FOTEIRHMFES VROV LBER

R EE R

2016 4£9 TH~9 10H






20165 K % 1R FE VROV L BER

ARFEITFRL 28 4 9 AITHEBEKRFZCRRESNZE 61 IR VAT Y LOWEET
T, ZOVURY T AT
FHEAETE(S) (WFgeihERE &8 e BEE S 156H05738),
Mo DR EZSITE LTz,
i)
HIF: 20169 9H7H (HA) —9H10H (R
BT . BB KRFAES v L S RAHE TR 6 BAE 1 ERSHE
DGR 0 EIRE GEARKRT) . TFHRERE (EEKRT)
A=V AN (=
(Bam) = FEsl GREZEER) . EHEi CROTE )
(REE&A) FHRFERK FFR) . EEsoE GRLK)
(BGm) =R E— CRREE) . AR (8IR0K)
(Bfam - RBLER) DHESUCETHRR). oA (LK BB AIF5ERD
VURTV Y LAEBEE . F KT

T AAREEER AR
Seff R

Jng5 4
8H 31 H (H) #m - X8

09:45 - 10:45 H BZ (HEKR%F) Biset functors and cohomology of finite groups
11:00 - 12:00 H 5 & (I KEFM) Towards a mathematical definition of Coulomb
branches of gauge theories

13:30 - 14:30 T[] 747 (FEVEEK) An interpretation of biset functors as Mackey
functors on finite groupoids, and its relation to deviators

14:45 - 15145 B IE ROUEARL RS N—T (K ~DWN S 7220

16:00 - 17:00 i 181 (biE R THAREORIL L G R

9H 1B #Gs

09:45 - 10:45 &7 B (LK) ZEE—XE



11:00 - 12:00 EJ)I 285 (UREET) RESRIKOEGRIVEARRE & 2 ORIEREL
13:30 - 14:30 #HMG #HoL (TEEKRH) REREEDSTEOFEE OGO IRt L ©
T A MR O R PTRYRERIZ DWW T

14:45 - 15:45 72t & (A KREET) AERdhm EoR=# 741

16:00 - 17:00 RS B OUKREER) 77—V ZARIRDOIEER 3/ & B L~UL b EFAEZERR

9A 2H0K)  RESKT

09:45 - 10:45 /MR FoR (B AK#EE) Birational geometry through complex dynamics
11:00 - 12:00 7 Fwl (CRTRFE) Moo &t F— 7 #imo— ik
13:30 - 14:30 MEXE E=d CRREED) PR & /e 7 LB

14:45 - 15:45 KJI FzJr (PekE) Compact moduli of marked noncommutative del
Pezzo surfaces

16:00 - 17:00 [ #6EE (JLK) Divisionally free arrangements of hyperplanes

9H 3H(OK) R

09:45 - 10:45 JNjgk Bl (RBUFALRED) = MEOXFE—Z AP 2L~ o —
11:00 - 12:00 B % (FHKRET) BOERFR & 5B

13:30 - 14:30 oo #5 (HASCEE) Almost Ring Theory O @m0 6 DRER V1 /L T4E
14:45 - 15145 471 E#F (1R K) Almost Gorenstein rings

16:00 - 17:00 sy #&+ (FEKE) B OBAR Koszul ZIBRICxd 2 A RSN (Fg)



BR

fH BZ  Biset functors and cohomology of finite groups <« -« rwrrrrerereeee 6

)5 & Towards a mathematical definition of Coulomb branches of gauge theories

] 7217 An interpretation of biset functors as Mackey functors on finite groupoids,

