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Abstract. We introduce a transformation of linear Pfaffian systems,
which we call the middle Laplace transform, as a formulation of the Laplace
transform from the perspective of Katz theory. While the definition of the
middle Laplace transform is purely algebraic, its categorical interpretation is
also provided. We then show the fundamental properties (invertibility, irre-
ducibility) of the middle Laplace transform. As an application of the middle
Laplace transform, we define the middle convolution for linear Pfaffian systems
with irregular singularities. This gives a generalization of Haraoka’s middle
convolution, which was defined for linear Pfaffian systems with logarithmic
singularities. The fundamental properties (additivity, irreducibility) of the
middle convolution follow from the properties of the middle Laplace trans-
form. Some examples related to hypergeometric functions with two variables
are also given.

1. Introduction

In this paper, we introduce two transformations—the middle Laplace transform and
the middle convolution—for linear Pfaffian systems with irregular singularities. Our mo-
tivation comes from the Katz theory for linear differential equations. In his book [I3],
N. M. Katz introduced an operation called the middle convolution for local systems on
a punctured projective line. After that, Dettweiler-Reiter [3, @] established an additive
analog of Katz’s operation as an operation for Fuchsian systems

du 1 Ai
= ; o | A; € Mat(N,C). (1.1)
This operation is called the (additive) middle convolution, which gives a recursive method
for constructing Fuchsian systems. In particular, any irreducible rigid (i.e., free from
accessory parameters) Fuchsian system can be constructed from the trivial rank one
equation v’ = 0 by iterations of the middle convolution (Katz algorithm, cf. [8, Theorem
A.14]). The additive middle convolution is realized by the composition of the following
three steps:

Step 1. Extend the given system () to Okubo normal form

(x—T)% = (A- 1), (1.2)
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where T is a constant diagonal matrix, A is a constant matrix and I is the
identity matrix.

Step 2. Apply the Riemann-Liouville transform (with a suitable path of integration A)
U(x) s / Ut) (- 1) dt.
A

Step 3. Project onto a suitable quotient space.

Then, the middle convolution can be regarded as a precise formulation of the Riemann-
Liouville transform for Fuchsian systems (IH). We note that, in Dettweiler-Reiter’s
description, the above procedures are given in a purely algebraic way, namely, as an
operation on the residue matrices (A1, Ao, ..., A4,) in ().

The theory of middle convolution led to new developments in the study of global
analysis of linear ordinary differential equations in the complex domain. For example,
by using the middle convolution, we can obtain explicit descriptions of the integral rep-
resentation of solutions [I0], monodromy representations [A], connection coefficients and
reducibility conditions [IH] recursively. Furthermore, the middle convolution works ef-
fectively for the study of the Deligne-Simpson problem, the classification problem of
Fuchsian differential equations [20], and isomonodromic deformations [9].

In 2012, Haraoka [5] expected that the Katz theory would be useful for the study
of holonomic systems, and extended the additive middle convolution to linear Pfaffian
systems with logarithmic singularities along hyperplane arrangements

du=Qu, Q=Y Agdlogfs (An €Mat(N,C)), (1.3)
HeA

where A is a hyperplane arrangement in C™ and fgy denotes the defining polynomial
of H € A. Roughly speaking, he showed that Dettweiler-Reiter’s middle convolution
operation (i.e., the above three steps) for a chosen variable can be prolonged as an oper-
ation for linear Pfaffian systems (IZ3). His middle convolution gives a recursive method
for constructing linear Pfaffian systems with logarithmic singularities along hyperplane
arrangements. Inspired by his result, Oshima [21, 23] and Matsubara-Heo and Oshima
[7] developed the study of regular holonomic systems including KZ-type equations and
hypergeometric systems. We note that the multiplicative version of Haraoka’s middle
convolution was also given by Haraoka himself [B] and developed by Hiroe-Negami [I1].

The project discussed in this paper originated from a simple question: what happens
if we apply the Laplace transform instead of the Riemann-Liouville transform in step 2
of (Haraoka’s) middle convolution? As an answer, we give a formulation of the Laplace
transform for Pfaffian systems, which should be called the middle Laplace transform®.
We remark that, when considering the Laplace transform, the irregular singularities
naturally appear. In fact, by applying the Laplace transform

U(z) — V(x):/AU(t)e*”dt

!The name “middle Laplace transform” is inspired by Sabbah [24].
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(with a suitable path of integration A) for the Okubo normal form ([J), we obtain

:c(fl—z =—(A+aT)V. (1.4)
The equation of the form () is called the Birkhoff canonical form and has an irregular
singular point at x = oco. Therefore, when considering the Laplace transform, it is
insufficient to treat only Fuchsian systems or linear Pfaffian systems with logarithmic
singularities. In this paper, we provide a formulation of the middle Laplace transform
as a transformation of linear Pfaffian systems with logarithmic singularities along .4 and

irregular singularities along the hyperplanes {x; = 0o} (i =1,...,n)
du = Qu, Q:ZS%(Q}) dx; + Z Ag dlog fu, (1.5)
i=1 HeA
where Sy, (x) € Clxy,...,z,] are linear polynomials. Then, we show that the mid-

dle Laplace transform has good properties: if the system (I3) is irreducible and non-
exceptional (in the sense of Definitions 279 and E14), then the middle Laplace transformed
system is also irreducible, and the middle Laplace transform admits an inversion formula.
Like Haraoka’s middle convolution, the middle Laplace transform provides a recursive
and effective method for constructing linear Pfaffian systems with irregular singularities.
For example, some confluent hypergeometric systems in several variables can be obtained
by using the middle Laplace transform. We expect that the middle Laplace transform
will be a useful tool for studying holonomic systems with irregular singularities.

As an application of the middle Laplace transform, we can define the middle con-
volution for linear Pfaffian systems of the form (IH). This provides a generalization of
Haraoka’s middle convolution. The additivity and the irreducibility of the generalized
middle convolution follow from the properties of the middle Laplace transform described
above. Oshima [22] also defined the middle convolution for linear Pfaffian systems with
irregular singularities, using the confluence of singularities. Our definition differs from
Oshima’s, and the classes of equations to which the middle convolution can be applied
are also slightly different (with some overlap). It seems that our middle convolution and
Oshima’s middle convolution are essentially the same when applied to the same equation,
and this will be verified.

On the other hand, assuming n = 1 in ([CF), our middle convolution corresponds
to the one for linear ordinary differential equations with an irregular singular point at
x = 0o. There are several studies on the middle convolution for linear ordinary differential
equations with irregular singular points [, @4, 29, B0, Z1]. Our result can be regarded as
a generalization of their results, although they dealt with more general linear ODEs than
the system (IC3) with n = 1. In particular, Yamakawa’s method [30, B1] for generalizing
the middle convolution is similar to ours. Indeed, he first provided a beautiful description
of the Laplace transform for linear ODEs by using the Harnad duality. He then applied
the Harnad duality to generalize the middle convolution. Examining whether the middle
Laplace transform for the system (IZ3) with n = 1 is equivalent to the Harnad duality is
left for future work. We note that if this holds true, the Katz algorithm for linear Pfaffian
systems (C3) using our middle convolution follows immediately from Yamakawa’s result
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(cf. [31, §7]).

This paper is organized as follows. In Sections B8, we focus on the linear Pfaffian
system ([H) with n = 1 (i.e., ordinary differential equation). Section B introduces the
definitions of the (inverse) middle Laplace transform in one variable case. The definition
is given in terms of linear algebra. In that section, we also state their fundamental prop-
erties on invertibility and irreducibility (Theorem PIM) without proofs. In Section B, we
give a categorical interpretation of the (inverse) middle Laplace transform. Namely, we
regard linear ordinary differential equations as meromorphic connections, and introduce
some categories consisting of meromorphic connections. We then formulate the middle
Laplace transform and related transformations as functors between the categories. Sec-
tion @ is devoted to the proof of the properties stated in Section B. The categorical
interpretation in Section B is effectively used there. In Section B, we give a generalization
of middle convolution for linear differential equations with an irregular singular point via
the middle Laplace transform. In Sections B-I, we treat the several variable case n > 2.
In Section B, we extend the middle Laplace transform for the case of several variables
and give the fundamental properties (Theorem BEIH). We also characterize the class of
linear Pfaffian systems for which the middle Laplace transform behaves well. Section
@ provides the categorical interpretation of the (inverse) middle Laplace transform in
several variables, which is a generalization of the description in Section B. Section B is
devoted to the proof of the properties stated in Section B. We note that Subsection B2
is devoted solely to the proof of a technical proposition and is somewhat lengthy; readers
who are only interested in our results may skip it. In Section B, as an application of
the above results, we generalize the middle convolution for linear Pfaffian systems with
irregular singularities. The fundamental properties (additivity and irreducibility) of the
middle convolution are also given. At the end of this paper, in Section I, we give some
examples related to (confluent) hypergeometric functions with two variables.

We end the introduction by mentioning some future problems. First, investigating
the transformation of local data (spectral type, local exponents, characteristic polyno-
mials at irregular singular points) induced by the middle Laplace transform or middle
convolution is an important problem. Next, investigating the transformation of global
data (connection coefficients, monodromy and Stokes multipliers) induced by the middle
Laplace transform or the middle convolution is also important. For this problem, the
pioneering work of Balser-Jurkat-Lutz [2] seems to be an important reference. They
showed that the Stokes multipliers of the Birkhoff canonical form () can be calculated
by using the connection coefficients of the Okubo normal form () through the Laplace
transform. We expect that their method can be generalized to holonomic systems via
the middle Laplace transform. Shimomura 25, 26, 27, 28] and Majima [I6] derived the
Stokes multipliers of some confluent hypergeometric systems in several variables. Their
results seem to provide us with good insight for generalizing the method of Balser-Jurkat-
Lutz. Furthermore, Haraoka [R] has recently calculated the Stokes multiplier of a certain
confluent hypergeometric function in two variables by using Majima’s strong asymptotic
expansion [IH]. As we will see in Section [, the linear Pfaffian system associated with
Haraoka’s confluent hypergeometric function can be obtained by iterating the middle
Laplace transform for a rank one system. Therefore, we expect that Haraoka’s result
may be understood from our perspective.
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2. Middle Laplace transform in one variable

First, we introduce the middle Laplace transform for linear ordinary differential
equations

du 1 Az
da:_<S+;x—ai>u’ (2.1)

where S, A; € Mat(N,C) and z,ay,...,aq € C. This equation has regular singular points
at * = a1,...,aq and an irregular singular point of Poincaré rank one at x = co. Note
that, the equation (Z) can be expressed as

q
du=Qu, Q=Sdz+ ZAi dlog(z — a;) (2.2)

i=1

and hence (ETT) is a linear Pfaffian system (IH) in one variable.
In the following, we assume that the matrix S is diagonalizable. For simplicity in
the following discussion, we further assume that S is already diagonalized as

o1y,
aoly,
5= , (2.3)

anNQ

by a suitable gauge transformation. Here aq,...,a4 € Cand N = Ny + Na +--- 4+ Ny is
a partition of V.

2.1. Definition
The middle Laplace transform consists of the following three steps:

Step 1. Extend the equation (E) to the Birkhoff-Okubo normal form.
Step 2. Apply the Laplace transform.
Step 3. Project onto a suitable quotient space.

In the following, we will explain the above steps in detail and in order.

Step 1. Let u(x) be a solution of the equation (E10) and set

U(x>:t(U($) we)  ulz) )

b b) b
r—a; T —as T — aq

Then, we can verify that the vector U(z) satisfies the system which we call the Birkhoff-
Okubo normal form:

(x — T)% =(A-I+5%(-T)U, (2.4)

where
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arln Ay Ay ... Aq
GQIN A1 A2 . Aq
T = ) A = . . . )
) A A A
§ gl N 1 2 q (25)

q
S¥ =P s =
=1

We note that the Birkhoff-Okubo normal form (E3) is an ordinary differential equation
with polynomial coefficients, and thus it is well suited to integral transformations such
as the Riemann-Liouville and Laplace transforms.

Step 2. For the Birkhoff-Okubo normal form (E4), we consider the Laplace transform

— = T,
L:{ dz d (2.6)
T _%

which corresponds to the integral transform
Ulx) —» V(z)= / Ut)e ™t dt (2.7)
A

with a suitable path of integration A. Formally applying (Z8) to the equation (E4), we

(-r)on(arosn ()

(z — 5%9) % =— (A4 (x-85%)T) V. (2.8)

have

and hence obtain

By multiplying (z — $%9)~! from the left, we have

dv i B
= -7 J 2.
dz * ; T — o v, (29)
where
EN].Al ENJ.AQ ENJ Aq
En;A1 En;As -+ En, A
B=—| " . . (2.10)
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and

On,
EN].:diag[ONl,...7INJ.,...,ONA]: IN

On,

aq

for 1 <j<4q.

DEFINITION 2.1. We call the operation which sends the equation (210 to the equa-
tion () the Laplace transform and denote it by £. This operation can also be regarded
as sending the 1-form Q in (232) to the 1-form

L) = —de—|—zq:Bj dlog(x — a; ). (2.11)

j=1

REMARK 2.2. Analytically, the transform (E8) can be realized by the integral trans-
form (272) with a path of integration A along which the integral converges. Under suit-
able assumptions on the coefficient matrices of the initial equation (EZI), which ensure
an appropriate asymptotic behavior of U(t), such a path can indeed be chosen; see, for
example, [2] or [, Chapter 5] for a detailed analytic treatment. In this paper we only use
the formal correspondence (), and we do not discuss these analytic aspects further.

Step 3. The Laplace transformed equation (E=8) is not irreducible in general, even if the
original equation (E) is irreducible (a precise definition of irreducibility will be given
later). Therefore, we consider projecting (238) onto a suitable quotient space in order to
extract the irreducible part.

Let K be a subspace of (CV)? defined by

U1
K :=PKerA; = S e @) v eKerd; (1<i<q)y. (2.12)

Uq
Then, we have the following.

LEMMA 2.3. The subspace K is a common invariant subspace of the tuple of matrices
(T,Bs,...,By).

PROOF. Take v ="(vy,...,v4) € K. Then we have
arln U1 a1v1
azIn V2 azv2

T’U: A . =

aqgln Vg AqVq
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Since v; € Ker A;, we have a;v; € Ker A;. This means that Tv € K. For 1 < j < ¢, we
have

ENjAl EN].AQ ENJ.Aq V1
EN].Al ENjAQ EN].Aq Vo
Bjv=— i . . .1 =0
ENjAl ENjAQ ENqu Vq
since v; € Ker A;. This means Bjv € K. O
Lemma B3 implies that the tuple of matrices (T, By, ..., B;) induces a linear ac-

tion on the quotient space (C™)?/K. Let (T, Bi,...,B;) denote a tuple of matrices
representing the induced action on (CV)?/K. Then, we have the equation

dv — i B
—=|-T 4 2.13
dx + ]; T — v ( )
or equivalently, in Pfaffian form,
— (j —
dv = MLQ)v, ML(Q):=-Tdx+»  Bjdlog(x — ay). (2.14)
j=1

DEFINITION 2.4. We call the operation which sends the equation (2) to the equa-
tion (Z13) the middle Laplace transform and denote it by ML.

We note that the middle Laplace transform may change the rank of differential
equations in general. Under the assumptions of Theorem 210 below, the middle Laplace
transformed equation (Z13) is also irreducible.

REMARK 2.5. (i) The tuple (T,Bi,...,B;) is obtained as follows. Let
(u1,...,um) be a basis of the subspace K. By adding vectors (vpm+1,--.,0gN),
we construct a basis of CIV. We set P = (u1,. .., Um, Umi1,--.,0qn) € GL(gN,C).
Then we have

P=pP(—=|, BP=P(——] (1<j<q
“\olr) 777" \ols =J =4

where the matrices on the right-hand side are divided into blocks of size (m,qN —
m) x (m,qgN —m). This corresponds to the decomposition C4N = K @ (C /K).

(ii) Let P be as in the above. For a solution V (z) for (E), we define the (¢N — m)-

vector v(x) by
PV = <*> .
v
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Then, we see that o(z) gives a solution to the equation (Z7I3). Here, setting Q =
(OgN—m, IgnN—m) P!, we obtain

v=QV.

From this and Remark P2, it follows that the middle Laplace transformed equation
(13) admits the following Laplace integral representation of solutions:

o(x) =QV(z) = Q/A U(t)e " dt.

2.2. Inverse (middle) Laplace transform

We introduce the inverse middle Laplace transform of (E70) by the same three-step
procedure as in the middle Laplace transform, except that Step 2 is replaced by the
inverse Laplace transform

— = -2,
L7 { dx d (2.15)
T = —

dx
which corresponds to the integral transform
U(z) —» W(x) :/ U(t)e® dt
A

with a suitable path of integration A. That is, for the Birkhoff-Okubo extension (E2) of
the original equation (ECT), we formally apply the transform (EZIH). Then, we have

()= (o-remm ()

and hence obtain

(o +5%) 00 = (~A+ @+ ST W.

By multiplying (x + .5'69‘1)71 from the left, we have

dw 1. B,
—=\|T J 2.1
dx Jrj; T+ aq; W, (2.16)

where B; (1 < j < §) are given by (ZIM).

DEFINITION 2.6. We call the operation which sends the equation (210) to the equa-
tion (ZI8) the inverse Laplace transform and denote it by £~1. This operation can also
be regarded as sending the 1-form  in (232) to the 1-form
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q
L7Y(Q) :=Tdx+» _ Bjdlog(x + ay). (2.17)

Jj=1

Then, thanks to Lemma 223, we can project the equation (EI8) onto the quotient
space (CV)9/K and obtain the equation

d & B
e ) (2.18)
or equivalently, in Pfaffian form,

q
dw =ML ( Quw, ML Q) :=Tdx+Y Bjdlog(z+ay), (2.19)
j=1

as in Step 3 of the middle Laplace transform.

DEFINITION 2.7. We call the operation which sends the equation (210) to the equa-
tion (2IR) the inverse middle Laplace transform and denote it by ML

While the Laplace transform (Z8) and the inverse Laplace transform (ZI3) defined
for Birkhoff-Okubo normal forms are (formally) inverse to each other, it is not clear
whether the middle Laplace transform ML and the inverse middle Laplace transform
ML defined for general ordinary differential equations (ED), are truly inverse, since
Step 1 (extension) and Step 3 (projection) are involved. In the next subsection, under
some suitable assumption for the initial equation (E), we present the inversion formula
for the middle Laplace transform and the inverse middle Laplace transform.

REMARK 2.8. Although we have assumed at the beginning of this section that the
matrix S in the initial equation (E70) is already diagonalized as in (223), the procedures of
the (inverse) middle Laplace transform —namely, extension, (inverse) Laplace transform
and projection— remain valid as long as S is diagonalizable. In other words, even if .S
is not diagonalized, the same arguments apply provided that S is similar to a diagonal
matrix of the form

arln,
aoly,

OZ@INQ

for some a1, ag, ..., a4 € C. Therefore, we can define the (inverse) Laplace transform and
the (inverse) middle Laplace transform for equations (E7ll) with general diagonalizable S.
We note that, in the general case, the description of B; in () and (2I8) differs from
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2.3. Fundamental properties of the middle Laplace transform
We summarize some fundamental properties of the (inverse) middle Laplace trans-
form without proofs. The proofs will be given in Section M.

DEFINITION 2.9. Let N > 1. For a linear ordinary differential equation (2), or
equivalently its corresponding 1-form  in (E22), we define the following notions.

o We say that it is irreducible if there is no (S, A1, ..., Ay)-invariant subspace except
CN and {0}.

e We say that it is exceptional if N =1 and A; =0 for all i = 1,...,q. Otherwise,
we say it is non-exceptional.

We note that the exceptional case is precisely the scalar equation of the form v’ = au
(a € C). As explained in the previous section, the (inverse) middle Laplace transform
behaves well for irreducible and non-exceptional equations.

THEOREM 2.10. Suppose that the ordinary differential equation (B) is irreducible
and non-exceptional. Then, the following hold.

(i) ML o ML = MLo ML =id.

(i) The middle Laplace transformed system (E13) and the inverse middle Laplace trans-
formed system (EIR) are also irreducible and non-exceptional.

Here, the above symbol “ =7 is understood up to constant gauge equivalence; that is,

the equations obtained by ML ™' o ML and ML o ML coincide with the original one
modulo a gauge transformation by some constant matrix P € GL(N,C).

