

Ky = Ker(BH13
− αH1

− αH3
)⊕Ker(BH23

− αH2
− αH3

) =

〈


−αH3

0

αH1

0

0

0

 ,



0

0

0

0

−αH3

αH2


〉
.

By using them, we set

P =



−αH3 0 0 0 0 0

0 0 0 0 αH3 0

αH1
0 0 0 0 1

0 0 0 αH3
0 0

0 −αH3
0 0 0 0

0 αH2
1 0 0 0

 .

Then, we have

P−1CxP =

(
∗ ∗
O C̄x

)
, P−1CyP =

(
∗ ∗
O C̄y

)
, P−1CH1

P =

(
∗ ∗
O C̄H1

)
,

P−1CH3
P =

(
∗ ∗
O C̄H3

)
, P−1CH13

P =

(
∗ ∗
O C̄H13

)

where
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C̄x =


−1

0

−1

0

 , C̄y =


1

1

0

0

 ,

C̄H1
=


−αH2

− αH3
−αH1

(αH2
+ αH3

) 0 0

−1 −αH1
0 0

0 0 −αH2 −1

0 0 −αH2(αH1 + αH3) −αH1 − αH3

 ,

C̄H3
=


αH3 0 0 αH3

0 0 0 0

0 0 0 0

αH3
0 0 αH3

 ,

C̄H13
=


αH2

0 αH2
(αH1

+ αH3
) 0

0 αH2
+ αH3

0 1

1 0 αH1
+ αH3

0

0 αH1(αH2 + αH3) 0 αH1

 .

As a result, we have the equation of the inverse middle Laplace transform ML−y in

y-direction for (10.4):

dz = (ML−y ◦ addy(−αH1
−αH3

,−αH2
−αH3

) ◦MLx)(Ω)z

=

(
C̄x dx+ C̄y dy + C̄H1

dx

x
+ C̄H3

d(x− y)

x− y
+ C̄H13

dy

y

)
z.

We can verify that this equation is essentially the same as the Pfaffian system derived by

Haraoka [8], who obtained it by applying middle convolution and confluence to equation

(10.1). As mentioned in the introduction, in [8], Haraoka also studied the Stokes phe-

nomenon around {x = ∞}×{y = ∞}. It would be an interesting problem to understand

his result from the perspective of the middle Laplace transform.
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