AN 1ES TELAION £0 AEVIALOIS -+« -+« + - -rrrrrrrmmmmmnnaaaaae e et e e e e 34
BEARFE T (T3 DU N K FRUN «oeeeeeeeteseetesetet ettt 43
H50 BB TEAUEEO B L FEAIREL - vveeerrreeeomeee e, 119
Lo BUE BB B coovreeeo e 130
FN LT RBEREOEGRIVIEAREL T ORTGRBL oo 140
NS 5L IR T OSIER O A O ZIRGTIERHL E T A NG O RFTHIGE
B LT DU N0+ e e e 147
SEHE M AFBRRHTT D TRI B T oo e 158
ARES BT 7 — IV BARIROREAEER 3 HE & & L BEA AR oo 164
/NARE R Birational geometry through complex dynamics «=-+rrrereereeeeeee 181
SEHE BT BRI & T TR Il - veeee e 185
WESE SE05 JRAETEBR L RN T LBHEA o oveeoeree st 199
KNI Frzsr Compact moduli of marked noncommutative del Pezzo surfaces - 208
B[ #6EE Divisionally free arrangements of hyperplanes «-«roorrrereeeeeereeeee 221
HE 75FR T ST ORITNE — BTG DL L — veeerneeeeiieee e 239
L B EIIZE & STECER ++evrvrreereseeestese sttt ettt 953
Tt #0%  Almost Ring Theory OBLEN B D ARE T DA JLTAR vvreereineeenn. 279
BE AT AlmOst GOPENStEin FIgs -+« e+ e-seorereeereaiaiatoie o, 290

*}i;{}% ;@{:% ga%)\é/\j Koszul %ﬁﬁ%ﬂ:}ﬁ'#éﬁﬁﬁ%{# (Fg) .......................... 308



Biset functors and cohomology of finite groups

]

RIS (5 F AL )

1 FC®HIC

AR G ED Mackey BAF I, G O EIZET 5, IR - FE - LEFOEHZ B
NZHR D A TS, —F, O DOHEREEZ T TIERL, T RXRTOERMEZ K5 KEH
P A L LT, global Mackey BIFERERINE T, X 612, ARBEDOIR S HEXCHER Y
BRI 0%, BEWLEAD SMEFT 284, biset OPSHATIEZ 5 Z LT E, biset BHME
FZ I, biset B EDRF & UT biset IFWNERINT T, T I TIX, HoREC, L%&H
%W HEHERI BB D AR 59, inflation, deflation, & W5 " DDIEAEE DA EF N F
T, LU, R TONRTH 2HDRIX cohomology 1, deflation (Zxf)tnd 2 /EH %
F#7-9, inflation DA ZELD AN/ EHH L biset K& E D £9,

—J, BIRHE G O biset BETOHAHERRE B(G,G) &#fll Burnside B & IFIXH,
B(G,G) ODEIBLE biset BFIZEHEERBEMRIZH Y £9, WAl Burnside E2¥ biset BF 1
AIRFED cohomology E#, Burnside B¢, RKIIEL, Dade #f, SFORA R 2B LE# L TV E
T, ZDOXD%, BREFL ZORIGROHH N S DEKREA S. Bouc [4] T dHoNnT
WET, £z, N - RRZETRO [20] H TS Z I, i, Mackey BF,
biset BAF72 &%, REHIAIAE AT, homotopy DL 6 £ < DWIFEA R INT X
TWET,

AfaD HEYIX, biset BT & Ml Burnside BRIZ DWW THEIE %2 R X FLEAY p D extraspe-
cial p-H£D cohomology (2R3 B HIHMEHG (ZIEKE) & DILFEFSE [14, 15] DFER Z #
52 TT, 21561 mod-p cohomology ER % Wil Burnside B EDIFEE L TH X
Z DGR 77 & 2R 725 D TI D, cohomology % biset BAF & U TH 511
MPODEEPEMIHVSONE Uz, £72, 216 ORFSEIZIZZE homotopy &d 5 D
HEFEELD D (14, 15] OFERIE, 2FHZAEM D stable splitting & %D cohomology (22
WTOFERIZEIERT 2 Z A TE £,

DLFDEE 25, 85 3= TIL, BIREED biset, biset &, biset BATF, Mifl] Burnside BRIZD
WTHEIE %2 iR R £ 9, 25 4 B Tld homotopy #@D* 5 DHERIZDWTHRARE T, 25 EHETIE
[14, 15] D EFEREZMHAL, 25 6 ETIE rank 5% 2 O p-FED cohomology 1ZFF % [16] D
EREMNAUET, ZOHDIEELREELZDT DL HEDTT N, LOHLENRELS R
REIFTVWEEET,