3. Categorical interpretation (one variable case)

In order to prove Theorem P10, we begin by regarding the ordinary differential
equation (EZ70) as a meromorphic connection on P* = P!(C). We then formulate the (in-
verse) middle Laplace transform as a functor between suitable categories of meromorphic
connections.

3.1. Category of meromorphic connections

Let Op: be the sheaf of holomorphic functions on P!, and let M}Pl be the sheaf of
meromorphic 1-forms on P!. We set %1 to be the category of meromorphic connections
on P'. That is,

Y is a finite dimensional C-vector space and
V:0p @V = My ®o, (Opr @V)

is a C-linear map satisfying

V(hv) = dh ®0,, v+ hV(v) (h € Op1, v € Opr ® V)

Ob(6p1) =} (Opr @V, V)

where we write ®c = ® for short. A C-linear map f : ¥V — V' is called a morphism of
(meromorphic) connections from (Opr ® V, V) to (Op1 @ V', V') if the diagram
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Opr @V —Y— ML ®0,, (Op @ V)

wi J{id@o]})1 @

Op @V Y ML, @0, (On @ V)

is commutative. Here ¢ : Op1 ® ¥V — Op1 ® V' is a morphism of Opi-modules obtained
through the isomorphism

f € Homg(V,V') 2 Home(CN,CN')y (v =V, v =c)
=~ Home,, (g1 (Op: (P1)N, Op1 (P)Y')
= HOmopl ((9]{’X ) OHI’X,)

= Homo,, (Op @ V,0p1 @ V') 3 .

In the above, we used the fact Op: (P') = C which follows from the compactness of P!.

A linear map V of (Op: ® V,V) can be expressed as V = d — 2, where () is an
Endc¢(V)-valued meromorphic 1-form. Then, we identify %p: with the category of pairs
(V, Q) consisting of a finite dimensional C-vector space V and an End¢(V)-valued mero-
morphic 1-form Q. The morphisms (V,Q) — (V', Q') in ép1 are linear maps f:V — V'
satisfying ' f = fQ. @

We shall explain the correspondence of meromorphic connections and differential
equations. For a connection (V,§) € %p1, we fix an isomorphism (a basis) V = CV.
Then the 1-form €2 can be expressed as Q2 = A(x) dz by using some A(x) € Mat(N, C(z)).
Therefore, the connection (V, Q) can be identified with the GL(NN, C)-conjugacy class of
the ordinary differential equation

Z—Z = A(x)u. (3.1)
We call the matrix A(x) the coefficient matrix of Q. For another connection (V',Q') €
%p1, we fix an isomorphism V' = CN and let B(z) be the coefficient matrices of €.
Then, the linear map f : V — V' is to be a morphism of connections f : (V,Q) — (V', Q)
if and only if the matrix representation F' € Mat(N’ x N,C) of f with respect to the
above two basis satisfies

In particular, if the morphism f : (V,Q) — (V/, ') is an isomorphism of vector spaces,
then the corresponding matrix representation F' is invertible. This means that the equa-
tion (B) can be transformed into

Z—z = B(z)v

by the gauge transformation v = Fu.

2This treatment is inspired by Yamakawa [Z1, §2.2].
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3.2. Subcategories
We now introduce some subcategories of ¢p: consisting of connections corresponding
to differential equations of the form (). Let

T:={a1,...,aq}, S:={oa,...,a4} (3.2)
be finite subsets of C.

3.2.1. Category of linear ordinary differential equations
We define the full subcategory Z2(T,S) of 6p1 by

Ob(2(T,S)) :=={(V,0Q) € Ob(%p1) | 2 satisfies the condition (O)}.

Here, condition (O) is the following: the 1-form  is expressed as

q
Q=Sdr+ Y Aidlog(x —a;), S,A; €End(V), (3.3)

i=1

where S is diagonalizable and its set of eigenvalues is contained in S. This means that
there exists an isomorphism (i.e., a choice of basis) V = C¥ for some N € Z>( and a
decomposition

N=Ni+Ne+---+N; (N;20, j=12,....4)

such that the 1-form can be written as

a
Q=Sdx+ ZAi dlog(z — a;), S,A; € Mat(N,C), (3.4)

i=1

where S is of the form (E33), that is,

oy,
agly,

q
S = . = ZajEN]..
.. =
QQINQ

If N; = 0, we omit the corresponding diagonal block a; I, in the block diagonal matrix,
and En; is understood to be the zero matrix Opy. Note that the discussion in Section B
remains valid even when some N; vanish.

The connection matrix A(z) of Q can be written as

A(x):s+§q: As

i=1

Tr — a;

and hence, the category &(T,S) can be regarded as the category of ordinary differential
equations of the form (20) (or Pfaffian systems of the form (22)) with diagonalizable S.
We note that the category Z(T,S) is abelian.
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REMARK 3.1. Let (V,Q),(V', Q) € Z(T,S) be two objects. We fix basis identifying
VY = CN and V' = CN' such that the 1-form € is written as (82) and

q
O =8+ Ajdlog(x —a;), S',A;€Mat(N',C). (3.5)
=1

Then, the matrix representation F' € Mat(N’ x N, C) of a morphism f : (V,Q) — (V', Q')
with respect to the fixed basis satisfies

FS=SF, FA =AF (1<i<gq). (3.6)

Hence, we see that the two objects (V,) and (V',€) are isomorphic if and only if
N = N’ and there exists a matrix P € GL(N, C) such that

S=P 'SP A, =P AP (1<i<q).

3.2.2. Category of ordinary linear differential equations of Birkhoff-
Okubo normal form
In general, ordinary differential equations of the following form are called the
Birkhoff-Okubo normal form:
du
(J}*T)%:(Aﬁ*S(I*T))U (3.7
where S and T are diagonal constant matrices, and A is a constant matrix. If the set
of eigenvalues of T is contained in 7, then, by multiplying (z — T)~! from the left, the
equation (BZ) becomes

%*(S+(I—T)71A)u* S+i As u
de N —r—a ’

where A4; (1 < i < ) are some constant matrices. With this in mind, we define the
subcategory Z = B(T,S) of Z(T,S), which consists of connections corresponding to
ordinary differential equations of Birkhoff-Okubo normal form, as follows. The set of
objects Ob(#(T,S)) is defined by

There exists an isomorphism V = C¥
Ob(B(T,S)) = ¢ (V, Q) € Ob(LA(T,S)) | (i-e., a choice of basis) for some N € Z>q
such that  satisfies the condition (B)
Here, condition (B) is the following: there exists a decomposition of N
N:N1+N2++Nq (NZZO,’L:LQ,,q)
and a constant matrix A € Mat(N, C) such that the 1-form Q can be written as

Q= (S+(z-T7)""A)dx, (3.8)
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where S is diagonal and

arln,
axIy,
T— , . (3.9)

anNq

If N; =0, we omit the corresponding diagonal block a;Iy, in the block diagonal matrix.
For (V,Q) € Ob(L2(T,S)) with V = {0} (corresponding to the case N = 0), condition
(B) is understood to be satisfied, with all matrices appearing therein interpreted as empty
matrices.

We now define morphisms in (7T ,S). For (V,Q), V',Q) € B(T,S), we set
HomK%(T,S) ((V7 Q)7 (V/7 Q/))
= {f € Homg (1,5 ((V,Q),(V',Q)) | f satisfies condition (Bmor)}.

Here, condition (Bmor) is the following: for basis V 2 CN and V' = CV'| we write the
1-forms  and Q' as (BR) and

Q=8+ @-T)"'4)ds, S, T, A €Mat(N', C)
respectively. Then, the matrix representation F' € Mat(N’ x N, C) of f satisfies
FT=TF FS=SF FA=AF (3.10)

If N=0or N’ =0, condition (Bmor) is understood to be automatically satisfied, with
the usual convention on empty matrices.

3.3. Functors

Retain the notation from the previous subsection. We now introduce some con-
structions corresponding to the three steps of the (inverse) middle Laplace transform:
extension, (inverse) Laplace transform, and projection. The (inverse) middle Laplace
transform functor is then obtained by applying these constructions in this order.

3.3.1. Birkhoff-Okubo extension functor
First, we define the functor

BO : (T, S) — B(T.S),

which corresponds to the extension of the differential equation (E) into the Birkhoff-
Okubo normal form (E3) as follows.

For (V,Q) € 2(T,S), we fix a basis V = C¥ so that the 1-form  is written as (B3)
with S diagonalized as in (E23). Then, we define the End¢(V?)-valued 1-form BO(2) by
the matrix representation

BO(Q) := (S% + (z = T) " (A 1)) du, (3.11)
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where S%4, T, A € Mat(gN,C) are given by (Z3). Then, we define
BOV,Q) := (V1 BO(Q)).

By definition, it holds that BO(V,Q) € Ob(A(T,S)).

We then define the morphism part of the functor BO. For a morphism f €
Homg (1.5 ((V, ), (V',§)), we define the linear map BO(f) : V¢ — (V') by
f
BO(f) = o1 = | ;
f
Then we have the following.

LEMMA 3.2. BO(f) defines a morphism from BO(V,Q) to BO(V', ).

Proor. For (V,Q),(V, Q) € 2(T,S), we fix basis V = CY and V' = CN' such
that the 1-forms Q and Q' are written as (84) and (B3), respectively. Then, the matrix
representation F' € Mat(N’ x N, C) of the morphism f with respect to the above basis
satisfies (B).

Here, the 1-forms BO(Q) and BO(§') are given by (B1) and

BO(Y) = ((8")% 4+ (z —T)""(A' - I)) da,

where (5)®4, A’ € Mat(qN’,C) are given by

AL Ay A s’
/ / / q ’
A/ _ A.‘l A.~2 cee ‘A.q 7 (S/)@q _ @S/ _ S
. . . i=1 .
A Ay A s’

The matrix representation of BO(f) with respect to the fixed basis is given by F®4.
Then, we can verify that (8I0) holds, which shows that BO(f) defines a morphism from
BO(V,Q) to BO(V', Q). d

DEFINITION 3.3. We refer to the functor BO : Z(T,S) — AB(T,S) as the Birkhoff-
Okubo extension functor, or simply the BO-extension functor.

3.3.2. Laplace transform functor
We proceed to define the Laplace transform functor, which we denote by L, corre-
sponding to the Laplace transform in Definition E7I. Set

—T = {—al,...,—aq}, -S = {_O(la"'?_a‘f}'

We first introduce the operation L, which corresponds to the Laplace transform for
Birkhoff-Okubo normal forms. On objects, it sends a connection in #(T,S) to a con-
nection in %(S,—T) as follows. For (V,Q) € B(T,S), we fix a basis V = C¥ so that
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the 1-form € is written as (BX) with (BM). Then, we define the End¢(V)-valued 1-form
L(£2) by the matrix representation

L(Q):=(-T - (z— S)""(A+1)) da.

Note that the corresponding differential equation of this connection is

%: (-T—(x=8)'(A+D)v & (x—S)Z—Z:—(AJrIJr(x—S)T)v,

which is nothing but the differential equation obtained by applying the Laplace transform
(@) for the Birkhoff-Okubo normal form (871). Then, we define

LV, Q) :=(V,L(Q)) € Ob(B(S,-T)).
For f € Homgr s ((V,Q),(V',Q')), we define the linear map L(f):V — V' by
L(f) = [.

Then, it is easily verified that the map L(f) defines a morphism from L(V, ) to L(V', Q)
in B(S,-T).

We can define the operation L~! in the same way. That is, for (V,Q) € B(T,S), we
fix a basis V = C¥ so that the 1-form Q is written as (B8) with (89). Then, we define
the Endc(V)-valued 1-form L~1(Q) by the matrix representation

L) = (T — (2 +95) " "(A+1)) da.

Note that the corresponding differential equation of this connection is

%:(T_(HS)*(AH))W & (z+S)Z—Z=(—(A+I)+(z+S)T>v7

which is nothing but the differential equation obtained by applying the inverse Laplace
transform (E1H) for the Birkhoff-Okubo normal form (872). Then, we define
L7'(v,Q) == (V,L71(Q)) € Ob(B(-S,T)).
For f € Homgr.s)((V,Q),(V',Q')), we define the linear map L=!(f) : V — V' by
L7Y(f) = f.
Then, it is easily verified that the map L~!(f) defines a morphism from L=1(V,Q) to
L1V, Q) in B(-S,T).
We are now ready to define the functors £ and £71.

DEFINITION 3.4. Let I : 8 — &2 denote the inclusion functor. We define the Laplace
transform functor L : P(T,S) — P(S,—T) by

L:=10oLoBO.
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For (V,Q) € Z(T,S), we write
LV,Q) = (V, L(Q)). (3.12)

Similarly, we define the inverse Laplace transform functor L= : 2(T,S) — P2(=8,T)
by

L Y:=IoL'oBO.
For (V,Q) € 2(T,S), we write
L7V, Q)= (v, L7HQ)). (3.13)

REMARK 3.5. For (V,Q) € 2(T,S), we fix a basis V = C such that the 1-form
) is written as (B2) with S diagonalized as in (233). Then, the matrix representation of
1-forms £(9) of (B2) and £71(Q) of (BI3) with respect to the basis V¢ = (CV)? are
given by (ECI) and (E7I4), respectively.

PROPOSITION 3.6. The functors £ and L~ are exact.

PROOF. Since the proof for £71 is identical, it suffices to prove exactness for L.
Recall that Z(T,S) and L(S,—T) are abelian categories (with kernels and cokernels
computed on the underlying vector spaces, with the induced connection). More con-
cretely, for a morphism f : (V,Q) — (V', Q) in Z(T,S), i.e.,, Q' f = fQ, the subspace
Ker f C V is Q-invariant, hence inherits a connection Qker f := Q|ker - Then the kernel
of f is given by (Ker f, Qker f). The quotient space Coker f = V’/Im f also inherits
a connection ¢y, ; because Im f is '-invariant. Then the cokernel of f is given by
(Coker f, Qooper 7)- The defining conditions of Z(T, S) are preserved under passing to Q-
invariant subspaces and to quotients, so (Ker f, Qker f) and (Coker f, Q¢ per f) are again
objects of Z(T,S).

Since L is an additive functor between abelian categories, by [I2Z, Proposition 8.3.18]
and its dual statement, it is enough to show that £ preserves kernels and cokernels. Since

L(f) = f®1 by the definitions of BO(f) and L(f), we see that
Ker L(f) = Ker(f%9) = (Ker f)? = L(Ker f)

as vector spaces. We next compare the induced 1-forms. Let i : Ker f < V be the
inclusion. Since i defines a morphism i : (Ker f, Qxer ) — (V,Q) in Z(7,S) and L
is a functor, we have L(i) : (L(Ker f), L(Qxer ) — (L(V),L(2)) is a morphism in
P(S,—T). Hence, LIQ)L(i) = L(i)L(Qker r) holds. Since L(i) =P, we have

L(Q)0i% = i%0 L(Qker f)-

Combining this with Ker L(f) = (Ker f)¢ = (Im7)? = Im(i®?), we see that Ker L(f)
is £(Q)-invariant and the induced 1-form L(Q)kerz(s) = L£(2)|ker£(f) coincides with
L(Qxker f). Therefore (Ker L(f), L(Q)ker £(s)) is isomorphic to (L(Ker f), L(Qkerr)) in
2(S,-T).
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Similarly,
Coker L(f) = Coker(f®9) = (Coker f)? = L(Coker f)

as vector spaces. Let p : V' — Coker f be the projection. Since p defines a mor-
phism p : (V', Q) — (Coker f, Qoo p) In P(T,S) and L is a functor, we have
L(p) + (LOV'), L)) — (L(Coker f), L(Qpper p)) is @ morphism in Z (S, —T). Hence,
L(Qooker 1) L) = L(p)L(') holds. Since L(p) = p®9, we have

‘C(Q/Cokerf) o pEBq = pEBq o E(Q/)

Combining this with Im £(f) = Im(f®?) = (Im f)? = (Kerp)? = Ker(p®?), we see
that Im £(f) is £(Q')-invariant and hence £(2) descends to Coker L(f). Moreover, the
induced 1-form coincides with £(Qye, 1), 80 (Coker L(f), L(2)coker £(y)) is isomorphic
o (L(Coker f), L(Qoxer ) in P(S,—T). This proves that £ is exact. O

3.3.3. Middle Laplace transform functor

We consider defining the functor from (7T, S) to (S, —T ), which corresponds to
the middle Laplace transform in Definition 4. For (V,Q) € Z(T,S), with the 1-form
(B3), we define the linear subspace

q u1
Ky = @KerAi = cleVi|vieKerd; (1<i<q),. (3.14)

Vq

We fix a basis V = C¥ such that the 1-form Q is written as (Bd) with S diagonalized
as in (223). Then, the subspace (BId) is nothing but the subspace K defined by (Z12).
Moreover, by Remark B3, the matrix representation of 1-form £(Q) in £(V,) with
respect to the basis V¢ 2 (CV) is given by (2-0). Therefore, thanks to Lemma PZ3, we
can consider a subconnection and a quotient connection of (V,£(2)). This ensures the
well-definedness of the following connections:

KTV, Q) = (Ky, L(Q)|k,) € Z(S,-T),
MLV, Q) = (VI/Ky, ML(Q)) € (S, —T),

where L£(Q)|x denotes the End(K)-valued 1-form obtained by restriction, and ML(Q)
the induced End(V?/K)-valued 1-form. By our choice of basis on V, the 1-form ML(2)
of ML(V,Q) is indeed given by (ZId). Similarly, we can define the connections

K=(V,Q) == (Ky, L' (Q)|ky) € 2(=8,T),
MLV, Q) = (VI/Ky, MLTH(Q)) € 2(=S,T).
Again, by fixing the basis of V, the 1-form ML (Q) of ML (V,Q) is given by (ZT9).

REMARK 3.7. Kt and ML (resp. K~ and ML) are functors from Z(T,S) to
32(57 _T) (resp. <@(_Sa,]-))
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DEFINITION 3.8. We refer to the functors ML : 2(T,S) — P(S,—T) and ML :
P(T,S) - P(=8,T) as the middle Laplace transform functor and the inverse middle
Laplace transform functor, respectively.

Since the inclusion ¢ : £ < V7 induces a morphism in (S, —T) and £(-S,T),
we obtain the following exact sequence in Z(S,—T):

00— KTV, Q) <~ £(V,Q) —— Cokerit —— 0
where +* denotes the morphism in Z2(S, —T) induced by ¢. Then, by definition, we have
MLV, Q) = Coker ™ = L(V,Q)/KT(V,0Q).

Similarly, we obtain the following exact sequence in Z(—S,T):
0 —— K~ (V,Q) <— £71(V,Q) —— Cokert.™ —— 0

where = denotes the morphism in £(—8,T) induced by ¢. Hence we have

MLV, Q) = Coker ™ = L7V, Q)/K~(V, Q).

4. Inversion formula and irreducibility (one variable case)

Retain the notation from the previous section. In this section, we prove Theorem
210 by formulating it in terms of (meromorphic) connections. First, we introduce the
notions of irreducibility and exceptionality for connections.

DEFINITION 4.1. Let (V,Q) € Z(T,S) be a connection with V # {0}, whose 1-form
) is given by (B3).

o We say that (V, Q) is irreducible if there is no (S, Ay, ..., A,)-invariant subspace of
V except V and {0}.

o We say that (V,Q) is exceptional if dimV = 1 and A; = 0 for all i = 1,...,q.
Otherwise, we say it is non-exceptional.

After fixing an isomorphism V ~ CV, the above terminology agrees with the correspond-
ing terminology for the 1-form (83) in the sense of Definition E9.

REMARK 4.2. If a connection (V,Q) € Z(T,S) with the 1-form (B3) is irreducible
and non-exceptional, then it holds that

ﬁ Ker A; NKer(S +c¢) = {0} (VeceC), (%)

ilm Ai+Im(S+c¢)=V (VeeC). (%)

i=1
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These conditions are additive versions of the conditions () and (**) in Dettweiler-Reiter

3, §3].
Theorem P10 can be rephrased as follows.

THEOREM 4.3. Suppose that (V,Q) € P(T,S) is irreducible and non-exceptional.
Then the following hold.

(i) ML o MLV, Q) ~ (V,Q) and ML o ML (V,Q) ~ (V,Q).
(ii) Both MLV, Q) and ML (V,Q) are also irreducible and non-exceptional.

Here, the symbol ~ denotes an isomorphism of connections.

4.1. Inversion formula
This subsection is devoted to the proof of the inversion formula (Theorem B3 (i)).
We will prove only the statement

ML o MLV, Q) ~ (V,Q),

since the other one can be shown in the same way.

Suppose that (V,Q) € £(T,S) is irreducible and non-exceptional, and that the
1-form € is expressed as (B3). Let S’ be the set of eigenvalues of S. Then we have
YV, Q) e Z(T,S’). Since 8’ C S, the category Z(T,S’) is a full subcategory of 2(T, S).
Therefore, for the proof of the inversion formula, it suffices to prove the assertion after
replacing S by &’. After this replacement, using the same notation S = {a, ..., a4}, we
may assume in (84) that N; > 1forall j =1,2,...,4.

Our goal is to show the existence of an isomorphism as connections

MLTEMLYV, Q) = (V,Q).
To this end, we will proceed in the following two steps.
Step 1. Show that (V, Q) is isomorphic to the quotient connection
(V,Q) ~ L7HLY, Q) /K (V, ),
where K'(V, Q) is a subconnection of L71(L£(V,Q)) to be introduced later.

Step 2. Show that

L7YLW,Q)/K (V,Q) ~ ML MLV, Q). (4.1)

We begin with Step 1, that is, we describe the connection (V,2) as a quotient of
L71(L(V,Q)). Fix an isomorphism (a basis) V & CV such that the 1-form (2 is expressed
as (B3) with S diagonalized as in (233). That is, the coefficient matrix A(z) of Q is given
by

q
A
A(z) =8+ ——, 5,A; € Mat(N,C),
i=1

Tr — a;
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where

oIy,
aaly,

OééIN(2

By applying the Laplace transform functor and the inverse Laplace transform functor to
(V, Q) in succession, we obtain the connection

L7HLWV, Q) = (V)7 L7HL())).

For this connection, we now fix a basis (V)7 2 (CV4)? so that the matrix representation
of the associated 1-form

L7Y(L(Q) = Goda + > Gidlog(x — a;)

i=1

is obtained by successively applying the Laplace transform and then the inverse Laplace
transform (see Definitions 1 and PZ8) to the original 1-form 2. A direct calculation
yields the explicit form of the matrices Go, G; € Mat(N¢q, C) as follows:

aquN
aquN
GO = . )
aQIqN
) ) ) On Oy - On
G Gy - Gy : :
LG G | : :
Gi=| " U Gi= | By A B Ay o Ex A | G
G’i G’é GZ : “ e “ e :
On Ox - Oy
We then define a linear map ¢ : (V9)? — V as follows: for v = (vy,...,v5) € (V9)4,
where each v; = ‘(v],...,v]) € V9, we set

o(v) = Z En, Y Aol (4.2)

Then, this linear map (E=2) defines a morphism of connections.
PROPOSITION 4.4. The linear map (B32) defines a morphism of connections
P L7HLW,Q) = (V) LTHLQ)) = (V, Q). (4.3)

PRrROOF. It is sufficient to show that
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poGy= 8o, (4.4)
poGi=A;0op (1<i<q).

We prove the first statement (E2). Let v = (vy,...,v5) € (V9)4, where each v; =

(vi,...,v.) € V1. Then, we have
arlyn V1 o101
aslyn V2 Qa2
Gov = . . =
aglgn/ \vg Qg4
and hence

(poGo)(v) =Y En, > Arlajvl) =D a;En, Y Apvi.

j=1 k=1 Jj=1 k=1

On the other hand, since S = a1 En, + a2En, + -+ + agEN, and En, En, = 03 EN;,
(where §;;, denotes the Kronecker delta), we have

q q
(Sop)(v) =8 En, Y A
j=1 k=1

q q
= (OélENl —+ a2EN2 + 4 aqENé) ZENj Z Akvi
j=1 k=1

q q ]
— J
= E OtjENj E Ak’l}k,
j=1

k=1

which shows (B2).
We proceed to show the statement (B53). Take v = *(v1,...,vq) € (V9)4, where each
v; ="'(v],...,v]) € V9. Then, we have

Gi Gy - G\ [u wy
Gll GZQ s GZ; (%) w2
Gv=| . . A =1 .1
Gi Gy - Gi) \wy w;
where
ON ON . ON .
. . (%)
q ‘ q o e oo : ’UIQC
U)j :ZGY}CU]C :Z ENkAl ENkAQ ENkAq (Z .
k=1 k=1 . .
’Uk

On On On
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ON ON

k=1

q q q . q .
= Z En, ZAlUlk (i= ZENk ZAlvlk (i= ]| (i= wi
=1 =1 .

0N ON

Although wy = wy = -+ = wg and w, = 0 (m # i), we retain the subscripts for the sake
of clarity in subsequent calculations. Then, we obtain

which shows (A=3). O
Here, we shall show the properties of (£72).

LEMMA 4.5. The linear map (E2) satisfies

Kero =K', Ime=V.

Here,
vy v = *(v] ...,v)) € VI satisfies
K=< el . : . . 4.6
: v ENjZAkvizo (j=1,...,9 (4.6)
Vg k=1

PrOOF. First, we show that Ker ¢ = K'. Since the inclusion Ker ¢ D K’ is obvious,
it suffices to prove Ker p C K'. Take v = !(v1,...,v5) € Kerp C (V?)4, and write each
v; ="'(v{,...,v}). Then we have

q q
p(v) => En, Y Apvi

(1=
b
S
<
ESro)

=
I
—
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On,
On,
Hence, for each j =1,...,¢q, we have
q .
ENJ. Z Akvi = 0,
k=1
which shows v € K’. This proves Ker p = K.
Next, we show the statement Im ¢ = V. Take w € V and express
w = Ele +EN2’LU—|- s +Equ.
Since (V, Q) is irreducible and non-exceptional, by (=), for each j =1,...,§, we have
q
D ImA; +Im (S —a;) = V.
i=1
Thus, for each j =1,...,¢, there exist Ug,v{, e ,vg €V such that
q . .
Enjw = ZAWZ? + (S — o)) V).
i=1
By multiplying E,, we have
q .
EN].’IU = EN]. ZA{U?
i=1
since B, (S — a;) = O. Now, define v = *(v1,...,vq) € (V) with v; = t(v], ... ,0l) €
V4. Then, we have
q q _ q
p(v) = ZEN]. ZAivg = ZEN].U) = w.
j=1 i=1 j=1

This shows that ¢ is surjective, as desired. O

As a corollary of Proposition B4 and Lemma B8, we have the following.
COROLLARY 4.6. The connection

K'(V,Q) = (K', L7 HL)|x) € 2(T,S)

is a subconnection of L=Y(L(V,)). Moreover, the morphism (B=3) induces the isomor-

phism of connections

@:L7HLWV,Q))/KWV,Q) = (V,Q).
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We note that the quotient connection £L=*(L(V,Q))/K'(V,Q) is described as
e em K me = (voic.cteo)| ).

Let us proceed to Step 2, that is, we shall prove (). To do that, we prepare the
following lemma concerning the expression of X', which plays an important role later in
the proof.

LEMMA 4.7. The vector space K' defined in (EH) can be expressed as

U1
K'=4q|:]eW)|Bjueky (1<j<q) (4.7)

Vg
where B; and ICy are given by (E0) and (BI4), respectively.

PrROOF. We abbreviate the right-hand side of (B22) to Ky for short. We take
v ="(v1,...,v4) € K'. Then, we have Bju; =0 (j = 1,...,§) by the definition (EH) of
K’, which shows v € Kg and hence K’ C K.

Conversely, let v = (vy,...,v4) € Ko where each v; = *(v], ... ,v]) € V4. Then we
have
ENj Al ENjAQ s ENqu ’U{ ENj EZ:l Akvi
ENjAl ENjAQ s ENqu ’U% ENj EZ:I Akv%
Bjvj = - ; : : N :
ENj A1 ENj AQ e ENj Aq Ug ENj ZZ:l Ak’Ui
for each j =1,...,4. Since we assumed B;v; € Ky, we have

q q
En, > Agvj, € (] Ker A;.
k=1 i=1

Besides, it holds that

;ru

q
S Qg ENZ

Therefore we have
q ) q
En, Y Al € [ Ker A; N Ker (S — o) = {0}
k=1 i=1

for each j = 1,...,q. Here we used the property (®). As a consequence, we obtain that
each v; € V? satisfies
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q
EN]'ZAI@U% =0 (]ZL,(j)
k=1

It shows the desired implication Ky C K'. O

We now consider showing the isomorphism (). To do this, we first construct a
morphism from £71(L(V,Q)) to L7HML(V,Q)). Let f. : L(V,Q) = ML(V,Q) be a
quotient morphism. It is nothing but the quotient map from V7 to V4/K as a linear

map. Then, by definition, we see that the morphism f := £L71(f,) from L=1(L(V,Q)) to
“L(ML(V,Q)) is given by the linear map

fr (V0= (Vi/Ky)

w W
U1 1_)1

— s =v; + Ky
Vg Vg

We then construct a morphism
LW, Q) /K (V,Q) = MLTHML(VY,Q))

as follows. Let 7 : L~ (ML(V,Q)) - ML H(ML(V,Q)) be the quotient morphism. As
a linear map, the quotient morphism 7 is nothing but

7 (VI/Ky)T — (V1K) /@KGTBJ’

where Bj are the coefficient matrices of ML(Q) in (214). Therefore, the composition
mof: LTYLODV,Q)) = MLTHML(V,Q)) is given by the linear map

o f: (VDI = (VI/Ky)? /@KerB

w w
U1 71 + Ker By

S , v =v; + Ky.
Vg v; + Ker By

For v, w € (V)4 satisfying v — w € K’, it can be easily verified that

(mo f)(v) = (7o f)(w)

by using Lemma BZ0. Hence, the linear map 7 o f induces the linear map
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Fo (VDI (V1K) / @Keréj

W W
_ 4.8
U1 v1 + Ker By (4.8)
+ K : y =Ky
Vg Vg + Ker sz

We can check that this linear map defines a morphism of connections. Then, we obtain
the morphism

LW, 0)/K' (v, Q) = MLTH MLV, Q)). (4.9)

Then, the diagram

LTHLW, Q) —— L7HLV,Q)/K/(V,Q)

fl lf/ (4.10)

LTYMLWY, Q) —F— MLTYMLYV,Q))

is commutative. Here 7’ denotes the quotient morphism. Finally, we shall show that the
morphism (A9) indeed gives an isomorphism (E) of connections, which follows from the
following proposition.

PROPOSITION 4.8. The linear map [’ defined by (B39) is bijective.

PROOF. The surjectivity follows from the surjectivity of f and the commutative
diagram (E10). We shall show the injectivity. Suppose that v = *(vy,...,v4) € (V9)4
satisfies f/(v+ K’) = 0. Then we have B;v; =0 in V9/Ky (1 < j < §). This means that
Bjv; € Ky (1 < j < §). Then, by the expression (1), we have v € K. O

As a consequence, we have an isomorphism of connections
po(f)7H s MLTHML(Y, Q) = (V,Q),
which shows ML o ML(V,Q) ~ (V,Q), as desired.

4.2. Irreducibility
This subsection is devoted to proving Theorem B=3 (ii). Let us prepare a lemma.

LEMMA 4.9 (cf. Lemma 2.8 in Dettweiler-Reiter [B]). The functor ML : 2(T,S) —
P(S,-T) satisfies the following.

(i) It preserves the inclusion. Namely, if OV, Qw) € P(T,S) is a subconnection of
(V.0) € Z(T,S), then

MLW, Qlw) € MLV, Q). (4.11)
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(i1) It preserves the direct sum. Namely, if (V,) can be written (V,2) = (W, ) @
(WQ, Qg) by (Wl, Ql), (WQ, QQ) € @(T, S), then

MLV, Q) = MLWL, Q1) & ML(Ws, Q).

The functor ML™" : P(T,S) — P(~8S,T) also satisfies the above two statements.

PrROOF. We prove the assertion (i) for ML. Since the functor £ is exact (see
Proposition BH), it preserves the inclusion. Hence, we have LV, Q) C L(V, Q) as
connection. Note that the morphism ¢ := £(t,) coming from the inclusion ¢, : W — V
gives the inclusion from LW, Q|w) C L(V, ). Here, it is nothing but the inclusion map
t: W? < V7 as a linear map. Since Kyy = W2 N Ky, the linear map ¢ induces the
inclusion map

T WKy < VK.

This can be regarded as a morphism from MLOW,Q|w) to ML(V,Q) and gives the
desired inclusion (E-I0l). We can show the assertion for ML ™" in the same way.
The assertion (ii) follows from (i). O

Now we show Theorem B=3 (ii).

PROOF OF THEOREM B3 (11) (CF. THE PROOF OF [3, Corollary 3.6]). Suppose
that (V,Q) € Z(T,S) is irreducible and non-exceptional. Fix an isomorphism V = C¥
such that the 1-form 2 is expressed as (Bd) with S diagonalized as in (223). Then the
1-form ML(Q) of MLV, ) = (VI/Ky, ML(QY)) is expressed as

q
ML(Q) = —Tdx + Z Bjdlog(z — o).
j=1

Here T, B; are the endomorphisms of V7/Ky induced by 7' and B; in (E3) and (2I0),
respectively.

By Theorem E=3 (i), the connection ML(V, Q) is nonzero. Let (W, ML(Q)|w) be
a minimal nonzero subconnection of ML(V,Q). By the minimality, WV, ML(Q)|w) is
irreducible.

We first show that (W, ML(Q)|yy) is non-exceptional. Suppose, to the contrary, that
it is exceptional. Then dimW = 1. Since T is induced by T = diag[aily, ..., a,In],

the scalar by which T acts on W is one of ay,...,a,. Hence there exists a unique index
m such that T|W = a, idyy. Moreover, Bj|w =0 forall j =1,...,4. Take a nonzero
element @ € W and let w = (w1, ws,...,wy) € V7 be a representative of w. The
condition szf) = 0 means Bjw € Ky (j =1,...,§). Then, by the same argument as in

the proof of Lemma B2, using (=) for (V, (), we obtain

q
ENjZAkwk::O (J:quA)
k=1
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and hence

q
> Agwy, =0. (4.12)
k=1

Next we consider the condition (T — a,,)w = 0, which is equivalent to (T — a,,)w € Ky.
Thus

(G,i —am)Aiwi =0 (Z = 1,...,q).

Since as, ..., aq are distinct, we have A;w; = 0 for all ¢ # m. Together with (E132), this
gives A, w,, = 0. Hence A;w; =0 for all i = 1,...,q. Therefore we obtain w € Ky, and
so w = 0, a contradiction. Thus (W, ML(£2)|yy) is non-exceptional.

Applying the inverse middle Laplace transform ML~ to (W, ML(Q)|y), we have

MLTEW, MLQ)|w) € (V,Q)

by Lemma EZ9 (i) and Theorem B=3 (i). Moreover, (W, ML(Q)|w) is irreducible and
non-exceptional, so Theorem E=3 (i) shows that ML~ (W, ML(Q)|yy) is nonzero. Since
(V, Q) is irreducible, we obtain

ML W, MLQ)|w) = (V, Q).
Applying the middle Laplace transform ML again and using Theorem B=3 (i), we get
W, ML(Q)|w) = MLV, Q).
This shows that ML(V,Q) is irreducible and non-exceptional. The assertion for
MLV, Q) is proved in the same way. O
5. Generalized middle convolution in one variable

By employing the middle Laplace transform, we generalize the middle convolution
to linear ordinary differential equations with an irregular singular point. We consider
the same setting as in Section B, namely, the linear ordinary differential equation (1),
or equivalently, the Pfaffian system (E22), where S is diagonalizable and satisfies

arln,
agly,
OééIN(2
Here, ay,...,a5 € C,and N = Ny + N3 +--- + N; is a partition of V.

DEFINITION 5.1. For the differential equation (E0) and A = (A1, A2,...,Ay) € C9,
we refer to the operation that sends (E0) to the equation
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dv A+ N
Lo s+ S,
dx ( Z T — a;
i=1
as the addition with parameter A\, and denote it by add).

By definition, it is clear that this operation is invertible and keeps the irreducibility.
We then define the middle convolution as follows.

DEFINITION 5.2. For the differential equation (E) and 8 = (B1, f2, ..., ;) € C4,
we define the middle convolution mcg with parameter § by the following composition:

meg = ML oadd_g 0 ML.

We note that the addition addy and the middle convolution mcg induce the endo-
functors on (T, S) with (B2), and we call these functors the addition functor and the
middle convolution functor, respectively. By abuse of notation, we also write add, and
mcg for these functors.

As a corollary of Theorem BEZ3, we obtain some fundamental properties of the middle
convolution functor.

THEOREM 5.3. Suppose that (V,Q) € P(T,S) is irreducible and non-exceptional.
Then mco(V, Q) ~ (V,Q). Furthermore, for any B € C? such that add_g o ML(V,Q) is
non-ezxceptional, meg(V, Q) is also irreducible and non-exceptional. In this case,

me, omeg(V, Q) ~ megr,(V, Q)

holds for any v € C4. Analogous statements hold for the irreducible and non-exceptional
equation (1), under the corresponding non-exceptionality condition on add_go ML.

PROOF. The statement mco(V, ) ~ (V,Q) is a direct consequence of Theorem B=3
(i). By Theorem B=3 (ii), ML(V, Q) is irreducible. Since the addition functor preserves
irreducibility, it follows that add_g o ML(V, Q) is irreducible. Besides, since we assumed
that add_g o ML(V, Q) is non-exceptional, we can apply Theorem B33 (ii) to add_g o
ML(V,Q). Then we see that meg(V, Q) is irreducible and non-exceptional. Finally,
applying Theorem B3 (i) to add_g o ML(V, ), we obtain

mey, omeg(V,Q) = ML oadd_, o (MLo ML ) oadd_go0 ML(V,Q)
~ ML oadd_ oadd_z 0 ML(V,Q)
= ML oadd_ (g4 0 MLV, Q) = megy,(V, Q).

This proves the assertion. The corresponding statement for the equation (EX) follows
from the connection version. (]

Moreover, the middle convolution in Definition B2 gives a generalization of the
middle convolution introduced by Dettweiler and Reiter for Fuchsian systems. To see
this, consider the Fuchsian system
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du

=

A;

xr —a;

(i 61

) u, A; € Mat(N,C).
i=1

This corresponds to the special case of equation (E) with ¢ = 1, N; = N and a3 = 0 (i.e.,
S = O). Here, we briefly recall the original middle convolution with 5 € C introduced
by Dettweiler-Reiter [R]. For the equation (B, we set

Ay Ay A, On On
A A A

A= . . , Ci=| A Ai+ B A, |G (1<i<q)
Ay Ay A, On On

Then the subspaces K = @7_, Ker A; and

Koo :=Ker(Cy +Cy +--- 4+ Cy) = Ker(4A + §)

are common invariant subspaces of C1,Cs,...,C,;. We note that the subspace K is the
same as the case of the middle Laplace transform. Let C; be the matrix which represents

the linear actions of C; on the quotient space C?V /(K +K,). Then, the operation which

)

is called the middle convolution with 3, which was originally introduced by Dettweiler-
Reiter.

We now show the composition ML o add_5 o ML for the Fuchsian system (51
realizes Dettweiler-Reiter’s original middle convolution (B2). By applying the Laplace

sends the equation (B) to

q _
o
(Z T —ay

=1

dy _

dx

(5.2)

transformation in Definition P70 for the Fuchsian system (El), we obtain

dVv
- = (_T + Bl) V7
dx x
where
0,1[]\] Al AQ Aq
GQIN Al AQ Aq
T = ) Bl - _A = . . .

anN Al A2 Aq

By projecting this equation to the quotient space C*V/K with K = @7_, Ker 4;, we

have

dv

=

(—T + Bl) v,
x

T, Bl S Mat(N’, (C)7
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where N’ = ¢N — dim K and T, B, are matrices representing the induced action of T, B;
on the quotient space CZV /K. Without loss of generality, we may fix a basis of the vector
space CN' = C4N /K such that the matrix T is of the form

ay Iy,
aly,

N
Il

, ki=N—dimKerA; (1 <i<gq).
aqly,
Here we note that, letting ¢ : C¥V — CY’ be the quotient map, we have
Ker By = {1(v) € CV" | v € Ker By }.