SEDFFEEOERE 5 X T\ E, B2 IZBHEEZR 0 £ UZBIRD A 2 1% < &H
LEY,



2 HBRE& biset

REETIX, [4] DE 1 FIZHE > T, AREED biset XD & S BRGH THONTL 5D,
B2 AN 35, k 2k U, G H 28REELT 5, kG-mod ZAERRAERKL LG-INEED
B L, ROFEANLRZER2ET2E 2 5,

o« HAREH < G 1T/ LT,
Ind% : kH-mod — kG-mod

Indf] = kG Qg —
o HHWERBER . G — HIZXHLT,
¢* 1 kH-mod — kG-mod

0" = kH @y —
72720, JkH \& kH 2 G, H DIFf%

g-x-h=p(g)zh (g€ G,x € kH, h € H)
YEHLTEOND (G, kH)-THIINEETH %,

INSIE (G, kH)-TRIMEE kG RO kH 2 W FBEINT WD, E 51T kG, kH
XENETH D, H OAPS DIEHIZEHZIERATH 5, ZORNE —MIEL T, Hh
SOEMPEHBTH 2 MMIESRIMNEHIC L > T SR I NI %EeET2EX 5,

BRES X IZE»S G0, G056 H BEAL,

(gz)h = g(zh) (g€ G,o € X,he H)

AT L E, X % (G, H)-biset LIER, 61T, ch=2R5Xh=1ThbdLE ZD
ERIZEBEHTH S WS, HFEHHZ biset X 12X UT, X 2&)EL T D k-7 ML2ZE
% kX &35, kX (ZFELE» BRI G, H MEALU, kX X (kG, kH)-FMRIINEE &
5, X ~NO H OEAPNEHBETHSZ &h 5 kX 134 kH-IEEE UTHBEMEE L 2
v, BEF

X®uy : kH-mod — kG-mod

FEEET L5,

Ri(G) % kG ORBEEL T 5, DFE D Ry(G) FABREMK kG-INEFDRE D Grothendieck
HTHO, Bl kG-IMHEORMEHZ LK TL2HHET —NVHETH D, X Qpy — F57EE
EFTH e ef>l & LR

Ri(H) — Ri(G)



N[ EEIIN5,
KIZ biset DEHIIDONWTHE A S, G, H, K 2HAR# LT 5, (G, H)-biset X & (H, K)-
biset Y 12X} U T,
XxgY=XxY/~

&BL, 277U, he HIZHUT (zh,y) ~ (z,hy) THD, X xzgY & (G, K)-biset T»H
D, XY BReBIHAHHTHSROIE X xg Y SAHETH S, MiGT 2 EH#INFHCD
WTIXHEARIZ

B(X xpgY) 2 kX @ kY

ERDEY EX X DFBEINGBETFOEHIE (X xg V) L VFEEINBHEF LA
5, TDIZLirs, ETHIFREER Ry(—) 1F, BERBEBAKLTEZ L4056, RET
RS biset T L m>TW5B, HlRIE, [33] TIE, k 2L p DKL LT, B8 0 O
ETD biset BT Ry(—) I22WTHIELTWS,

(G, H)-biset (¥ 72 (G, H)-biset DRI 43S 2 5%, W 7245 HH biset &0 HE &
HEFRTLESLR 2 HNTEERMICRRTEHZ N TES, G>H L¥ERMESR o H — K
2 UT, oG & w(,K)x DA

G Xy (¢K)
BFEZDERDPED LD,

R 2.1. (EEDOMBAHEM (G, K)-biset 1%, #%7% G > H, ¢ : H— K IZTHULT
Gxp(,K) LHETH S,

ZORBE, FHICBBERTVI RS,
| A5 B biset «— HBARE + MBS 4%
EWS ZEEFERLTWS,

RIZ biset @D cohomology ~DIEH % R5, H"(G, k) = Extlq(k, k) % k-FRELD n XD
cohomology #f& U, H*(G, k) = @,-, H"(G, k) % cohomology Bz 5, #DHE G > H
W2 U T, transfer G4

™% H*(H, k) — H*(G, k)

NEZIN, EETEL o H— K IZXHULT,
o HY (K, k) — H*(H, k)
MEHIND, NSERALT, (G, K)biset G xy (JK) OIEH%
H (K, k) 25 H (H, %) 25 1G, k)
YUTHET S, ZOMEIZED, H (= k) RETEHT S biset BT 225> T W5,

3



3 Biset B & biset BF

G,H 2GRt 35, (G, H)-biset DED Grothendieck #£% Bz (G, H) £ B, 5
itk kIS LT
B(G, H) = k® By(G, H)

EBL, ZNIEAE (G, H)-biset DFABMEEZREK L T2 k-R7 MVEMTHS, 2IT
X, BT LEITARTD (G, H)-biset 2FZXBDTIEAL, RO 3FEFD biset (ZDWTH
w"Y 5,

o TRTD biset ZXRET25H : BUG, H) LRiLd 5,

o fiEHHZ biset DAZNR LT 256 : B(G, H) LKild 5,

o HEHHMDOAEHM LS biset DAEZNR LT 254 : BY(G, H) L XKilT 2,
£ 3.1. (1) O=all,r,Ir {ZX LT, biset B CJ XD LD IZEHKT .

o MHILT R TOAERHE
o 4fi
Homes (H, G) = B-(G, H)

o HDOEIE o Xy, uYi LT,

(X]o[Y]=[X xuY]

(2) CO BT B G O R
Endeo(G) = B7(G,G)
% Wil Burnside Bg & IFE.3,

BR(G,G) EA# (O TG U T, $XTO, HHHMH, A4 HHZ) biset O [HBEEHZ HJK &
UTED k FOARRTL LR TH S, TOHNMNTIE G HE % (G,G)-biset & L THAT
L OO [G) TH B, EBE (G, G)-biset X 125 LT

G Xa X=X Xa G=2X
A DAL D, Wil Burnside 213 G O/MNEE SR BIFEDOREER & B BERIZH 5,

fE 3.2. HAT L4
BY(G, G) — kOut(Q)

BEET 5. kOut(G) 1x BY(G,G) DRIABETH 5 L AMIZHABTH S, 0: G — G
LTI [G,] BHIET B,



e UT, MDY 2 OREIFHOGEZFH L ATASL I LIZT S,
Bl 3.3. G &gy 2 OKEF L TSH, W (G,G)-biset [FXD 5 HETH 5,

i ETH
{+}, G, .G, G, Gx G
———
7 - FHEH
72770,e:G— G 3 e(Q)=1 2R ERTHD, £7- {x} & G »EUIZIEH
351 HEATHD, Lo T, Mifl] Burnside ZItEROIEE L RTITRD X 51275,

HIE RIT
BM(G, ) | [{(9)].[G.). .Gl [GLIG = G) | 5
B'(G,G) | [.G,[G),[G x G
BY(G,G) | [G],[G x G 2

T ORIE I
[GxGxeGxGl=[GxGxG]=2[G x G

B ENDS
Blr(G, G) = {k: Dk (char k # 2)
k[z]/(x*) (char k = 2)

Wbz, —4, BA(G, G) 13K k IZHKAFE S semisimple TH D,
BY(G, G) = k @ Mat,(k)

L%, 7272L Maty(k) 1& 2 ROFHIERTH 5, F7z, BY(G,G) IR k ITRGFEET,
. o[k ok
s (s )

BB(G,G) @ semisimplicity (ZDWTIX, XA D 32D,

THE2I bbb,

& 3.4. (1) char k =0 7 51X BY(G, G) % semisimple T®H % [30] .
(2) B"(G,G) 78 semisimple 72 5 (X char k 1 |G|| Out(G)| TH 5.,
(3) BA(G,G) lZ2WT, RIZFAMETH 5 [4],
(i) B¥(G, Q) 1% semisimple
(i) G 1EKFEHET char k1| Out(G)|
(4) BY(G,G) 1Z22\WT, RIZFAfETH 5,
(iii) Br(G G) »' semisimple
(iv) G