We then apply the addition add_g with —f3. Then we have

. _ B —
dvada _ (—T—i— 1 5) o,
dx T

By applying the inverse Laplace transform in Definition 78, we have

dw G,
> W
dx (Z z—ai>

i=1

where G; = —Ey,(B; — ) for 1 < i < q. By considering the projection to the quotient
space CN'/ Ker(B; — f8), we obtain

Ca%} - <Z xﬁiai> v (53)

i=1

where G; denotes the matrix which represents the induced action of G; on C¥ ' / Ker(B; —
B). We shall show that the equation (E33) is constant gauge equivalent to the equation
(B32). Noting that o, = Ker(A + 5) = Ker(By — ), we have
CN'/Ker(By — ) = (C*V /K)/ Ker(By — B)
= (CN/K)/{(K + Koo) /K} (5.4)
= CV /(K4 Koo).

By chasing the isomorphism (B2), we see that the action on CN'/Ker(B; — ) induced
by G; is the same as the action on C%V /(K + K..) induced by the matrix
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On

Ai+pB A o Ay

Ay At B - A
In . . )
Ay A e Ag+ B
On
On - .. Oy
=4 - A48 - A |G=0C
On -+ -+ - Oy
This means that the tuple of matrices (G1,Go, ..., Gq) is constant gauge equivalent to

(C1,Cy,...,C,). This shows that the equation (632) is constant gauge equivalent to the
equation (B3).

REMARK 5.4. As mentioned in the introduction, several researchers have proposed
generalizations of the middle convolution for linear ordinary differential equations with
irregular singular points [0, @4, 29, B0, B1]. Although our generalized middle convolu-
tion is similar to Yamakawa’s in that both make use of the Laplace transform (which he
interprets it as Harnad duality), our definition explicitly proceeds via the Birkhoff-Okubo
normal form.

6. Middle Laplace transform in several variables

In what follows, we consider generalizing the middle Laplace transform for linear
Pfaffian systems of several variables. Namely, we prolong the middle Laplace transform,
introduced for linear ordinary differential equations in the previous section, as an oper-
ation for linear Pfaffian systems. Let us recall the setting explained in the introduction.
Let n be a natural number and A be a hyperplane arrangement in C™. Fix a coordinate
(z1,...,25) of C". For H € A, we denote fy by the defining linear polynomial of H. We
then consider linear Pfaffian systems with logarithmic singularities along A and irregular

singularities along the hyperplanes {z; = o0} (1 =1,...,n)
du = Qu, Q:ZSzi(:c) dx; + Z Ap dlog fp, (6.1)
i=1 HeA
where @ = (z1,...,2,),

Sui(@) = Ay, + Z Apia;
j=1
i

and A, Ay,z;, Ag are constant NV x N matrices. Throughout the paper, we assume
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8S,,  0S,,

Amwj :Al'jl'i <<:> oz = 8:1@2) (i # 7). (6.2)

Then, the completely integrable condition of the system (B) is given by
QANQ=0. (6.3)

We also assume (B33) throughout this paper. This can be expressed as the commutative
conditions for coefficient matrices A,,, Az,.;, and Ay, which will be explained later.
Following Haraoka [H], we prepare some notation. For each ¢ (1 < i < n), we set

Then the system (B1) is written as

ou
al’i a

Qpu= |5, (x)+ Ag~—"|u (1<i<n). (6.4)
H;; "t

Here we note that Sy, () does not depend on z;. We refer to the equation (63) as the
x;-equation of (B).

Take a pair of distinct variables (z;, ;) and write (z,y) = (x;,x;). Then, we set
1"

= (w1, xn), 2 = (T, Ty Ty, T, (6.5)

where #; stands for the omission of z;. Namely, (x,2’) = (z,y,2").
For H € A,, we define the linear polynomial ag € C[z'] by

fu = (fu)(z —an).

Then the z-equation of the system (Bl) can be written as

ou Ap
Fr (Sx(a:)—k Z x—aH>u'

HeA,

Similarly, for H € A,, we define the linear polynomial by € C[z, 2] by
fr = (fu)y(y = bm).
For H € A,, we define the subset
Cry={H € A \{H} | (an — an)y # 0}
For each H' € Cy,,, we define the linear polynomial cgp € C[z”] by
ag —agr = (ag —an')y(y — cam).

Clearly, cy g = cyrg holds.
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EXAMPLE 6.1. Set n = 3 and consider the hyperplane arrangement A =
{H,, Hy, Hs, Hy} consisting of

Hy ={z1 =0}, Hy={x1=2x2}, H3z={2r1+x2+323=0}, Hy={ax3=1}
Then we have
Imy =21, fo,=z1—22, [ms=221+22+323, fm,=x3—1

and

Ay, ={Hy, Ho, Hs}, A, ={Hs, Hs}, A,, ={Hs, H4}.
If we choose (z,y) = (z1,22), then we have

ag, =0, ap, =72, apg,=——— =23, by, =71, by, =221 — 373

and

Cryy = {H2, Hs}, Cuyy ={H1,Hs}, Chyy = {H1, Hs},

cmu, =0, cu,Hy = —%3, CH,Hs = —3%3.

PROPOSITION 6.2 (cf. Haraoka [8], Theorem 2.1). The system (BE1) satisfies the
completely integrable condition (B3) if and only if, for any pair (i,7) (1 < 4,57 < n) of
distinct indices, by setting (z;,x;) = (x,y), the following conditions hold:

[Az, Auy] = [Asy, Azz] = O (2 € 2"), (6.6)

A, Al + Ay, Y. Au— > Ap| =0, (6.7)
HeAcnA, HeA,

[Aa:a AyZ] + [szvAy] =0 (z € $//)7 (6'8)

[Azzy Ayl =0 (2 €2,
[AIZ17Ay22] + [szQaAyzl] = O (Zlv z2 S J}N),

o for He A, NA,y,

[AHaA:ry] = O,
[AH7 (G'H)ysz + Ayz] =0 (Z € J}H), (610)
Ay, Z Agn +Ag | =0 (H, EAgﬂAy), (6.11)

H/IecHyy

CHH”ZbH/
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= H' € Cp,y such that
AH7 Huezc AH// =0 <CHH’ 7£ bK fO’f’ any K¢ A; mAy> . (612)
H,y

CgH"=CHH'

e For H € A, NAj,

[Am, (amg)Apy + Ayl =0 (2 €2”), (6.14)
Ag, Z Agn +Ag | =0 (HI €A;ﬂAy), (6.15)
H'eA,NA,
L CHH”:bH’

B H' € A, N Ay such that
Am, Z Apr| =0 (cHH/ # by for any K € ASN Ay> - (6.16)
H'eA,NA,

CHH!'=CHH!

Here ap(0) and by (0) denote the constant terms of ag and by, respectively. Since
Agy = Ayg, the above conditions are symmetric in x andy. In other words, the conditions
obtained by the interchange (x,ap) <> (y,by) also hold.

This proposition can be shown by a direct computation of (623). We remark that
the conditions (611, (B02), (613) and (E8) were given by Haraoka [H, Theorem 2.1].

6.1. Definition
In this subsection, we generalize the middle Laplace transform for the linear Pfaffian
systems (B satisfying the following conditions: there exists a variable 2y = x such that

A, and A,, are diagonalizable (Vz € z), (6.17)
3x; € 2’ such that A, NA,, #0 = A,. =0 (Vzea). (6.18)

Here, we used the notation (E3), namely, we set ' = {x1,...,2,} \ {z}. By the
commutativity conditions (60), the matrices {A;, A,. | 2 € 2’} are pairwise commu-
tative. Hence, by the diagonalizability condition (EI4), these matrices can be simul-
taneously diagonalized by a suitable constant gauge transformation. Therefore, with-
out loss of generality, we may assume that all the matrices {A,, A, | z € 2’} are
diagonal. Thus S,(x) = A, + Y., Az is diagonal and its eigenvalues are linear
polynomials in z’. After relabeling the distinct eigenvalues of S, (x), write them as
Qg s ,aHﬁ,aHﬁH(x’), ... 7“H4(m/)’ where ag ;... sag, € C and aHﬁH(x’), .. ,aHé(x')
are nonconstant linear polynomials in 2’. Thus we may write S, () in the form
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aﬁllf\h

aﬁIﬁINﬁ

aI:Il;Jrl (x/)IN}H»l

ag, (2")In,

where Ni + Ny 4 --- 4+ Ng = N. We note that

q
Se(@) = Ay + Y Agz=) agEy,.
1

z€x’ =

(6.19)

(6.20)

For each i = 1,2,...,4, we define the hyperplane f],» by the defining polynomial le =

T—ag. Consequently, we have

{x € C" | det(x — Sy(xz)) =0} = U H;.

Next we set
A={H,...,Hp,...,Hy,...,H,}
with

Ae={Hy,...,H}, A\ |J A, ={Hy,...,H,}.

cx!
T;Ex

Namely, the defining polynomials fg,, ..., fg, depend only on x, fg
on z and the other variables, and fg, ,,..., fg, do not depend on x.

P10

-, fu, depend

As in the case of ordinary differential equations, it consists of the following three

steps.

Step 1. Extend the system (670) to the Birkhoff-Okubo normal form.
Step 2. Apply the Laplace transform.

Step 3. Project onto a suitable quotient space.

We shall explain the above steps in detail and in order.

Step 1. Let us consider extending the z-equation

Ju 1.4 ;
%— <Sw($)+;x_aHL>’u
to the system of Birkhoff-Okubo normal form. Set

5 sy
r—ag, T — aH, I—qu

U(w):t(U17...7Uq):t<

).

(6.21)

(6.22)
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Then, the vector U(x) satisfies

ou

(v — Tz(w))a— = (A—T+ S,(x)%(z — Tp(x))) U, (6.23)
i
where
AH1 14H2 AHq
Am, Am, AHq
A == . . 9
Ap, Am, AHq
Sy (x)
Sy (x)
Sa(@) = . = AT+ Y ALz, (6.24)
. zex!
Sy ()
aHIIN
— aHIJIN
T.(x) = aH,,+1($')IN . (6.25)
qu (LC/)IN

This equation is the same as (22). By multiplying (z — Ty ()) ™! from the left, we obtain

U oq L~ An,
where

q

Ay, = ZEZ(]q) ® (An, — 6i;IN)

j=1
o - e 0

=|Aw, - A, —In - Ap | (i
o ... e 0

for 1 < i < q. Here El(]q) denotes the ¢ x ¢ matrix with the only non-zero entry 1 at
(4, 4)-th position.

Next, we proceed to derive y-equations (y € z') for U(x). For the pair (z,y), we
use the notation (63). Namely, we write (21,...,2,) = (2,9") = (z,y,2”). Then, the
y-equation of (E) is given by
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ou AH
—=|S@+ Y ——r—|u (6.27)
% piizice ¥ T bm (@)
H;eA,
First, we consider 9U;/dy for i« = 1,...,p. Since the polynomials ap, (1 < i < p) is
independent on ¥y, we have
au; 0 ( u(x) ) 1 Ou

oy _aiy T —am, _a:—aHiﬁiy

Ag,

J
y—bu,(z,2") | ©*—amg,’

u(z)
= | Sy(z) + Z
p+1<j<r
Hje-Ay

We focus on the latter term. The polynomials by, (¢+1 < j <) are independent on z.
On the other hand, for j =p+1,...,¢q, we have

1 1 (fm)y 1
y_ijx_aHi B fHJ T —am;
_ (ij)y 1 1
- (fm,)sz—am, x—an,
o (fH])y 1 1 1
N (fH,)z am, — am, (m—aH] B x—aHl)
_ (fu,)y 1 1 1 1
B (ij)m (aHj *aHi)y Y — CH;H,; <IaHj = aHi)
1

(e )
Y —CH;H; \T —ag, T —am; )

oU; Ay A
= Sy(ﬂ')) + Z 7]” U; + Z —(U; - Uj). (6.28)
% oSy Y bm () i, U CH
H;cA, H,eA,

Next, we consider U, /9y for i = p+1,...,q. For i such that ay, is independent
ony, ie., H; € A, NAj, we can calculate 9U;/dy in the same way as above and obtain
(E28). On the other hand, for i such that ay, depends on y, i.e., H; € A, NA,, we have

ma<u(m) ) L ou (w—an)y

oy Oy T —am, 7$—GH,-87/7(95—“H¢)2

By using the xz-equation for U;
au; 9 ( u(x) )_ 1 Ou 1

or N % T —ag, B x—aHi% - (x—aHi)Qu(w)’
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and (fr,)y = (fu,)z(* — an, )y, we obtain

ou; 1 Ou (fm)y ( 1 Ou 8Ui>
)

r—ag, 0r Oz

oy x—am, 0y (fu

6.29
_ 1 (6u (f.)y 8“) + (fH,)y OU. ( )
T —ag; ay (qu)T Ox (qu)I Ox
By using the z-equation (B2211) and the y-equation (6227) for u(x), we obtain
% o (fH7)y @
Oy (fu,)e Ox
Ag, (fu,) Ag.
= |85,(x) + ! — YA+ ! u(x
y( ) p+§§r y— ij (x’ x//) (le)m 1;(] T —apg; ( )
L H;cA,
= |S,(x)+ ! — YA+ — u(x
y( ) p+§gr y — ij (x,x”) (fH,i)m 13%:@ T —am; ( )
L H;cA,, j#i Jj#i
it~ Gt

Since the latter term vanishes, we have

ou  (fu,)y Ou Apg. (fr,)y

TR e = | Sv(@) + oMy | u(x).

ay (le)z Ox 7/( ) p+§§r y_ij (fH,)a: 1<zj:<q T — AH; ( )
HjeAy, j#i VECD

Besides, by using the z-equation for U; which is obtained from (E2H), we have

(fHL)y % (le)y . 1 — s

(qu)ac Oz (le)x A Ui + T —aH; 1§zJ:'gq(AHj 5UIN)U] (6 30)
(H‘)“AU Ag. —6,IN)U |
(fH7)r * Yy —0m[, 1;11( o N N) !

Then, the equation (6229) turns into
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o ! An, . A
3 = Sy(a})+ Z }[I; _ (qu,)y A, + Z _Am; u(a})
yoormam vy Vb (e 52, am,
HeAy, j#i £
(fH)y 1
* S, AUt Apm; — i In)U;j
(in)QJ y—bHi 1§Sq( J J ) J
Ay
= | Sy(z) + Z z ;
grisi<r ¥~ 0m,

HjeAy

1 AH;’ (sz) AH]‘
7 a > by (f )y > u()
Hi | piigi<g Y7 Vs Hijw '
H.J'G-Ay’ J#i

> (Am, = 65IN)U;.

y—bm 52,

1

(6.31)
We focus on the second term of the right-hand side. Since

1 1 (fu,) 1 1 1 . .
H, T —ag; LE—G,H].

m_a‘Hi y_bH] B (fH])CD aHi —a

gih 1 ( L ! > (1<j<p),

1 1 i)yy_CH,iHj T —amy, T —amg;

r—ag. T — Qf. 1 1 1
e ( - > (p+1<j<q j#i),
A, —(IH]. T —amg; x—aHj

we have

1 3 A, (fu)y 3
voan | ige, Vb Unde G2,
H, €A, j#i i

= 1 J (le) 1 AHj Ap.
x—ay, Z - ; Zm a * Z T

p+1<j<q L <j
HjeAy, j#i J#i

s A ( 1 )

Ap,
Tr — aH].

1Sjgpy—chwjlj T —ag; T —am;

+ Z A ((ij)y . (fH;)U) 1 ( 1 _ 1 ) -
p+1<j<q ’ (ij)z (fH)a ag, —ag; \T—ag, T —am;
HjeA,, j#i

Here, since H;, H; € A; N A,, we have



—~~

_ Uy
ij)l‘ (sz)I

Then, by definition, it holds that
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ij )Z/ (le

=(x —au;)y — (& —amu,)y = (am, — am;)y.

—~

ag, — ag;
———— (H; €Cn,y),
(am; —am;)y = § Y~ CHH;
0 (Hj ¢ CHM/)'
Therefore, we have
1 ) A, (fu)y Ap,
voam | g, YT (e 52 @ —an,
HjeAy, j#i JFi
S A, ( 1 1 )
1§jSPy*CH,;Hj T — aq; T —am;
i Z AHj ( 1 B 1 >
pHi<j<q VT CHHy NETAH T,
HjGCHi,y

Ap, ( 1 1 >
Yy—cHm, \T—ag, T—ag )’

DRI
1<j<p p+1<j<q
.7€CHi1y

Eventually, we see that the equation (6230) can be expressed as

oU; Agq, Ap,
il AP Vi vl A Dl UL
Y atigi<r ¥ T OH 157<q YT CHH

H;cA, H;€Ch, .y

> (Am, = 65In)U;.

v—bm, 552,

1

Summarizing the above results, we obtain the following.

PROPOSITION 6.3. Let u(x) be a solution of the system (B) satisfying (EIX). Then,
for each y € 2', the vector U(x) = *(Uy,Us,...,Uy,) defined by (E222) satisfies the follow-
mng:

e For U; such that H; € Ay NAy (namely, 1 <i<porp+1<i<quwith H; ¢ A,),
Ag

——(U; - U;). (632
y—cHiH,.< i) (6.32)

oU; An,
5 = | S@+ Y S Ui Y

gricj<r ¥ 7 PHi pH1<i<q
HjG.Ay H]‘G.Ay
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e For U; such that H; € A, N Ay (namely, p+1 <1i < q with H; € A,),

ou; Ap, Ap,
=5+ Y ——|uv+ Y ——w-U)

0y Yy — b, ~ Yy —cH,H,
+1<5<r J 1<4< i4j
Thyex, Hyeln (6.33)
1
— > (An, = 6 In)U;.
Y= O 52y

REMARK 6.4. Proposition B3 itself holds even if the assumption (614) is not satis-
fied.

Combining (E232) and (6233), we see that U(x) satisfies the system of the form

ou Ag, Ap..
Tl oAy A e
y pri<i<r J T PHi 1<i<j<q Y~ CH:H;
HieAy H;eCu,,y
cH;H; #by for any H € A,
where
Sy(x)
Sy(x)
S, (x) 24 = o =AZ 4+ N A%

z€(x,z'")

Sy(x)

and Ay, (p+1<i<gq, H; € A,) are given in (628). Then, we see that the systems for
U(x) given by (628) and (E234) for all y € o’ forms the Pfaffian system of the form

n

dU = BO*(Q)U, BO"(Q):=> S, ()®dx; + Y _ Aydlog fp. (6.35)
=1 HeA
Here
A:=AuU {H;j | 1<i<j<qsatisfies H; € Cp, ,, for some y € 2} (6.36)

and H;; is the hyperplane defined by the polynomial fg,, =y — cu,m;. We note that,
by considering the extension, the singular locus increases in general.

Step 2. We consider the Laplace transform in z-direction
L*:{ o 5 (6.37)

for the Pfaffian system (6233), which corresponds to the integral transform
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Ulx) — V(x)= / Ul(t,x")e " dt
A
with a suitable path of integration A. We set V := L*(U), namely,
V ="Vi,Va,..., V), Vi:=L"(U;).

Then, as in Subsection BT, the z-equation (6223) of the system (B33 is transformed into

(z — Su(x)®9) v

gy =~ A+ (z = 5:(@)%) L(@) V (6.38)

We consider expressing the equation (E238) as Schlesinger form. Set
B:={M,...,H} U(A\ A,). (6.39)
We note that
B, ={H,...,H;}. (6.40)

Then, by multiplying (z — S, (:1:)69‘1)) from the left, the equation (E238) is transformed
as

oV B; . By,
G| @ Y V= | @)+ Ly, (6.41)
x r—ag —x—ay,
HeB, Jj= J
where
ECN].AH1 E/‘]\/'jle2 ENjAHq
En;An, En;An, -+ En;Ag,
By, =~ . : . . (6.42)
En, A, En;An, -+ En,An,

This equation is the same as (29). We proceed to derive the differential equations of
V(x) in the other directions. Let us take any y € 2’ and shall derive the equation for
0V;/0y. First, we consider the case H; € A, N.Aj. By applying (E331) for the equation
(B332), we have

oV,
By Ay+ Y Ayezt Y —— V- + > (Vi = V).

zex! q+1<g<r p+1<5<q y ~CH; H;
H;cA, H;cA,

Here we note that, the polynomials by, and cg,m; appearing in (E32) do not depend on
x. Since it holds that

q
%V aHV Zx‘?Nk ZAHV
Hk j=1
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from the equation (EZl), we obtain

oV; Ap, Ag.
=4, + > Apztag A+ Y | iv Y (Vi)

8y ‘ y—bHV s Y —CH,H;

z€x!! q+1<j<r ’ p+1<j<gq .

H;ecA, H;cA,
AyiBENk
D aEe S W
k j=1
Let us focus on the last term. From (620), we have
0 (1<k<p),

~

A zEN =
e {(agJyENk (hr1<k<aq).
Moreover, for p+1 < k < g with (ag, ), # 0, Le., Hy € By, it holds that

AyEn,  (ag)yEn.  (fg)elag, )yEn, En,

v—ag  w—ag  (Fgw—bg)  y—bg

Therefore, for H; € A, N.Aj we have

aV; Ay, A
= A+ D Aprtan At Y il LD (V- V)
oy ’ Yy —bu, ' Y — CH,H,
z€T q+1<j<r ’ p+1<j<gq
HjeAy HieA,

-y ! ZENkAHV

prigieq ¥ T O 5=
HkGBy

(6.43)
Thanks to the assumption (618), if A,, # O, then A, N A, = 0 holds for any z; € 2.
This says that ay, € C.
Next, we shall derive the equation for 0V;/0y with H; € A, N A,. In this case, we
can assume A, = O for any z € 2’ thanks to the assumption (6EI8). By using (6230),
the equation (E233) for OU; /0y can be expressed as

oU;
8y: A, +2Ayzz+ Z

zex! q+1<j<r - bH
Hj;eA,
+ > U —Uj) + (. )y (%Ui AmUZ—> .
1<j<q - CH H; (sz)x x
H;eCh,,y

Since H; € A, N Ay, it holds that



Mziddle Laplace transform and middle convolution 47

(sz)Z/ = —(a
)o@ty

Hence we have

ou;
A e ¥ z
y zex! q+1<g<r
HjeA,

—bH

>

1<5<q
H GCH v

aU;
U; —U;) — (aHi)y(ax —AmUZ).

—CHH

By applying the Laplace transform (6237) for this equation, we have

oV;
o= | At Do At Yo Vi
Yy zex! q+1<j<r
H;EA,
+ > (Vi = V) = (am,)y (2V; — AV7) .
1<55<q Z/* H;H;
HjECH,i,y

Combining this and the equation (EZ3), we obtain the following.

PROPOSITION 6.5. Suppose that the system (6) satisfies (6EIA) and (BI8). By the
transformation (B230), the y-equation (y € a’) of (B233) is transformed as follows:

e ForV; such that H; € AxﬂAZ (namely, 1 <t <p orp+1<i<qwith H; ¢ Ay),

oV Ap,
= A+ > Apztam A+ D |V
% z€a arizi<r ¥ O
Hi€Ay (6.44)

+ > Vi-vpy— 3 ZENkAHV

pH1<j<q Y= prizheq ¥ 00 5
HjeAy HyeB,

e ForV; such that H; € Ay, N Ay (namely, p+1<i<q with H, € Ay),

ov;
S = Ay + (am,)yAz — (am,) yx—i—ZAyzz—i— Z T Vi
Yy zex! q+1<j<r H;
H,eA, (6.45)
Ay
- L (V; -V,
> e Vi)
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Combining (E21), (624) and (6Z3) for all y € 2/, we obtain the Pfaffian system
n
dV = LY(Q)V, L%(Q):=—> T, (@)dz;+ »  Budlog fu (6.46)
i=1 HeB
where —T,, (x) is of the form
~Ty,(x) = By, + ¥ Bayn,@js  (Bu,, Brs, € Mat(qN, C)).
=1
=

The actual expressions of the y-equations of Pfaffian system (EZB) are given by (B9)
and (B222). We remark that the system (620) satisfies the assumption (EI8). Namely,
it holds that

Jz; € ' such that B, N By, #0 = B,. =0 (Vzea').

Moreover, if A, N A,, # 0 for some z; € 2’ in the initial system (B), then the trans-
formed system (62B) satisfies B, N B, = () for all z € 2’. On the other hand, if A,,, # O
for some z; € ' in the initial system (60), then the transformed system (GZ8) satisfies
B,. =0 for all z € x'.

REMARK 6.6. If the Pfaffian system (60) is completely integrable, then the Pfaffian
system (628) is also completely integrable.

DEFINITION 6.7. We call the operation which sends the Pfaffian system (BE1) satis-
fying (610) and (EIX) to the Pfaffian system (6228) the Laplace transform in z¢-direction
and denote it by L£*¢.

Step 3. Let K be a subspace of (C)? defined by

q 1
K? = @Ker Ap, = Dl e (CN) | v eKerAy, (1<i<gq)y, (6.47)
i=1

Vq

which is the same as (Z12). Then, thanks to Lemma P23, we see that this subspace is
invariant for the action of the z-equation (EZ1). Namely, it holds that

(L7(Q)) K" C K*.
For y-equations (y € z’), an analog of [8, Proposition 2.2] holds.

PROPOSITION 6.8. For any y € o', the subspace K* is invariant for the y-equation
of the system (B4B). Namely,

(£7(Q)),k" € k¥

holds for any value of x.
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PRrROOF. Take any v =*(vy,...,v,) € K%, and set

w = (L(Q))yv = "(w1,...,wy).

First, we shall show Ay, w; = 0 for H; € A, NAj (namely, 1 <i<porp+1<i<gq
with H; ¢ A, ). In this case, from (624) and v; € Ker Ay, we have

Ay
w; = Ay + Z AyZZ + AyxaH,; + Z — bJ v; + Z — (Ui — U])
e g+1<g<r ¥ 7 PHi pri<j<q ¥ T CHills
H;eA, HjeA,

q
_ Z _1b~ ZENkAHjUj

pri<k<q Y T VA =

HeB,
Apr.
= A—i—E Ay.z 4+ Ayzam, + g E : v;
— —cH,
zex! q+1<j<r y HJ p+1<j<gq y HiH
HjG.Ay H,-eAy

Then, we have

AHiw,» = AHi A + Z Ayzz +AybLaH + Z + Z V.
zex! ari<j<r 47 bn, p+1<j<q Y=, H;
H; €A, H; €A,

Here, it holds that [Ag,, Ay + am, Azy] = O thanks to (613) and the condition (6I3).
It also holds that [An,, A,.] = O (2 € 2’) thanks to (EId) (note that, (am).Azy = O
holds under the condition (6EI8)). The commutativity on the remaining part is already
shown by Haraoka (cf. the proof of [8, Proposition 2.2]). Therefore, we have A, w; =0
for H; € A, N Aj,.

Next, we show Ag,w = 0 with H; € A, N A, (namely, p+1 < i < g with H; € A).
As in before, in this case we can assume A,. = O (z € 2’), especially A, = O. Then,
by using (623), we have

w;, = | Ay + (am,)yAz — (@, )yx + Z Az + Z V;
z€x" q+1<]<r
H,EA,
Ag.
D Dl )
157<q YT CHH
HjECHi,y
Ag,
= | Ay + (am)yAe — (am)yr + Y Ayez+ Y + > T
- I’I.LI‘IJ

zex! q+1<g<r H; 1<5<q
H;cA, H;eChy,y
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Then we obtain

An

AHiwi :AHi Ay—&—(aHi) A CLH y$+ Z AyZZ+ Z Z — V;.
— - bHJ ~ Y —cCH,H,
zZExT q+1<J<T 1<j<q
H; €A, H;eChy,y
Here, it hold that [Ax,, Ay+(am,)yAs] = [AH,, Ay.] = O thanks to (69) and (610) (note

that, in this case, 4,, = O (z € ') thanks to the assumptlon (E0R)). The commutativity
on the remaining part is already shown by Haraoka (cf. the proof of [8, Proposition 2.2]).
Therefore, we have Ay, w; =0 for H; € A, N A,. As a result, we obtain w € K*. O

Proposition ER leads that, the Pfaffian system (628) induces the Pfaffian system
dv = ML (Qv, ML (Q ZT )dx; + Y Bpdlog fr. (6.48)
HeB

on the quotient space C? /K*. Here ML"(f)) is the matrix 1-form that represents the
action of £%(Q) on CIV /K*.

DEFINITION 6.9. We call the operation which sends the Pfaffian system (B1) sat-
isfying (EI4) and (BOIR) to the Pfaffian system (62R) the middle Laplace transform in
x¢-direction and denote it by ML,

We note that, the middle Laplace transform ML® changes the rank of Pfaffian
systems in general. Some examples will be given in Section ID.

6.2. Inverse (middle) Laplace transform

In the same way as the previous subsection, we can define the inverse Laplace trans-
form and the inverse middle Laplace transform. Let us consider the Pfaffian system (B5)
satisfying (6I2) and (EI8). We take x, = x satisfying (6I4) and (6I8), and suppose
(B9). For this system, we consider the Birkhoff-Okubo extension (E23H) and its inverse
Laplace transform in x-direction

L_x : ax 78 (6.49)

which corresponds to the integral transform
Ulx) = W(z) = / Ut 2 )e™ dt
A

with a suitable path of integration A. In the Pfaffian system (6233), we set W := L=*(U).
Namely,

W:t(W17W27...,Wq), Wz = L_x(UZ)
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Then, as in Subsection B2, the z-equation (623) of the system (633 is transformed into

ow

(z + Sa(z)®9) B (—A+ (2 + Su(2)%) T () W.

This equation can be transformed into

ow d ,
o = | Tel@) + > TTan w (6.50)

where B 7, is given by (B22). This equation is the same as (E7I8). On the y-equation,
in the same way as Proposition 63, we can show the following.

PROPOSITION 6.10. Suppose that the system (BE) satisfies (610) and (B18). By the
transformation (B29), the y-equation (y € x’) of (B233) is transformed as follows:

e For W; such that H; € Ay NAj, (namely, 1 <i <p orp+1<i<quwith H; ¢ A,),

ow;
87: A + E Auzz+aH ya:"'_ E i
Yy zex! q+1<]<r H;
H;cA,

+ ) Wi=Wy)— > %ZEMAHW

p+1<j<q y T CHiH, p+1<k<g T+a i j=1
HjcA, HyeB,
(6.51)
e For W; such that H; € Ay N Ay (namely, p+1 <1i < q with H; € A,),
OW;
81: Ay + (am,)yAs + (am, ym—l—ZAzz—F Z —b W;
Yy zex! q+1<5<r Yy H;
Hj;eA,y (652)
+ ) (W; — W)
1<j<q 7 Y=, H;
H;€Chy,,y

Combining (650), (E251) and (E52) for all y € 2/, we obtain the Pfaffian system

dW = L7"(QW, L7(Q) =Y Ty (x)dr;+ »  Budlogfu, (6.53)
i=1 HeB~

where
B~ :={o(H),...,0(Hy)}U(A\ A,).

and o(H) is the hyperplane defined by the polynomial f, () := (fr)z(z +am). We note
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that Ty, (x) is of the form

n
T, () = Ba, + Y _ Bua,j, (Ba,, Ba,a, € Mat(gN,C)).
=1
=
and the system (B353) satisfies the assumption (618). Namely, it holds that
Jz; € 2’ such that B, NB, #0 = B,. =0 (Vze€).

Moreover, if A, N A,, # 0 for some z; € 2’ in the initial system (B), then the trans-
formed system (B33) satisfies B, NB. = { for all z € 2’. On the other hand, if A,,, # O
for some z; € ' in the initial system (60), then the transformed system (B253) satisfies
B,. =0 for all z € x'.

REMARK 6.11. If the Pfaffian system (B) is completely integrable, then the Pfaffian
system (6223) is also completely integrable.

DEFINITION 6.12. We call the operation which sends the Pfaffian system (BE1) sat-
isfying (E04) and (E08) to the Pfaffian system (E&3) the inverse Laplace transform in
x¢-direction and denote it by L£7%¢.

The subspace K7 is invariant for the system (633), which can be shown in the same
way with the previous subsection. Therefore, the Pfaffian system (E323) induces the
Pfaffian system

dw =ML (Qw, ML Q)= T, (x)de; + > Bpdlog fu. (6.54)
i=1 HeB~

on the quotient space C4% /K%, Here ML™"(£) is the matrix 1-form that represents the
action of £L7%(Q) on C*V /K=.

DEFINITION 6.13. We call the operation which sends the Pfaffian system (BE1) satis-
fying (5I10) and (6I8) to the Pfaffian system (E54) the inverse middle Laplace transform
in xg-direction and denote it by ML™¢.

6.3. Fundamental properties of the middle Laplace transform
We summarize some fundamental properties of the (inverse) middle Laplace trans-
form without proofs. All the proofs will be given in Section B.

DEFINITION 6.14. Let N > 1. For a Pfaffian system (6), or equivalently its corre-
sponding 1-form €2, we use the following terminology.

e We say that it is drreducible in x¢-direction if the x,-equation of du =
Qu is irreducible in the sense of Definition . Namely, there is no
(Az, {Az,a; tize: {An e a,,)-invariant subspace except CV and {0}.

e We say that it is exceptional in x,-direction if the xg-equation of du = Qu is
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exceptional in the sense of Definition EZd. Namely, N = 1 and Ay = 0 for all
H € A,,. Otherwise, we say it is non-exceptional in x,-direction.

THEOREM 6.15. If a Pfaffian system (E01) satisfying (E14) and (BEIR) is irreducible
and non-exceptional in xg-direction, then the following hold.

(i) ML™™ 0 ML (Q) ~ Q and ML o ML (Q) ~ Q.

(i) The middle Laplace transformed system (B248) and the inverse middle Laplace trans-
formed system (6324) are also irreducible and non-exceptional in x,-direction.

Here, the equivalence relation ~ on 1-forms is defined by

Q~Q &L 3P e GL(N,C) such that O = PIQP. (6.55)

We remark that, in terms of Pfaffian systems, statement (i) can be written as

ML o ML = ML o ML =id.

Here, the above symbol “ =" is understood up to constant gauge equivalence; that is,

the equations obtained by ML™** o ML and ML** o ML™"* coincide with the original
one modulo a gauge transformation by some constant matrix P € GL(N,C). We also
remark that statement (ii) is essentially the same as Theorem P10 (ii).

6.4. Formulation of the middle Laplace transform as a map

Since the (inverse) middle Laplace transformed systems (628) and (654) depend on
the choice of the basis of CZV /K, the (inverse) middle Laplace transform operation cannot
be regarded as a map. However, they induce the map of quotient spaces consisting of
isomorphic classes of Pfaffian systems as follows. Fix any two hyperplane arrangements
Sz, and T,, consisting of hyperplanes whose defining polynomial depends on xy. Then,
we define the set P, s, of the 1-forms of the form of (E1) by

n AzivAzixijH S Mat(N, (C)7 N € ZZO,
B, 5., =4 Q=Y So(@)dx; + > Apdlog fir | Q satisfies (62), (63), (617), (GI3),
i=1 HeA Az, =Tz, and By, C S,

Here the arrangement B,, is defined by (E20) when x = x,. We note that the size of
the coefficient matrices of 1-forms in P, s, is not fixed. We often identify a 1-form
Q € Pr,,,s,, with the Plaffian system du = Qu. We define the quotient space My, s,
of 1-forms by

Mmr.,,.s., =B1.,.5.,/ ~-

Here the equivalence relation ~ is defined by (6253). Then, the middle Laplace transform
ML and the inverse middle Laplace transform ML™%¢ can be regarded as maps

ML M7, s, = Ms,, -70,, ML My s, —Ms,, 70,

Here —7,, denotes the hyperplane arrangement {o(H) | H € T,,}. For example, if
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Tor = {{z1 =0}, {z1 — 1 =0}, {21 — 22 = 0}},
then

~Ter = {{o1 =0}, o1 +1 =0}, {or + 2 = 0}}.

irr,ne

In this setting, Theorem GT3 can be rephrased concisely. Let P S, be the subset of
L., ,+S,, consisting of 1-forms which are irreducible and non-exceptional in x,-direction,
and set

irr,ne .__ ¢nirr,ne ~
My s, =Prls.,/ ~
Then, Theorem BT3 states that the maps

Ty . irr,ne irr,ne —xe . irr,ne irr,ne
ML M Sa, Dﬁswﬁne, ML .zmTwwS” —>9)?78”’7-”

Ty

are both bijective.

7. Categorical interpretation (several variables case)

We give a categorical interpretation of the (middle) Laplace transform with several
variables, which is useful to prove Theorem GI3.

7.1. Category of meromorphic connections

We set X = (P1)". Let Ox be the sheaf of holomorphic functions on X. We set
MY be the sheaf of meromorphic 1-forms on X. Let €x be the category of meromorphic
connections on X. That is,

YV is a finite dimensional C-vector space and
V:0x®V—= Moo, (Ox®V)

is a C-linear map satisfying

V() =dh®p, v+hV(v) (h€ Ox,v e Ox ®@V)

Ob(¢x) = { (Ox ®V,V)

where we write @c = ® for short. A linear map f : V — V' is called a morphism of
(meromorphic) connections from (Ox ® V,V) to (Ox ® V', V') if the diagram

Ox @V —Yo Mk @0, (Ox @V)

SD\L iid@oXLP

Ox @V —Y s Mk @0, (Ox ®V')

is commutative. Here ¢ : Ox @ V — Ox ® V' is a morphism of Ox-modules obtained
through the isomorphism

f € Home(V, V') 2 Home(CV,CN) (v=cV, v =c)
= Homop , (x)(Ox (X)V, 0x (X))

= HOIDOX (0%7 OX/)
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~ Homo, (Ox ®V,0x @ V') 3 ¢.

In the above, we used the fact Ox(X) = C which follows from the compactness of
X = (PHn.

A linear map V of (Ox®V, V) can be expressed as V = d—€, where Q is an End¢(V)-
valued meromorphic 1-form. Then, we identify %’x with the category of pairs (V,Q)
consisting of a finite dimensional C-vector space V and an End¢(V)-valued meromorphic
1-form Q. The morphisms (V,Q) — (V', ) in €x are linear maps f : V — V' satisfying
Qf = fQ.

We shall also explain the correspondence of meromorphic connections and differential
equations. For a connection (V,Q) € €x, we fix an isomorphism (a basis) V 22 CV. Then
the 1-form € can be expressed as

n

i=1

where Ay, (x) € Mat(N,C(x)). Therefore, the connection (V, ) can be identified with
the GL(N, C)-conjugacy class of the Pfaffian system du = Qu. We call this matrix A, (x)
the coefficient matrix of §2 in x;-direction. For another connection (V', ) € €x, we fix
an isomorphism V' = CN and let {B,, (x)}?_, be the coefficient matrices of Q. Then,
the linear map f : V — V' is to be a morphism of connections f : (V,Q) — (V',Q'), if
and only if the matrix representation F' € Mat(N’ x N, C) of f with respect to the above
two basis satisfies

FA, (z) = By,(x)F  (i=1,2,...,n).

In particular, if the morphism f : (V, Q) — (V/, Q') is an isomorphism of vector spaces,
then the corresponding matrix representation F' is invertible. This means that the Pfaf-
fian system du = Qu can be transformed into dv = Q'v by the gauge transformation
v = Fu.

7.2. Subcategories of €x
Here we introduce some subcategories of €. Firstly, let €' be the full subcategory
of ¥x consisting of flat connections. That is,

Ob(EX) == {(Ox @V, V)|VoV =0} ={(V,Q)]dQ2—-QAQ=0}).
In the following, as in the previous section, take any £ (1 < ¢ < n) and set = = z,.

7.2.1. Category of Pfaffian systems with logarithmic singularities along
hyperplane arrangements

Let S, and T, be two hyperplane arrangements consisting of hyperplanes whose
defining polynomial depends on . We set

To={Hy,...,Hp,....,H)}, Sy={H,...,Hp,... Hs}, (7.1)
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where fp,(j =1,...,p) and fﬁj (j=1,...,p) depend only on z, and fy,(j = p+1,...,q)
and fﬁj (j =p+1,...,9) depend on x and other variables. Then, we define the full
subcategory &, = P, (Tz,S:) as

Ob(P4(Tz, Sz)) = {(V,2) € Ob(¥x) |  satisfies the condition (P)}.