BAR T, A5 EIEI72 biset DA%HKS 22 2 LT,
C. =C:, B(G,H) = B(G, H)
re<,
EF 3.5. k-EET

Cr, — k-mod

% biset BAFLIES, biset BIF F £ 0 OWMAEFR F £ 0 DATH D & E F I biset
BF& U THMTH S (simple biset functor) &\,

EFE 3.6. ZZTWS biset BIFIX inflation BT & HIEIEN S ([29]), REHERRL o
G — HIZWNUT, ,H I3FHHEHEZ (G, H)-biset £720 | B(G, H) = Homg, (H,G) D4}
525, XoT, biset BIF F 1% inflation G4

F(H) — F(G)

R ER T, FIE TA, RBEBE Ry(—) %, cohomology H*(—, k) i% inflation BAF, D
EFDIITWIEKTOD biset IFTH 5,

AL HIZHBZL biset 2F A5G0, ERANEHRE UTHANTHLLDEIT2E A
52 LTS L, ZOHED L-AREETF C! — k-mod % global Mackey BF & IR Z &
LEHd, T, —EINTIE k-AIEET C' — k-mod % biset BIF L IFER, WTHIZL T
AR CRAGEHABGEDAZED ZLIZT 5,

biset F F T L, F(G) & B(G,G)-IMEETHH, S BEMEFROIES(G) 130 %
7 IXHHE B(G, G)-IBETH 5., HEEO¥H B(G,G)-MEHZZ D & 512 L THMBETO G
TOHE LTRoNDG, —75, BB TIERE H & 3K &k Out(H)-MEFOM (H,V) T
parametrize N5, il (H, V) 2 d 2 BMEF % Syy ERT,

cohomology H*(—,k) 1%, biset BFTH 5, BEHIZIE H*(G, k) FAERRIERZ bv
ZEM TR WDY, BB S H(G, k) 1 FERRITGRZ MVERBTH D, Zh o ZHIRIZ
EZTWEZ LY T 5, biset BIFIZOWT, MRAIRPHEKR T2 E 25 I LN TE,
H*(—, k) 3H2BHRT (EROEZ TIERWY) ks 2 ->T\\wWa, [29] Tk k=T,
DYia, H*(—,Fy) OfEF 2517 U, BHETF Syy OMBK & U TOEEEEZ H 2
INEWIGE (KEIRE, Co x Co, ZHARER U TEEE) ICREL T\ 5,

H*(—, k) ORLES, &5k, BHBETO H*(— k) OMKKEFL L TOEEE2ESL
72\WDTH DM, biset BT F OIAFIRETF L LU THbN D HMBEAT & il Burnside
BRE DBEARIFRD K D122 5,

f#78 3.7. F % biset BIF, S DHHMEFT S(G) A0 THDLTb, ZOLESHF D
K FTHEZ & & S(G) W B(G,G)-MFEE LT F(G) OMERTFTH S Z &1, FMHE
Th s,



IN&Y, B(G,G)-IEEE LT H (G, k) DREERFARD Z EBNEELZD, £3, KX
NHEE 5,

3.8. Hfll B(G,G)-IEED H(G k) \IZBIT AT L TOEEEEZKRD S Z &,

p 2L U, AR p-#f P D cohomology IZDWTHEZ S, FREUK Lk 1X, ARIKTF, &9
%5, H*(—,F,) @, 25\, H*(P,F,) OHEFMMERA 12 DWT, RETHBRS homotopy
IBIRHEWEERDFEREE LT, KBRS TWD

o 3.9 ([12). RO BMEATFIE H* (-, F,) OMKINT- 2725, 72, (LEDOHH B(P, P)-
EEE H*(PF,) DMK T &7 5,

27] Tl&, Z D%, D cohomology & p-fusion (2B %KD Mislin O EH % & <
ZERRINTWD

EIE 3.10 ([22]). G AR, H 13 G DEFIHET G @ Sylow p-#finffz &b D0 E T
5, ZOLE RIFFEMETH 5,