Here the condition (P) is given as follows: there exists a hyperplane arrangement A
satisfying A, = T, such that the 1-form Q can be expressed as

Q= ZAIi (z)dx; = Z Sy, () dx; + Z Apdlog fu, (7.2)
i=1 i=1

HeA

where A, = T,, Ag € End¢(V) and S, (x) are expressed as

Jj=1
J#i
and satisfy
0S,, 0S5y, oo
i A’I"E:A’E’I‘ - = . )
) Arir, = A (& 522 =F2) i#9)

(ii) A, and A, (z € 2’) are diagonalizable,

(iii) If there exists x; € 2’ such that A, N A, # 0, then A, = O for all z € 2/,
(j A
(iv) {z € C" | det(x — S, (x)) =0} C U H;.
i=1

The conditions (i), (ii) and (iii) correspond to (63), (614) and (BIX), respectively. Then,
the category £, (T.,S.) can be regarded as the category of Pfaffian systems of the form
(61) with (632), (EI2) and (EI8). Let 2™ be the full subcategory of &, consisting of
flat connections. Both Z,(T,,S,) and 2™ (T,,S,) are abelian categories.

REMARK 7.1. Two objects (V,Q),(V', Q) € #,,(Tz,,Ss,) are isomorphic if and
only if V = V" as C-vector space and 2 ~ Q' (in the sense of (653)) holds with respect
to any basis of V = CV and V' = C¥. In this case, we write (V,Q) ~ (', Q) by abuse
of notation.

7.2.2. Category of Pfaffian systems of Birkhoff-Okubo normal form
We define the subcategory B, = B,(T.,S:) of P,.. First, we define Ob(%4,,) as

There exists an isomorphism V = CN
Ob(#;) = ¢ V, ) € Ob(Z,) | (i-e., a choice of basis) for some N € Z>¢
such that © satisfies the condition (B)

Here the condition (B) is given as follows: there exists a decomposition of N
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N=N;+---+ N, (NjZO,j:1,2,...,q)

and a constant matrix A € Mat(V, C) such that the coefficient matrix A, (x) of  can
be expressed as

Ag(x) = Sp(x) + (v — Te(x)) LA, (7.3)
where Sg(x) is a diagonal matrix and

aHlle

aqy IN
Ty(x) = P . 7.4
(z) an \ (@)In ., (7.4)

ag, ()N,

If N; = 0, we omit the corresponding diagonal block ap,(z')In, in the block diagonal
matrix. For (V,Q) € Ob(Z,) with ¥V = {0} (corresponding to the case N = 0), condition
(B) is understood to be satisfied, with all matrices appearing therein interpreted as empty
matrices.

For (V,Q), (V', Q) € Ob(A.), we define

Homg, ((V,Q), V', Q) :={f € Homg_ ((V,Q),(V',Q')) | f satisfies (Bmor)},

where the condition (Bmor) is the following: for the basis V = CV and V' = CV’
satisfying the condition (B), we express the coefficient matrices of Q and ' in z-direction
as (I3) and

Ay (x) = Sy (@) + (x — Ty(x) ' 4,
respectively. Then, the matrix representation F' € Mat(N’ x N, C) of f satisfies
FT,(x) =T.(x)F,
FS,(x) = S.(x)F,
FA=AF.

If N=0or N’ =0, condition (Bmor) is understood to be automatically satisfied, with
the usual convention on empty matrices.

7.3. Functors

Here we introduce three constructions corresponding to the three steps of the middle
Laplace transform: extension to the Birkhoff-Okubo normal form, Laplace transform, and
projection onto the quotient space.
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7.3.1. Birkhoff-Okubo extension functor

We define the functor BO® : 2%(T,,S,) — A.(T.,S:). This corresponds to the
extension of a given Pfaffian system to the Birkhoff-Okubo normal form.

For (V,Q) € 2I"(T,,S,), we fix an isomorphism V = C¥ such that the coefficient
matrix of  in z-direction

Ay(@) = S (@) + Z xf—HH (75)

satisfies

aﬁljﬁl

Here N = Ny + -+ + Nq (NJ > 0) is a decomposition of N. If N; = 0, we omit the
corresponding diagonal block a a, ("I N, in the block diagonal matrix. Then, we define
the Endc(V9)-valued 1-form BO®(Q) by the matrix representation

BO™(Q) =Y A, () da;,
1=1

by (6233). Namely, A, (x) is defined by the right-hand side of (6228), that is,
Ap(@) = So()® + (2 — Tu(w)) ' A
where S, (z)®? and T} (x) are given by (22d) and (E23) respectively and
A=A—In.

The other coefficient matrices Z% (x) (i # £) are defined by the coefficients of the right-
hand side of (6234). Then we define

BO®(V,Q) == (V1, BO*(Q)).

By definition, it holds that BO*(V, Q) € Ob(%,).
For f € Homgu: ((V,Q),(V',Q)), we define the linear map BO*(f) : V* — (V')
by

f
BO*(f):= %= | :
f



Mziddle Laplace transform and middle convolution 59

Then it is easy to check that the map BO*(f) is a morphism from BO*(V,Q) to
BO*(V', ) in By(Ty,Sz) (cf. Lemma B32).

DEFINITION 7.2. We call the functor BO®™ : 2I(T,,,S,,) — Pa,(Tay,Ss,) the
Birkhoff-Okubo extension functor in xy-direction.

7.3.2. Laplace transform functor

We first introduce the operation L®, which corresponds to the Laplace transform
for Birkhoff-Okubo normal forms. On objects, it sends a connection in %, (7z,S;) to a
connection in %, (S;,—T,). Here we recall that —T, = {o(H) | H € T} and o(H) is
the hyperplane defined by the polynomial fo (g := (fu)e(z + am).

To describe the operation L*, we consider the Laplace transform of the linear Pfaffian
system whose z-equation is in Birkhoff-Okubo normal form. For (V,Q) € B,(T;,Ss),
we fix an isomorphism (a basis) V = C¥ satisfying the condition (B); that is, we assume
the coefficient matrix A, (x) of  in z-direction is given in the form (3). Then, let us
consider the Pfaffian system

du = Qu (7.7

and the Laplace transform in z-direction. We shall prepare some notation. From the
definition, the coefficient matrix A, (x) can be expressed as
S\

A(e) = Su(a) + (o~ Tufa)) " A= Sufa) + 3

where A is a constant matrix, T, (x) is given by (), and S, (x) is a diagonal matrix.
We divide the matrices S;(x) and A as

St (z)

Ay A oo Ay

@ Aor Az -+ A

Si(@) = e S N

Sp1(@) : : :
Ap Az o Agq
Sq (@)

where S7(z) is an N; x N; diagonal matrix (j =1...,¢) and A;; is an N; x N; matrix

(1 <i,7 <¢q). Then, the matrix Ay, (1 <i < gq) can be expressed as

0

We take any y € 2’ = {x1,...,2,} \ {z} and consider the y-equation
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ou
) = @)+ 3

HeA,

Ag

y—bu

of (7). We also divide the matrices S, () and {Ax}uca, as

Shi(@) Sty(e) - Si(x) AR AR AT
Shiz) Shie) - Sk A a o all
Sy(x) = : : : A= : :
Sih(x) Sp(x) -+ S () AH 4B opH

where Slyj(m) and Ag are N; x N; matrices (1 < 4,5 < g). Lastly, we also divide the
vector u as

u:t(ul,...,uq),

where the size of u; is N; (1 < i < ¢). Then, we consider applying the Laplace transform
in z-direction (B230) for the Pfaffian system (IZ7). Set

v="(vy,... JVq), v = L%(u;).

Then, the z-equation of the Pfaffian system is transformed into

ov ~
Py Az (x)v,

where A, (x) is given by
Ag(x) == —Tp(x) — (x — Sp(x)) L (A+1). (7.9)

On the transformation of y-equation (C8) (y € ), in a similar way to Proposition B3,
we can show the following.

PROPOSITION 7.3. By the Laplace transform in x-direction (B234), the y-equation
(R) (y € «') of (ICA) is transformed into

8?)2' 0

q
7]
Y g _ , Yy
3~y = ST —em)li+ 3o +

Sz !
S (o= ST (@)Y Al
y k=1

(7.10)

q
+ Z 1 ZAZUJ (7;:17'-"(1)'
7j=1

y— by
Y

Here we set

Al Al e Al
PRI B
Ap Ap o Ay
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Summarizing the equations (ZI0), we have the y-equation

ov -
3y Ay(x)v (7.11)

of the Laplace transform of ([Z2) in z-direction.

REMARK 7.4. The inverse Laplace transform is omitted, as it can be considered in
the same way as the Laplace transform.

We are now ready to define the operation L*. For (V,Q) € %.(T:,S:), we fix an
isomorphism V = CV satisfying the condition (B); that is, we assume the coefficient
matrix A, (x) of Q in a-direction is given in the form (IZ3). For this connection, we set
the Endc(V)-valued 1-form L*(€2) by the matrix representation

L*(Q) =Y A, () da,
1=1

where A,,(z) = A,(x) is given by () and the other coefficient matrices A, () (i # )
are defined by the coefficient matrices of the right-hand side of (ZI1). Then, we define

L*(V,Q) = (V,L*(22)).

Note that (V, L*()) is an object of #,(Sy, —Tz)-
For f € Homg, (7, s,)((V,Q), (V',Q')), we define the linear map L*(f):V — V' by

L*(f) = .

Then it is easy to check that the map L*(f) is a morphism from L*(V,) to L*(V', Q)
in By(Sz,—Tz)-

We define the operation L~ in the same way. That is,
LW, Q)= (V,L7*(Q), L7°(f):=/,

where L~7() is the End¢(V)-valued 1-form defined by the matrix representation corre-
sponding to the inverse Laplace transform of du = Qu in z-direction.

Now we define the functors corresponding to the (inverse) Laplace transform for
linear Pfaffian systems in Definitions 64 and B12. Let I : $, — £, denote the inclusion
functor. Then, from Remarks B and B, we can verify that the connections I o L* o
BO*(V,Q) and IoL~%oBO*(V, Q) are both flat for any (V, Q) € 2I"(T,,S,). Therefore,
the compositions I o L¥ o BO* and I o L™ o BO" define the functors

PN Ty Se) = PNSes—Ta)y P (Tar o) = 2 (=82s T),
respectively. Then, we define the (inverse) Laplace transform functor as follows.

DEFINITION 7.5. We define the Laplace transform functor in x-direction L* :
y;nt(ﬁvsﬂc) - f@glgnt(swa —T.) by
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LY =10 L* o BO”.
For (V,Q) € 21T, S,), we write
L2V, Q) = (VI,L7(Q)).

Similarly, we define the inverse Laplace transform functor in x-direction L%

PN (T, Sz) = P(=85,Ta) by
L7 :=ToL "0 BO".
For (V,Q) € 2I"(T,,S,.), we write
LW,Q) = (V9 L77(Q).

REMARK 7.6. (i) The 1-forms £%(Q2) and £L~*(Q) are given by (628) and (E53),
respectively.

(ii) The functors £** are both exact. This can be verified in the same way as in
Proposition B8 (the one variable case).

7.3.3. Middle Laplace transform functor
For (V,Q) € 2I"%(T,,S,) with (2), we set the subspace K, of V7 as

q
Ky = @KerAHi, (7.12)

i=1

which corresponds to (624). The subspace K, is invariant under the action of the 1-form
L£7(£2), which can be checked similarly in the previous section. Hence, we can take the
restriction and the quotient:

KEWV, Q) = (K9, L5 (Q)|kg ), MLV, Q) := (VI/KS, L7(Q)vaics,)-

Since K, is also invariant under the action of the 1-form L£7%(f2), we can take the
restriction and the quotient:

K=oV, Q) o= (K5, L75(Q)[kg ), MLTHV, Q) := (VI/KS, L7(Q)vaics,)-

We note that K% and ML” (resp. K~ and ML *) are the functors from Z"(T,.,S,)
to Z(Se, ~To) (resp. Z3(=5:.To)).

DEFINITION 7.7. We call the functors ML** and ML~ the middle Laplace trans-
form functor in x,-direction and the inverse middle Laplace transform functor in x,-
direction, respectively.

REMARK 7.8. The 1-forms £%(Q)|ya ks, and L7%¢(Q)[ya, kg, are given by ML ()
and ML™*(Q) in (6B28) and (E5d), respectively. Hence, we write L£%()[|ya s =
ML (Q) and L77(Q)|pa kg, = ML (Q) by abuse of notation.
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REMARK 7.9. ML" can be interpreted as follows. Since the inclusion map ¢ :

K3 < V7 induces a morphism in Z(S,,, —Ts,), then we obtain an exact sequence

0 —— K*(V,Q) —— L£%(V,Q) —— Cokerr — 0

in 2(S,,,—T,,). Then, we have ML (V,Q) = Coker ¢. Similarly, we obtain an exact
sequence

0 —— K*(V,Q) —— L7(V,Q) —— Cokerr — 0

in Z(-S8,,, Tz,)- Then we have ML™(V, Q) = Coker ¢.

8. Inversion formula and irreducibility (several variables case)

Retain the notation of the previous section. In this section, we show Theorem GT3.
First, we introduce the notions of irreducibility and exceptionality for connections.

DEFINITION 8.1. Let (V,Q) € 22(T,,,S,,) be a connection with V # {0}, whose
1-form € is of the form (I2).

e We say that (V,Q) is irreducible in x¢-direction if there is no
(Az, {Az,a; tize: {An t e a,,)-invariant subspace of V except V and {0}.

o We say that (V,Q) is exceptional in x-direction if dimV =1 and Ay = 0 for all

H € A,,. Otherwise, we say it is non-exceptional in z,-direction.

Clearly, a connection (V,Q) € #;"(T,,,S,,) is irreducible and non-exceptional in
x-direction if and only if the corresponding Pfaffian system du = Qu is irreducible and
non-exceptional in z,-direction (Definition G14).

REMARK 8.2. As in Remark B3, if a connection (V,Q) € 22(T,,,S,,) with the
1-form € of the form (I72) is irreducible and non-exceptional in z,-direction, then it holds
that

ﬂ Ker Ay NKer(A4,, +¢z,) N m Ker(Agye; + Coe;) = {0} (Veu,, Caper, € C),
HeA,, Jj#L
(xe)

> ImAg +Im(Ag, + o)) + Y Im(Agye; + Cope,) =V (Veays Capa, € C). (k)
HeA,, j#L
Then, Theorem BT3 can be rephrased as follows.

THEOREM 8.3. Suppose that (V,Q) € P2(T,,,S,,) is irreducible and non-
exceptional in x-direction. Then the following hold.
(i) ML o MLV, Q) ~ (V,Q) and ML o MLT*(V, Q) ~ (V,Q).

(i) Both ML (V,Q) and ML **(V,Q) are irreducible and non-exceptional in x,-
direction.
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Here the symbol ~ means isomorphic as connections (see Remark [71).

We note that the above statement (ii) is essentially the same as the statement of
Theorem B33 (ii). Therefore, in the following, we shall only show the inversion formula
(Theorem B3 (i)).

8.1. A proof of inversion formula

This subsection is devoted to proving the inversion formula (Theorem B3 (i)). We
only show the statement ML™* o ML (V,Q) ~ (V,Q). Take any ¢ (1 < ¢ < n)
and write o = . We set T, and S, as in (). Suppose that (V,Q) € 2I(T,.S,)
consisting of an N-dimensional vector space V and a 1-form of the form ([2) is irreducible
and non-exceptional in z-direction. Let S, be the subarrangement of S, such that

{z e C"|det(z - S.(x)) =0} = | J H.

Hes!,

Then we have (V,Q) € 2I"%(T,,S.). Since S, C S,, the category 2(T,,S”) is a full
subcategory of 2(T,.S,). Therefore, for the proof of the inversion formula, it suffices
to prove the assertion after replacing S, by S.. After this replacement, using the same
notation S, = {ﬁl, - .,I;[q}, we may assume in ([Z8) that Nj >1forall j=1,2,...,4.

Our goal is to show the existence of the isomorphism ML™*(ML*(V,Q)) = (V,Q)
as connections. The strategy of the proof is essentially the same as in the one variable
case. Nevertheless, for completeness, we provide a brief explanation.

First, we shall describe (V,) as a quotient connection of £L~*(L*(V,)). In the
following, we fix an isomorphism (a basis) V =2 C¥ as in Section [Z3T, i.e., the coefficient
matrix A, () € Mat(N, C(x)) of Q in z-direction is given by (3) with (H). Then, by
definition of

L7HL7(V, Q) = (V)T L7(L7(Q))),

we can fix an isomorphism (a basis) (V)7 22 (CN9)7 such that the coefficient matrices of
L7*(L*(§2)) are obtained by iterating the procedures explained in Sections 61 and 62
for Q (The actual form of the coefficient matrices will be given later).

Then, we define a linear map ¢ : (V9)? — V as follows: for v = (v1,...,v4) € (V)1
with v; = *(vf,...,vl) € V7, we define

q q
p(v) =Y En, > Anvi. (8.1)
i=1 j=1
This map is an analog of the linear map (E=2) introduced in the one variable case. Then,
a natural generalization of Proposition B holds.
PROPOSITION 8.4. The linear map (BA) defines a morphism of connections
©: LTELTV, ) = (V, Q). (8.2)

The proof of this proposition is a bit lengthy, so we postpone it to Section E2. By
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using (gx7), in the same way as Lemma B, we can show the following.
LEMMA 8.5. The linear map (B) satisfies
Kerp =K', Imp=V.
Here

v1 vi ="'(vl,...,v)) € VI satisfies

r= : )4 - ‘ j j
j=1

Vg
As a consequence of this lemma and Proposition B4, we have the following.

COROLLARY 8.6. The connection K'(V,Q) := (K', L7=(L*(Q))|x) is a subconnec-
tion of L7F(L*(V,)), and the morphism (B2) induces the isomorphism

¢ LTHLYV,Q)/K (Y, Q) = (V, Q).

Here we note that

e v v = (e @] ).

To show L77(L*(V,Q))/K'(V, Q) ~ ML (ML (V,)), we prepare a lemma con-
cerning the expression of K’. This can be shown in the same way as in Lemma EZ2, by
using (E2).

LEMMA 8.7. The vector space K' in (B3A) can be expressed as

U1
K=< :|ev)?| Bgueky (i=1,....9

Vg
where By and K3, are given by (642) and (CI2), respectively.

Let us show L77(L7(V,Q))/K'(V,Q) ~ ML (ML (V,Q)). To do this, we first
construct a morphism from £-*(L*(V,Q)) to L=*(ML*(V,Q)). Let f. : L2V, Q) —
MLV, Q) be a quotient morphism. It is nothing but the quotient map from V¢ to
V?/K3, as a linear map. Then, by definition, we see that the morphism f := L£L77(f,)
from £7%(L*(V,Q)) to L7¥(ML¥(V,Q)) is given by the linear map

fr V)T = (V1/K5)
w w

U1 U1

Vg Vg
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We shall construct a morphism f’ from £7%(L*(V,Q))/K'(V,Q) to MLT(ML*(V,)).
Let m: L7*(ML*(V,Q)) = ML (ML (V,)) be the quotient morphism. As a linear
map, the quotient morphism 7 is nothing but

7 (VI/KH)T — (V1K) @KerBH,

where B 7, are the coefficient matrices of ML"() in (648). Therefore, the composition
mo f: LTT(LT(V,0)) = MLTT(MLT(V,Q)) is given by the linear map

o f: (VDI — (V1K) @KerB

% UJ

v 01 + Ker By,

: — y v; = v; + IC‘I)
Vg vg + Ker Bﬁq

For v,w € (V)7 satisfying v — w € K', it can be easily checked

(mo f)(v) = (7o f)(w)

by using Lemma B=. Hence, the linear map 7 o f induces the linear map

e (VOIK — (V1K) @KerB

w U)
v v1 + Ker BH1 (8.4)
|+ K- : , o Ui =i + K5
Vg Ug + Ker Bﬁ@

We can easily check that the linear map f’ becomes a morphism from
L72(L*(V,Q)/K'(V, Q) to MLTF(ML¥(V,Q)) and the diagram

L7(L5(V, Q) —=— L7(L%(V, Q) /K (V,Q)

i |7

LML (V,Q)) ——s ML (MLE(V,Q))

is commutative. Here 7’ denotes the quotient morphism. Then, in the same way as
Proposition B8, we have the following.

PROPOSITION 8.8. The linear map f' in (84) is bijective.

As a consequence, we have an isomorphism of connections
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Go(f)yt i MLTHMLE(V,Q)) == (V,9Q),
which shows ML™" o ML (V, ) ~ (V,Q), as desired.