(1) H i G @ p-fusion %Xl d 5,

(2) MBS H(G,F,) — H*(H,F,) ZAMNEHTH 5,

Z @ Mislin DEHIZDWTIE, homotopy A& #EHT 5 Z &7 <, €T 27 —KBL % FH
U 7= I 72EEID T S T B (13, 2] — 7, EHE 3.10 1 fusion system @ cohomology
B([3]) 1cBId B ERE LT, —BALL7ZITIER D Z LIS TE %, [24] T, fusion system
(2 —f b = 172 Mislin @Efi% IR, @E 3.9 »oE,rND I EDVIHINTND
24] THARSNTWBE X SIZ, B L, i 3.9 OREBIREEIADE 5 i, fusion systern
B @ Mislin @ﬁfﬁk’)b\f% ﬁﬂﬁ’]fd\qﬁﬁﬂﬁ‘ LbNdH I LIlihb,

4 DFZERED stable splitting

ARFTIE, homotopy FHHDHERIZDWTHMNG, T 2 TOFIICIE, FEFITAIER
BRI DBD B Z & & TEBEAN-W, p R L, BG = (BG), & (p-5efifb U7z) 43
FHZE[H] (D suspension spectrum) &9 5, ZE homotopy (ZBE LU TROMEEZZ Z 5,

o wedge HINDO# BG = XoV X1V -V X, ZIRET 5,
o & X, LIRAMERNTOEMEEZIIET 5,
o FEHDIIIIEL T, ahET Y — D4R

*(BG;F,) = P H(X,,F,)

ZIRET B



p-HEDEE, 26 OREIE, Segal FAR (Carlsson DEM [6]) DTG & U T, Mifi] Burn-
side BROZRIL &\ S RBINARTEICIRE SN D, P %2 p-fife 35 & BMERE By(P, P) —
{BP, BP} DF1E L, #7255 bD FCTIRIZIFAE L 2 5, RBUK%E p Tk F, & LT,
B(P,P) % F, LOWHl Burnside B¢ & 9%, eDH CHEREEBROFBXISE D, BP O
stable splitting BP = VX; I¥F, 2708 B(P,P) ZBF 5 1 ODEREE LML= ¢,
EXIBLTWEZ bbb, UKL, 2,23, 25 F2BMLTWZE0,

—J, B(P, P) OFRFESCITHEM B(P, P)- MBS T 5, RFEBFEEIC ¢; (WG
THHMINEEE S; LBL, LANEEDZD, F, i& B(P,P) DA TH 3 LIKNET 5,
DL E, 1 DFRFESE AR L= ITBWVWTe; &RAMEARBEETOEMEEIL dim S; T
»Hb, 7=, dimg, Sie; =1 TH Y, 45 B(P, P)-IEE M I LT, M TOMERFE LT
D S; DEEEE Me; DRI MVEMELTD F, EORITIZFEL, &> TROMIE,

o [HT X, IXHHT B(P, P)-MIBE S, ERIET 5,
o X; LIAMERKFOEMELIE dim S; IZFEL W,
o H*(X; F,) =~ H*(P,F,)e;
Z#%H U C, stable splitting OFEIZR DEIZE Z b 5,
o Hifil B(P, P)-IitZ 2L, TDRITEIET 5,
e B(P,P) DIFIHHESEIC e; T LT, H(P,Fy)e; ZIRET 5,

dim H"(P,Fp)e; 1 H*(P,F,) 2B 5 BAHHEA 7L LTD S, DEEETH L5056, Z
NIFHTR COHE 3.8 TH*(P,F,) IZH1F 55l B(P, P)-IIHOEMEE] 2RKDDHI L&
AELTWD,

5 Extraspecial p-8#® cohomology

p #ZE T 5, p HD stable splitting IZBI L TWL D DFERBH SN TWB, H
ZUX, AT D54 [12], metacyclic #HEDOEE (8, 9], prank 2% 2 DHEDHE [10] 72 A
bHbd, RETIE, p 2AHRBE U, MED p?P D extraspecial p-Hf

E={a,bc|a? =W =c =la,c]=[bc]=1,[a,b =c)

IZDWTERT 5, ZHIINED pd OIEATEEET exponent 7% p L2 2HETH 5, [10]
IZB T, BE @ stable splitting TOKRFOEEE (D F 0, il B(E, E)-IMEEDRT)
MRHSENTWD, £7z, [32] TlX, E % Sylow p-f A BECRDHREE, 512 E LD
saturated fusion system @ stable splitting & % ® cohomology IZDWTHFHANSLNT W3,
E % Sylow p-iffi/ i & 3 5 HAfHIIIEE ITEEITH 0 ([28]), £72 E _ED saturated fusion
system & BIKZENE DDBEET D ([26]). [14], [15] IZHWTIE F, £2E cohomology D
B(E,E)-INftE UCTOMEIZHERERD, TOFHMEFARS Z 212 L D ROFER %[ 72,

8



EXE 5.1 ([14],[15])). B(E, E) OFIRESEIG e 123U T, KA &R MVER H* (B, F,)e
LR T B NTES, £72, TOBRIZTEWT [10] & IEMNLIC BMINEEE 28 L, =
DRIC%=RE LTz,

H*(E,F,) OEEIXAISNT WS [18], LU, TOMEIXIEEICEMTH L7120, £7,
ZOWAMRECTH B (F, @ H(E,Z))/v0 OREE RN, T OfEF & BRI cohomology
IZDOWTOFER %, Milnor fEFHZEZFHL THU DI Z2I2&D H(E,Fye IZ2WT
DRERHDG S N7z,

H*(E) = (F, ® H*(E,7))/v0

EBL, UUFTIE HY(F) IZBT 2 [14] O E#ERZBNT 5, H(F) ORE IR
POXTL, p>5 RO HY(E) = H(E,F,)/V0 75 ZerMonTnd, H (E) X
A ot

y17y2a07v (degyl - 2adeg0 = 2p - 2) degv - 2p)
& BEfRA

2p—2 2p—2 —1 —1
Wy —yih =0, Cy; =of, CP =yt "+ " " =yl b

XD RONBAMERTH S (17, 19],

S ZHfl B(E,E)- Nkt 35, H%ELeec B(E,E) TSe=8 &2H7=L, —/, S &
FEF B 2 BARAUINAEE " (I LTIk Se =0 255 0D%, S IZHTRHEETLIERZ LI
T2, ZHEBTUEFRBRELCTEROVD, FIBEREELL VSRR TVWEIH S, F,
X B(E,E) Onf#ikTd v, EidOBEECITHEMINEH NS 2 FAFEE T dim S HO
NI L, H"(E) TOHRFIIEE S OMEK & U TOEMEEIZ

dim H™"(E)e
dim S
ThzoNh5,

E DA HE CREEE Out(E) 1% 2 R—KIMVERE GLy(F,) LAEITH S, GLy(F,) @
H*(E) ~NDIER%E#Z Z %, y1,ys TERINDMA LI F, [y1, y2] D 2i KERH 5 % S°
8L, Folyr,y2) ~D GLy(F,) DERIRZHATREADIEMAD SFEI NSEHN LD D
THY, v ~NOEMAIFTHIA det THZONDE, £oT