8.2. Proof of Proposition B4
This subsection is devoted to the proof of Proposition B4. For the connection
L72(L*(V,Q)), let

n

LTLY(Q) = G, (x) da; (8.5)

i=1

be the matrix representation of £7%(L£¥(Q)) with respect to the fixed basis (V7)4 =
(CN4)4 at the beginning of Section Bl Then, our goal is to show

po Gy, () =Az,(x)op (i=1,2,...,n). (8.6)

By iterating the Laplace transform £* and the inverse Laplace transform £7% for the
1-form Q, we have

q
Gy,
Gz(w) =Gy + Z Gzzz"_z - _F; y
Z€a! i=1 H;
where
(ZHquN
a 7 IN
Gx = Hp™d 3
a[IMl(O)IqN
g, (O)IqN
O4n
Oyn
Ga:z = ! s 8.7
(ag,.)Tay ®.7)
(ag,)=Ign
o . On On -+ On
Gi G - G - -
Gl 7 .. G’LA 4 : “ e e :
GHi = ! 2 : ? R G; = E‘N].AH1 .EN],AH2 ENjAHq (2(88)

Then, by a similar calculation with the proof of Proposition B, we have the following.



68 S. ADACHI

PROPOSITION 8.9. The linear map (B) satisfies
(i) o Go=Ag00p,
(ii) p0Gy, =Az.0p (z€a),
(iti) poGu, =Am,0p (1<i<gq).
Therefore, we see that (88) with ¢ = ¢ holds.

We proceed to consider the commutativity on other variables: we choose any y € '
and shall show that

poGy(w) = Ay(x)op.
The expression of Gy (x) is quite different whether there exists an x, € 2’ such that
Az N Az, # 0 or not. Hence we divide the proof into two cases:
Case 1: There exists an zj € 2’ such that A, N A,, # 0.
Case 2: A, N A, =0 for all z, € 2.

8.2.1. Casel
In this case, from the assumption (6I8), we can assume A,, = O for z € 2’ (Namely,
p = G). Then, the y-equation of (62M) is given by

v By +2By: + Z By.z + Z = + Z 2 v, (89)

ay zex! q-‘rlSery_ij 1<k<lI<q y_CHkHl
HjeAy HiECh,,,y
where
Ay
A,
B, = Yy ’
! Ay + (aHp+1 )yAx
Ay + (qu)yAz
On
By, = — On
yx (aHerl)yIN
(qu)yIN
A?JZ AH].
By- = , Bu, = ; (8.10)

Ay, An
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A, —Agq, (k
B,
N (8.11)
k l
Now we set
Ao — (kl)1§k<l§q7Hlech,y N
O\ e, # b, forall g +1 < j <rsuch that H; € A, [/

where

k)~ K1) E cum = CH, Hy -

Then, the equation (B9) can be expressed as

oV ©
Gy = | Bt eBut X Bust 3 s 3 ey
Y zea! gri<j<r Y b [(k,1)]€A0 Hr
H;cA,
where

CHj :BHj + Z By, Aj = {(kvl)

(k,1)eA;

1<k<l<q, HleCHk,y}
cHH, = b,

forg+1<j<rand

Clen) = D, Buu
CABTE)

for [(k,1)] € Ao.
By applying Proposition B10, we obtain the coefficient matrix of (83) in y-direction:

=Gy+ Y Gzt Y. + ¥ F[(kz)

— —C
z€a’ pH1<k<q y—bu, Hk < [(k,D]EAo HiH,
HieA, Hj;cA,

where Gy, (p+ 1 <k < q) are given by (88) and
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By + ag, Bya,J Byz
Gy = 5 Gyz = )
By + aﬁﬁByw Byz
Ch, Clik.n)
Fu, = AT :
Ch; Clek.n)
Since we have already shown
poGu, =Amg,op (p+1<k<gq),
it suffices to show
poGy=Ayo0, (8.12)
@ o (Z Gyzz> = (Z Ayzz> ° g, (813)
zex! zex
poFy, =Ag,0p (¢+1<j<rsuchthat H; € A)), (8.14)
@ o Fieny =0 ([(k, D] € Ao). (8.15)
Let v = *(v1,...,v3) € L77(L%(V)) with v; = *(v],...,v}) € V? and
w1 (By + ag, Byw)vl
w=| : =Gy = :
Wp (By + (IH(2 Byw)’l}f,
Then, we have
w; = (By =+ aHiByx)vi
Ay
vi
_ Ay vz
Ay + (aHp+1 )y(Ax - a]f[@)
Vg

Ay + (an,)y(Az — aHi)

Therefore we have

(poGy)(v) =p(w) = ZENi ZAHJ'AZ/U;‘ + Z Ag{Ay + (am,)y(Ar — aﬁi)}v;-

j=1 j=p+1

From the conditions (E13) and (EY), we see that [Ay,,Ay)] = O (j = 1,...,p) and
[Am;, Ay + (am;)yAe] = O (j =p+1,...,q), respectively. Then, we have
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P

(pOG Z ZA AHU + Z {A —|— aH ( aﬁi)}Avaé

=1 j=p+1

M@»

j=1
q .
Do AyA v+ Z am,)y(Az — ag ) Au,vj

=1 7j=1 =p+1
The condition [A4,, A,] = O coming from (622) and

CLI:hINl )
A, = = Za’ﬁiEN’i
a}},;[Nﬁ =
imply [En,,Ay] = O for i =1,...,p. Hence, we obtain

q

(poGy)(v)=A ZEN ZAH +ZEN Z aHj)y(Aw_aHi)AHjU;'

j=p+1

Now we notice that the i-th diagonal block of A, —ap is Oy,, and hence En, (Az —ay ) =
O. Therefore, we obtain

(poGy)(v) = Ay Y En, Y Au,v) = (Ay 0 9)(v),
i=1 j=1

which shows (B12).
We shall show (8T3). By a direct calculation, we obtain

(QOOGyZ ZEN ZAH yzv

for z # x,y. From the conditions (E10) and (E14), we have [Af;, A,.] = Ofor 1 < j <gq.
Furthermore, the condition [A;, A,.] = O coming from (63) 1mphes [En,, Ay.] = O for
1 <4 < p. Combining them, we obtain

(SDOGyz AyzZEN ZAHij = yz @)(U)v

which shows (BT3).
We proceed to show (BId). By a direct calculation, we have

CHJ-'UI
FHj’l) =

CH].U@

and
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On
.y Amlh =) [
CHjUi: BHj+ Z BHM V; = + Z ' = :
(k.D)EA; Ap,vi)  (DEA; AHk(—?fZ +up) | ( wi

On

Then, we obtain
P q ‘
(poFu,)(v) = En, > Am,w,

P q
= ZENl Z AHm AH]’/U:n + Z AHl (v:n - vll) + Z AHk(_Ulic + 'U:n)

i=1 m=1 (m,l)eA; (k,m)eA;

p q

i=1 m=1

+EN, ¢ Y Ap, A (v, —v)+ > Ap,Ap, (—vi +l,)
(myl)eN; (k,m)EA;
(8.16)
To proceed with the calculation, let us recall the Pfaffian system (EZH). From the
completely integrable condition for (628), we have

[Bg,,Cu;] =0 (1<i<p, ¢+1<j<rsuchthat H; € A).

By using (622), (B&00) and (BI), this condition can be expressed as

[En. Ay Anyl BN, Ay Any] -+ [EnAn,, An)
[ENiAH17AHj] [ENiAH27AHj] [ENiAHq’AHj]
O - ENi[AHk7AHl] ENi[AHHAHk] e 0
+ : : : :
(kDer; \O -+ En[Apm,,Am] -+ En[Am,Am] - O
k l
= 0.

Picking up the m-th column (1 < m < g), we obtain
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[Ex A, Aw)+ Ex, | Y. [Au.Aw)l+ Y [Au,., Aw]| =0
(m,l)eN; (k,m)€eN;

for 1 <i<pandqg+1<j<r. By using this, we see that (818) is reduced to
((P © FHj)(v) :(AHJ' © 90)(1))7

which shows (B14).
Lastly, we shall show (BT3). Take [(k,1)] € Ap and consider

On
% @ / X
Clik,n1v1 Am, (v —vp) | (B wi
Fiev = : s Clenvi = Z 3i ) / =: :
CliknV% (b )elkD)| Amy, (v +op) | (1 wi
On
Then we have
P q
(o Fluea)(®) =Y En, Y An,wi,
i=1 m=1
p q 4 . 4 '
=> En, Y _ Ang, S A, Wl —vi)— > Ag, (v —v),)
i=1 m=1 (m,1")€[(k,1)] (k' ,m)€e[(k,1)]
(8.17)
Here, we focus on the second term on the right-hand side:
S Au, D A, (v —vi)= Y Aw, Au, (vj, —0l,)
m=1 (k',m)e[(k,D)] 1<m<q
(K m)€[(k,D)]
- Z AHmAHk/(,U;;:/ —Ufn)
1<m<gq
1<k’<m

CH, ) Hpm =CH} H;

= AHmAHk,(’Uk/ —Um).
1<k'<q
k'<m<q
CH, s Hm =CHH;

Since ¢y, u,, = cH,,H,, holds, we can exchange k' <+ m in this sum and obtain
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q
7 3 7
) A, > Am,, (v —vp,) = ) Ap,, An,, (v}, — Vi)
m=1 (k' m)€[(k,m)] 1<m<q
m<k'<q
CHyn H,, =CH} H,

q
= Z Z AHk,AHm(’Ufn—'U;C/).

m=1(m,k")€[(k,)]
Substituting this into (ET2), we have
P q
(2 © Fi)( Z Y > (A Ar (), = o). (8.18)
=1 m=1(m,0)e[(k,D)]

From the completely integrable condition of the system (EZ8), it holds that

> [Bg.Bu,, =0 (1<i<p).
(K7, 17)El(k,D)]

From (B22) and (ET), we have

O ENi[AHl/7AHk/] ENi[AHk/7AHl/] O

> By.Bu,l= Y. : : : :

(k1) €E[(k,D)] ek \O -+ En,[Apn,,An,| - Enx](Awn,,An,] -+ O
* i

=0.
Then, by picking up the m-th column, we have

> EnlAm,,An,)+ Y. EnlAn,,An,]=0 (8.19)
(m,l")€[(k,1)] (k" m)€[(k,1)]
for 1 <i<pand1<m<gq. Here (RIR) can be expressed as

q q

((pOF[ kl)] ZEN1 Z Z [AHmaAHl/ Z Z [AHm’AHL/]Ul’

m=1 (m,l")e[(k,l)] =1 (m,l")€[(k,1)]

By using (BTY9) for the first summation on m, we obtain

q
(¢ 0 Fiay) (v) Z Z ST [Any Anloh - [An,,, A, vb

i=1 m=1(k’,m)€[(k.})] m=1(m,l")€[(k,})]

As in the above, we can change the order of summation and exchange the index k' <+ m.
Then we have
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q q
> Ay An v =Y Y [Aw,, An i

m=1 (k' ,m)€[(k,1)] m=1(m,k")€[(k,1)]
Hence, we have

q q

b
(o Fiy)@) =Y _Ex,{ > > EnlAn,, An,lvi — [Am,.. Ar, Jvp
1 m=1(m,k’')€[(k,1)] m=1(m,")€[(k,l)]

8.2.2. Case 2

In this case, the polynomial fy with H € A, does not depend on other variables.
Namely, it holds that ay € C for H € A,, i.e., p = q. In particular, since the polynomial
fu with H € A, does not depend on z, it holds that by € C[a”] for H € A,.

Then, the z-equation (62) of the Pfaffian system (628) is written

ov a By
— = | B, —t 2
o ( 1+Zx_aﬁ. v (8.20)
=1 i
with
am, En,Am, -+ En,Agm,
B, = — , By =-— : (1<i<q).
am, En;Ay, - En;Aq,
(8.21)
Here we note that Ugyse-s g € C and ag, -0, € C[2']. From Proposition B3,

the y-equation of (628) is given by

ov By, By,
z€x’! q+1<5<r i p1<k<q H,
HJEA?J I:IkEBy
where
Ay + aHley Ayz

By = .. ; Byz = y

Ay + (alAxy Ayz
AH].
By, = (¢g+1<j<rwith H; € A). (8.23)
Ap.

J

Let us consider the inverse Laplace transform. Applying Proposition B10 to the Pfaffian
system (B28), we obtain the coefficient matrix of (8H) in y-direction:



76 S. ADACHI

Gu. Gy
Gy(@) =Gy + Gy + > Gzt > % oY e (320)
zez! q+1<j<r y Hi  1<k<i<q Yy Hy H,
H;cA, ﬁlecﬁk,y
where
B,
G, = By
- By + (aﬁﬂl)sz ’
BZI + (qu)yBx
OpN
Opn
Gyo = ’ : 8.25
" (aﬁﬁﬂ)y pN (8.25)
(aﬁlq)yIpN
By. GH,
Gyz == 5 GHJ' = ,
Byz GHj
BHL _BHl (k
G

Here we set
Cp, ., = {H € B\ {H} | (ag —ag ), # 0}

by abuse of notation. We note that (823) is the same as (B) with z = y. As in Case 1,
let us rearrange the equation (B24). By abuse of notation, we set

1<k<l<q, Hlecm,y}

Cr i, = bH,

Aj = {(k, l)

Then we have
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FH- (&P
N D =
z€x” g1<j<r 7 VM 1<k<I<g Y= Ch.m
Hj E.A’y ﬁlecﬁk,y
Cl:lkgl:,éij for all g+1<j<r
such that H;€A,

(8.26)
where

Fu,=Gu,+ Y, Gp,. (8.27)

(k,1)EA;

Moreover, we set

N o= {(k, 1)

1<k<l<g, HeCy N
cﬁkﬁl;ﬁij for all ¢ +1 < j <r such that H; € A, T
where

def

(k,l) ~ (k/,l,) ~ ChH, = CI:ILI;T,’

For each [(k,1)] € A/, we take a representative (k,l) satisfying

(k,) ~ (k1) = 1<I. (8.28)
For such (k,1), we set
Fago= >, Gy, (8.29)
k<l <§
fll/ ECQk,y

Sy Ay, =C,

and define

Fyg. -

M=

Fliray =

=

=1

(k1) E[(k,1)] with (EZ3)

=

Then we can express

> G, Fiae)

— Cp —CH A
1<k<I<§ Y A (kD] A" ! e
Hlecﬁk)y
Cﬁkﬁl;ﬁij for all g+1<j<r
such that H;€A,

Then, the y-equation (EZ8) can be expressed as

Gy(w):Gy+Gyzx+ZgyzZ+ Z Fy, " Z Pl

— ) _CA A :
z€a’ ati<i<r Y TP qwprens ¥ T Ol
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Since poGy, = Aygop has been already shown in Proposition B9 (note that A,y = Ays),
it suffices to show

poGy=A,00¢, (8.30)
© (Z GM) = (Z AyzZ) o, (8.31)
zex" zex!
poFy, =Ag,0op (¢+1<j<rsuchthat H; € A,), (8.32)
@o Fira =0 ([(k,1)] €A'). (8.33)

We shall show (B30). Let v = '(v1,...,vg) € L77(L*(V)) with v; = (v],...,v}) € VP
and

wq By,

_ B.vs
Wp yUp

w = =G, v =
Wit Yy {By + (aH,;+1)yBr}Uﬁ+l
Wq {By + (aﬁ@)wa}Ud
Then, we have
Ay + ap, Azy Ui
w; = Byv; = :

Ay +CLHpry v
for 1 <i<pand

w; = {By + (aﬁ%)yBx}’Ui

Ay +ap, {Azy — (aHi)y} Ui
Ay + ap{Azy — (aH)y} V5

Ay +am, {Acy — (aHi)u} U;
for p+ 1 < i < ¢q. Hence, we have
P P _ q P _
@(w) = ZENi ZAH] (Ay + aHjAIy)U;’ + Z ENi ZAHj {Ay + af; (AIZ/ - (alfll)y)}vé
i=1 j=1 i=p+1 j=1
By (613) and ag, € C, it holds that [Ag,, Ay + am;Azy] = O for 1 < j < p. Then we

have

p P
p(w) = ZENi Z(Ay+aH v)AH, vj—&— Z En, Z{Ay+aH zy—(am)y)}Ava;-.

i=1 j=1 i=p+1
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From
On,
On,

Apy = i , 8.34
i (aﬁl;+1)yINﬁ+l ( )

(ag,)yln,
we have En, Ay = O for 1 <14 < pand ENi{Azyf(am)y} = O for p+1 < i< ¢. Hence,
we obtain

q P
p(w) = ZEN ZAyAva;.
i=1 j=1

Here we prepare a lemma.

LEMMA 8.10. Under the assumption (614) (hence Ay and Ay are diagonalizable),
1t holds that

[Ay7 Az] =0, [AyaAa:z] =0 (Z S m//)-
PrOOF. Firstly, we shall show [A4,, A,;] = O. From (E11), we have
HeAsNA, HeA,

Define the linear map ada,, : Mat(N,C) — Mat(N,C) by ada,,(A) = [Asy, A]. Then
(B=33) implies [A,, A;] € Im(ada,,). On the other hand, by the Jacobi identity,

[Azy, [Ay, As]] = [[Az, Axyl, Ay] + [Aa, [Ay, Agy]]- (8.36)

By (68), we see that [A,, A,y = O. Moreover, by applying (E8) also to the interchanged
pair (y,z) and using A,, = Ay,, we have [A,, A,y] = O. Then, the right-hand side of
(B30) vanishes and hence [A,, A;] € Ker(ada,,). Therefore,

[Ay, A;] € Ker(ada,,) NIm(ada,, ).

We claim that Ker(ada,,) N Im(ada,,) = {O} under the assumption. Let E;; = Ez(jN)
denote the standard matrix unit. For clearly, we denote (B=34) as A, = diag[A1,..., An]

specifically for this proof. Then we have

Take A € Ker(ada,,) NIm(ada,,) and write
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A= Z aijEij (aij S C)

1<i,j<N

From A € Ker(ada,, ), we have

zy

adAzy (A) = Z (>\z — /\j)aijEij = O
1<i,j<N

and hence (A\; — Aj)a;; = 0. Therefore we have a;; = 0 for (4, ) such that A; # A;. On
the other hand, since A € Im(ady,,), there exists M = 37, _, ;- y my;Ej; € Mat(N,C)
such that ad,, (M) = A. This implies

> N=N)myEy = Y ayEy
1<ij<N 1<ij<N

and hence (A;—\;)m;; = a;j. Therefore we have a;; = 0 for (¢, j) such that A; = A;. Thus
a;j =0 for all (i, ), i.e., A= O. This proves the claim and follows that [A,, A,] = O.
Next we shall show [A,, A;.] = O. From (63), we have

[Ayv AIZ] = [va AyZ]

for any z € 2”. This means that [A,, A,.] € Im(ada,). On the other hand, by the Jacobi
identity,

[Az, [Ay, Az:]] = [Aaz, [Ay, As]] + [Ay, [As, Aaz]]. (8.37)

Here we recall that [A,, A;] = O, which we proved above. Moreover, applying (68) to the
pair (z, z), we have [A;, A;.] = O. Therefore, the right-hand side of (837) vanishes. This
means that [A,, A;.] € Ker(ada,). Therefore, [A,, A;.] € Ker(ada,) NIm(ady,). Since
A, is diagonal, the same argument as above shows that Ker(ad 4, )NIm(adas,) = {O}. O

Lemma B0 and (E20) imply [A,, En,] = O for 1 <4 < §. Hence we have

(poGy)(v) = p(w) = Z (Ay 0 p)(v),

I M@

as desired.
Next, we shall show (BZ3). For z # x,y, we have

i p
(poGy.)(v ZZENiAHJAyzU§~
i=1j=1

Here, from the completely integrable conditions (610) and (614) for (628), we have
[By:, By ] = O (1 < i < ¢). This implies [En,Ap;, Ay:] = O for 1 < i < ¢ and

1 < j < p. Therefore we have
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(poGy:)(v) = Ay, Z Z ENiAHjU; = (Ayz 0 p)(v),

i=1 j=1
as desired.
Next, we shall show (832). We write F,v = (w1, ..., wg) and w; = ‘(wi, ..., w}) €
VP. From (B27), we have
w; = Bp,v; + Z By (vi —u) + Z By, (—vk +v;)
(i,0)EN; (ki)EN;
for 1 <4 < ¢ and hence
wh, = Al + > Y EnAm, (v —vi)+ > Y En,An, (vE—vl)
(i,1)eN; n=1 (k,i)en; n=1
for 1 < m < p. Therefore we obtain
q P
SD(FHJv) = ZENZ Z Aanw’ll”ﬂ
=1 m=1
q p _ p _
=2 D EnAm, S Amvn+ Y D ExAm, (v, —v;) (8.38)
1=1 m=1 (i,l)eAj n=1
p .
+ > > EnAn, (vf — )
(ki)eA; n=1

To proceed with the calculation, we give a lemma which comes from the completely
integrable condition for (EZH).

LEMMA 8.11.

p
[AH_,»aENiAHm]‘i’ Z Z(ENiAHnENl *ENlAH,,,EN,;)AHm =0 (839)
p+1<1<g, n=1
cq, i, =bH;

for1<i<p,q+1<j<rwithH;eAy,, andl <m <p.

p
[Am, En,Am, |+ > Y (En,An,En, — En,An,En,) An,, = O (8.40)
I:Ilecﬁi,y n=1

S, =0H;
forp+1<i<q,q+1<j<rwithH; € Ay, and 1 <m <p.

ProoFr. Using (B20), (8222), we compute the completely integrable condition for
(6213). Then, from the condition (BTH) we have
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By,.Bu,+ >, By|=0
PF+1<I<q
€, i, =bH,
for 1 <i<p, ¢g+1<j<rwith H; € A,. Substituting (821) and (B23) into this
identity and then extracting the m-th block column (1 < m < p), we obtain (E=39).
Also, from the condition (6I1), we have

Bﬁi’BHJ' + Z Bﬁl =0
HLECQI_“U

cgo g =bm.
HyH —OHj

for p+1<i<g,¢g+1<j<rwith H; € A,. Substituting (82T) and (8=23) into this
identity and then extracting the m-th block column (1 < m < p), we obtain (820). O

To use this lemma, we divide the sum (B38) oniinto 1 <i<pandp+1<i<4q.

Set
P P . P . P .
A= ZENiAHm AHJ.U;LW-F Z ZENZAHn(vil_U;L’l)—"_ Z ZENkAHn(Urkz_U:z) ,
i=1 m=1 (i,))eA; n=1 (ki)en; n=1
q D ‘ D ‘ D ‘
B = Z Z En,Ag,, § A,V + Z Z En, Ap, (V) —vb) + Z Z En Ag, (vF —0})
i=p+1m=1 (i,))EA; n=1 (k,i)EA; n=1

We focus on A. For 1 < ¢ < p, it holds that H € CHi,y ifandonlyifp+1<1<4q.
Therefore

(ki) e A, | 1<i<p}=0.

Then, we have

p p P
[ l [
A=Y EnAu, S Auvi, + ) ) " En,An, (vl —v})
i=1 m=1 pr1<i<q n=1
cﬁriﬁz:ij

Applying (839) to En, Ag,, A, , we have

.

P p P
A=Y A EnAp,+ > > (ExAu,En — EnAn,En)An, ¢ v,
i=1m=1 p+1<i<g n=1
a1, =bH,
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P p P
l i
+ E E EN,iAHm § E ENLAHn(U’ﬂ_Un)'
i=1 m=1 pr1<i<q n=1
CHiﬁL:ij

Then we obtain

P P
A:AHjZENi ZENiAHm’U:n-FRA, (841)
i=1 m=1

where

Here we can exchange the running index m < n in the second term, which gives

P p P
Ra= Z Z Z Z(ENiAHnENz — En,An, En,)An, vl
i1

m=1 p+1<Ii<g§ n=1
Crr, i, =,

P p P

+> > > Y EnAu,EnAu, (vh, —v},) (8.42)

i=1n=1 p+1<i<§ m=1

CI:I,LI:IL:bH]
PP P )
=3 > > (BN, A, BNy An, U, — Eny A, EN, Am, vry)-
i=1 m=1 p+1<I<§ n=1
Ca; A =bu

A similar consideration and (B20) give

q p
B=Ay, Y. Ex, Y Am,vi, +RB, (8.43)
i=p+1 m=1

where

q p P
Rp = Z Z Z Z(ENLAHHEN,iAHman — En,Ap, Ex, A, vl).

From (BZ32), we obtain
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q P P
Ra+Re= Y > > > (ExAu,ExAu,vi, - ExAu, ExAn,vl,)
q P P '
= Z Z ZENLAHWEN'L'AHMU:?’L

q p
-3 > S S EwnAu,ExAu,vl,.

By exchanging the running index i <> [ in the second term, we have Ra + Rp = O.
Then, from (BZ1) and (8Z3) we obtain

q P
(@OFHj)('U) =A+B= AH_;’ ZEN7 Z AHmvfn = (AHJ' O‘P)(v)a

=1 m=1

which shows (B=32).
Lastly, we shall show (B33). Take [(k,1)] € A’ and a representative (k,[) satisfying
(EZR). Then, from (E29), we have

0
pN w1
By (vp — v k
i, ok — o) | ( Wi
FHMU = Z Gﬁkz/’u = Z : =
) /
k<l'<g k<l'<g By, (—ox +or) [ (1 wys
HyECgkm Hl/ECI;vk‘y .
Ch Ay, TCH A, Ch A, TCA A, :
Opn X
p wq
Namely,

WE = Z BI:IU (’Uk — ’Ul/)
k<l'<q

I:Il/ECI;k,y

ca, i, =Ca, A
Ay Ay, =S, A,

and

ry ’r — / q i 3 ’ i ry i = 3 r
wp — BHk(vl vg) k<l <qwith Hy € CHMJ and i, = Cingin
O0pnN otherwise.

Hence, by setting w; = *(w{,...,w}), we have
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q p _
(po F, () =3 Bx. > Anyw
i=1 j=1

p p
= _ENk, ZAHJ Z Z ENI/AHm (U§1 - U'lr;z)
j=1 m=1

k<l'<q
Hl’ecﬁk,y
CI:IkI:Il/:cI:IkI:Il

p
- Z ENV ZAHj Z ENkAHm(v’f’II’L - Uff@)
j=1 m=1

k<l'<§
Hy ECI:I)W?/

Ch, &, =CH, A
Ay Hy ~CA, H;

P P
= Z Z Z(ENkAHjENL’ - ENL’ AHjENk)AHm (vfn - vsﬂb)
m=l  k<l'<q  J=1

Hl'ecflk,y

iy, =,
Then, we have

o(Fipv) :=C - D,

where
q P P )
C= > > > D (BnAwEn, — Exy A By An, v,
k=1 m=1 k<l'<§ j=1
(k,D)€[(k,1)] with (B=28) HieCy, ,
CH A, T A
q P P
D= > > > D (BnAwEn, — Eny A, By An, v
k=1 m=1 k<l'<g =1
(kD) E[(k,])] with (E23) H,,/<eCTq /

Hy .y
cy i =Ch A
Hy Hyy — "Hp Hy

To show C = D, we prepare the following lemma.

LEMMA 8.12.

M-

>

fAIl/GCHkyy J

Cyof =Ch
H i, = Ca

1

85

(ENkAHjENLI — ENL/AHjENk)AHm =0 (844)

forp+1<k<gqg,1<1<qsuch that ¢y i, # by, foranyq+1<j<r,and1 <m <p.
P

> (En,An,En, — En, An,En,)An,, = O (8.45)
pH1<I'<G  J=1

Ca, i =Ca, i
iy, =Ca,
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for1 <k <p,p+1<1<qsuchthatcg g # bm, foranyq+1<j<r,andl <m<p.

PROOF. By using (820) and (822), we compute the completely integrable condi-
tion for (628). Then, from the condition (EI2) we have

B

ﬁk’ R Z BHL/ = O
Hl’ecﬁk,y
Chy = Ay,
forp+1<k<¢q,1<1<qsuch that CHH, # by, for any ¢ +1 < j < r, which gives
(BZ3a). Also, from the condition (618) we have

By, Z By, | =0

p+H1<I'<q
Chry = R
for 1 <k <p,p+1<1<qsuch that Ca,. A, # by, for any ¢ +1 < j < r, which gives
(BZ3). O

With this lemma in mind, we divide the summation on %k in D as follows:

P q P P
- Z + Z Z Z Z(ENkAHjENl' - ENL/AHjENk)AHmU’II?’L

k=1 k=p+1 m=1 E<l'<g j=1
(kDE[RD] (k,1)E[(K,1)] Hyecy
with (E28)  with (E29) oo o My
Hy H; — “Hp H;
p p
(ENkAHjENl/ _ENI/AH]'ENIC)AHmUm
=1 p+i1<i'<qg  J=1
Hl’ ECI:Ik,y

CH, i, =CH, B
Hy Hy = CH Hy

q P P
+ Z Z Z Z(ENkAHjENL' _ENL/AHJENk)AHmvrkm

k=p+1 m=1  g<'<q J=1
(k,1)€[(k,l)] with (BE=23) ﬁzlécgk_y

Chry ) =CH

|
M-

o

(e (k5] with (=)™

=

Here we note that any representative (k,1) € [(k,1)] for 1 < k < p satisfies p+1 <1 < g.
Hence, thanks to (BZH), we see that the first term vanishes. By using (EZ4) for the
second term, we have
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q P P
D= Z Z Z Z(ENKAHJ'ENN - ENZ/AHjENk)AHmU’rk‘;L

k:ﬁ-&-} m=1 k<l'<g j=1
(k,1)€[(k,1)] with (B=23) Hl/ech Y

Ch A, =, H

q P P

k
= - > > > D (BwAmBx, - Bx, An,Ex)Am, v,

:ﬁ+1 m=1 1<l'<k j=1

(k,1)€[(k,1)] with (8=23) Hl/ECH B
Cay A, T A, Ay

Here we notice that this summation can be expressed as

q P P
D=- Z Z Z Z<ENkAHJENl’ - ENVAH ENk>AH7n 7131

) =1 m=1  '<k<q j=1
(", k)€[(k,1)] with (B=28) Hyec

Hy vy
ca 7 =Cq A
1y 0, = O

Moreover, since ¢ f, = Cai = Cay holds, we have

q
D=— Z Z Z Z En,Au,En, — En, An, En,,)An,, vk,

Uk)el(k, h (BZ8 l<ck<q

5 it

(1 k)el( )] with ( ) A€ City
a l’“k l’Hl

By exchanging the running index k < I, we have C' = D, which shows (BZ33).

9. Generalized middle convolution in several variables

In this section, we introduce two transformations on M7, 1Say equivalently, two
endofunctors of Z(T,,, Sz, ).

DEFINITION 9.1. For A = (An)uerT,, € C#7+¢, we define the operation

addf\"' :’}37’”’5” — (']3712 Sy
w w
Q= Q+ > Apdlog fu,
HEeT,,

which we call the addition in x,-direction with .
We remark the addition operator add}’ can be regarded as an (invertible) map
add‘;ﬂ\l : 9377;275'1[ — mTW Sz
Then, we define the middle convolution in z,-direction as follows.

DEFINITION 9.2. For = (5H)Hesw € C#5S+ | we define the map
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mcéé =ML o addfkﬁ o ML : gﬁnws” — f).n'r” Say
which we call the (generalized) middle convolution in x¢-direction mcgf with S.

The map addy‘ (resp. mcy’) induces the endofunctor on P2 (Tay, Say). We call
this functor the addition functor in x,-direction (resp. middle convolution functor in
x¢-direction). By abuse of notation, we write addy’ (resp. mcj’) for the addition functor
(resp. middle convolution functor).

As a corollary of Theorem B3, we obtain some fundamental properties of the middle
convolution functor.

COROLLARY 9.3. Suppose that (V,Q) € @;?t(EZ,SW) 18 irreducible and mon-
exceptional in x,-direction. Then mci*(V,Q) ~ (V,Q). Furthermore, for any 3 € C#S=
such that add™s o ML (V, Q) is non-exceptional in x¢-direction, mcy' (V, Q) is also ir-
reducible and non-exceptional in xy-direction. In this case,

meit omet (V, Q) ~ meg (V. Q)

holds for any v € C#S=c. Analogous statements hold for the irreducible and non-
exceptional system (B), under the corresponding non-exceptionality condition on addfzﬁo

ML

This corollary is shown in the same way as Theorem b=3 using Theorem B33 instead
of Theorem E=3.

REMARK 9.4. As mentioned in Introduction, Haraoka [&] introduced the middle
convolution in several variables for Pfaffian systems with logarithmic singularity

du=Qu, Q= Z Ag dlog fy.
HeA

Our middle convolution gives a generalization of Haraoka’s middle convolution. In fact,

Apg € Mat(N,C), N > 1,
;-nge == ZAHdlong Q) satisfies Q A Q =0, , m%i ::‘B%ge/w
HcA Ayzy = Ta,

are the subsets of mﬂg,{ng:O} and smm,mzo}, respectively. Then, for any 5 € C, our
middle convolution mcy’ : sz;i — sz;i coincides with the Haraoka’s middle convolu-

tion in x,-direction.

10. Examples

We give some examples in the case of two variables. Let (z1,22) = (x,y) be a
coordinate of C? and A = {H;, H2, H3} be the hyperplane arrangement in C? consisting
of

Hy={x=0}, Hy={x=1}, Hsz={z=y}
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That is,
fH1:x7 szzx_lv stzgj—y.

Then we have
Ay ={Hy,Hy, Hs}, Ay ={Hs}, Cu,y={Hs}, Cu,y={Hs}, Cuyy={H1, Ha},
CH,H; = O, CHyH; = 1.

We consider the following rank one Pfaffian system

dx d(x —y)
10.1
,1+O‘H3 r—y (10.1)

d
du=Qu, Q= Z agdlog fg :aHl—x—i—osz
HeA v t

where ap,,an,,an, € C\ {0} are constants. This equation can be expressed as

8u: (ozH1 N om, N o, )u

oz T r—1 x—y
ou_ am,
oy y—=

We consider applying the middle Laplace transform in z-direction for (). For this
equation, we have Hy = {& = 0} and

A=AU{H3, Hys}, Hiz:={y=0}, Hy:={y—1=0}.

and hence obtain B = {Hy, Hys, Hys} (cf. (638) and (639)). Then, by operating the
middle Laplace transform, we have the rank three system

AV = ML (Q)V

d d d 10.2
_ <(Bx +yBy,) dx + By, dy + B, f + Bnggy + BH%y_yl> yo 102
where
0 0 OH, OH, O
Bx:— 1 5 Bmy:— O 5 BH1:— o, OH, OzH3 ,
0 1 apg, g, Of,
Qg 0 —QH, 0 0 0
BH13 = 0 0 0 s BH23 = 0 O, —QHq
—OQH, 0 QF, 0 —QH, ap,

In this case, we do not need to consider the projection to the quotient space (Step 3)
since K% = @:;:1 Keray, = {0}. In other words, £L7(2) = ML"(2) in this case. The
equation ([I7) is essentially the same as the Pfaffian system satisfied by the Humbert’s
confluent hypergeometric function ®; of two variables, which can be verified directly (for
example, see [IR]).
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REMARK 10.1. The function u(x,y) = %1 (z — 1)*72 (x — y)*Hs satisfies (D).
Therefore, by construction, we see that the equation () has an integral representation
of solutions

dt dt dt
V , _ tOzH t—l am t— ag., —tx —'7 —’:t —, , ’
(z,y) /A Lt —1)2(t —y)*Mae” G, @ <t 1 t_y)

which can be used to study the global behavior of solutions.

10.1. Appell’s F

Let 8 € C be a complex number. By considering the addition in z-direction add?” 4
for (III2) with —/3, we have

dW = (add® 5 0 ML) ()W

dz d d

We assume 3 # 0, —(om, + ap, + amg,). Then, it holds that Ker(By, — 8) = {0}. By
applying the inverse middle Laplace transform ML™%, we obtain the rank three system

dZ = (ML 0 add® 5 0 ML")(Q)Z = mc§(2)Z

dx dx d(x —y) dy dy (10.3)

=|Cyg,— +C C Cyq,—+Cy,,—— | Z

(H1$+ H2$71+ Hs T —y + H13y+ styil
where

(0728 —l—ﬁ Qp, OH, 0 0 0

OH1 = 0 0 0 s CH2 = | ag, am, —l—,@ ag, |,
0 0 0 0 0 0

0 0 0
Cu, = 0 0 0 . Cwys =Bu,,, Chu,, = BH,,.

aF, o, o, +f

We remark that, in this case, it is also unnecessary to consider the projection to the
quotient space, since Ker(Bp, — ) = {0}. The resulting system (IM3) is essentially the
same as the Pfaffian system satisfied by the hypergeometric function Appell’s F; of two
variables (for example, see [@]).

10.2. Haraoka’s confluent F}y
Yy

We give another example. By applying the addition add(_aH o — o — o) in
1 32 2 3
y-direction for (I02) with (—ay, — am,, —amy, — ap,) € C2, we have
dW = (acld(y_aH1 —ay —an, —am,) ° MLHYOW
dx dy
= | (Bz + yBay) dv + xBgy dy + BHI? + (Ba,s —am, — aHB)? (10.4)

d
+ (BH23 — OH, — aHs)y_yl) w.
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We then consider applying the inverse middle Laplace transform ML™Y in y-direction.
Since dim Ker(Bp,, — o, — o, ) = dimKer(Byy,, — o, — o, ) = 1, the rank of the
resulting equation is given by 3 x 2 — 2 = 4. To see that, we first apply the inverse
Laplace transform £7Y, we have

dZ = (LY o add’

(—aH, —amg,—aH, —QH,

| o MLT)()Z

= <C¢d$+cydy+OH1C:_C +CH3M +OH13(Zy> 2

r—y
where
0
-1
B, B 0
CI_( B$+Bmy>_ 0 ’
-1
—1
0
0
O3 0
Cy:( 13): 1 ’
1
1
—afg, —O0H, *OKH;; 0 O 0
—afg, —O0H, —OH, 0 0 0
CH _ BH1 _ —Qafg, —OH, —Qf, 0 0 0
! By, 0 0 0 —QH, —OH, —QH; ,
0 0 0 —Qpg, —OoH, —O0p,
0 0 0 —QH, —Oog, —Qmg,

ENz (BH23 — QH, — 06H3)>
EN2 (BH23 — QH, — 06H3)

0

ag, 0 ag, 0 ag, om,
0 0 0 0 O ’
0 0 0 0 O

(0758 0 (0% 78 0 apg, O,
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Qg 0 ag, o, + o, 0 0

0 o, +am, 0 0 ag, OH,

. 0 0 0 0 0 0

- (e%:84 0 af, Of, + O, 0 0

0 ag, + ap, 0 0 afg, O,

0 0 0 0 0 0

Here we used
1 0
En, = 1 , En, = 0
0 1

We find that

—OH, 0
Ker(Bp,, — am, —om,) = < 0 >, Ker(Bm,, — am, — o) = < —ap, >

[¢%: 8 ap,
and hence

— O, 0

0 0

Yy Qp, 0

KY = Ker(BHm — QH, — aHs) D Ker(BHQ:s — QHy, — aH3) = 0 ) 0
0 —OH,
0 QH,

By using them, we set

—ag, 0 0 0 0 0
0 0 0 0 ag, 0
p_|am 0 0 0 01
0 0 0 ag, 0 O
0 —aw, 0 0 0 0
0 ag, 1 0 0 0

Then, we have

X | ok k| 3k * *
PlC,P = —|, P'Cc,P= — |, P 'Cy,P= — |,
0|C, o|C, 0|Cy,
POy P = [—— POy, P = [——
Hs 0 CHg ) His 1) CH13

where
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-1 1
= 0 = 1
C:r = 1 5 Cy = 0 )
0 0
—QH, — QH, —OéHl(Osz +OéH3) 0 0
=~ -1 -, 0 0
Crm = 0 0 —a, —1 ’
0 0 704H2(04H1 +OtH3) —QH, — O,
QO F, 00 QF,
= 0 00 O
Cs 0 00 0 |
O, 00 O,
O, 0 OAHQ(OlHl +QH3) 0
c . 0 g, + 0, 0 1
fis =g 0 o, + am, 0
0 OéHl(aHz +OéH3) 0 oH,

As a result, we have the equation of the inverse middle Laplace transform ML™Y in
y-direction for (IIA):

dz = (ML o add]_ y o ML)(Q2)z

QH) —QHgz,~QHy —QHg
_ _ _d . d(z — — d

- (deac—&-Cydy—i-CHlm o Gl ) +CH13y) 2.
T r—y Y

We can verify that this equation is essentially the same as the Pfaffian system derived by
Haraoka [R], who obtained it by applying middle convolution and confluence to equation
(). As mentioned in the introduction, in [R], Haraoka also studied the Stokes phe-
nomenon around {z = oo} X {y = co}. It would be an interesting problem to understand
his result from the perspective of the middle Laplace transform.
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