{S?= S5 ®det! (0<i<p-1,1<q¢<p-2)}

B F, GLo(F, - IO RBEDOREE 525, 510, 1<i<p—2 ITHLT, OS
1% 571 D F, GLy(F,)-#B 5 BT S 0

Sp71+i/05i oY) Spflfi ® detz

Y5, SPHTO OS5 DAY MVERE LTORMZERE T L 5L, ZHEF, GLy(F,)-
A INRE & X7 57000,



RIZ, B(E,E) ® H*(E) ~OfEf%# x5, Hiffi F, GLy(F,)-II#E & Proposition 3.2

D45

B(E,E) — F,Out(E) = F, GLy(F,)
IZE D HRIZ B(E,E)-MBEE ARTIENTEEN, 2OLSI2LTHRLNS BN
% ZRCHEAIORE & P8, B B(E, B)-JIRHCIE, XECRIIFEOMRIZ, E O BRI R
I8 d 25D EHET 5, BFIZIXEFED ST (1 <i<p—2) &K EAHEMINEECTIE A< AL
B p OEDBETHIG T 2 HAMBET D 5,

PAF ClE L BCA AR I WG T 2 %I e ITDWT, H*(E)e Ditid 2 5256, T
513, [5] 12 & % biset BT & Burnside % yuBR b BHTAIREIZ B9 % FAR 2l 2 W,
HLEEF O T, LR TRWEMMBERE D LS IZHLNTL 29250 T2 21240
I NG, BEEMEIPERT 5,

V =vP"! CA=T,[C,V]

DA =F,[C? + V,CV]
YH<, CA & DA ¥ H*(E) ODEABEIT, CA 1 GLy(F,) OfEFIC & 2 RALBITH 5,
E 7z, Blll F, GLo(F,)-I0HE S 1 U T, Witnd 6 XEHHA B(F, E)- ML, BT
EIE 5.2 ([14, Theorem 10.4]). e % ZFCAIEFIEE S(p o) (E) IZHIET DRFTLEL T 5,
(1) S BEBRIRED & =,

H*(E)e 2 DA™
(2) S=det!, 1<qg<p-—-2DLZE,
H*(E)e = CA{v?}

(3) S =51 D% D GLy(F,) D Steinberg D & Z,

H*(E)e 2 DA{VSP~'}
(4) S=5""1®Rdet!, 1<g<p—-2DLE,

H*(E)e =2 CA{v15771}
EH 5.3 ([14, Theorem 10.5]). 1 <i<p—-2,0<qg<p—2, 5 =81 T =Tr "1y
s=i+qmodp—1,0<s<p—2&BL, e ZXEMEBEFIEE S g g (E) IZHIET D5
L dToe, REMNERT MVZERE LT HY(E)e IZXEFBE 5,

CA{S} ® DA{VT}
CA{S} & CA{T}

q#0,i# q,q+2i=0)
q#0,i%# q,q+2i #0)

CA{VS}®DA{VT} (¢g=2i=0modp—1)
CA{VS}ae CA{T} (¢=0,2i#£0)
DA{S} @ DA{VT} (i=4q,3i=0)
DA{S} & CA{T} (i =4¢q,3i #0)
(
(
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S EATINEE ClE RV, BEERa BT 3 2 AR DWW T H [ABkDFlR 2 35 Z
EMMTE D,

Zh o DFERIL stable splitting TDK T D cohomology (BT B4R %2 525, #ilZ
X, X(F,) 28 B(E, E)-MEHZHIST 5 BE ORT-& 925 (EXEME T & IFFIEH
%) . X(F,) @ cohomology {ZHWT iwﬂ;jﬁﬁj\#ﬁﬁaéﬂtxb\@f X9 B HEEIC e
ZHWT H*(X(F,)) = H*(E)eg LEFETH I &I , RORZGD,

% 5.4 ([14, Corollary 10.7]). X(F,) % BE O EXEMRH & 925 &, A
H*(X(F,)) = DA
NS AIRVASR

[32] TIX, E % Sylow p-Z8HIZREDARAED stable splitting (2D WTHIZEI N T
Wb, Bz, F % Sylow p-iia e U TR OHAERARBEMEED stable splitting & £ D
cohomology IZDWTHIN, £ 6 ZF|FH L T BE @ stable splitting DK+® cohomology

DIFHRER/RT NS, HlIZIE p =3 DEH, [32] TIER 5.4 % Janko HfififiE J; D cohomology
([11]) ZFIHU TEEHL TW5, —F [14] TIX, BHiRE2HWS Z &< B(E, E)-INEHE
WERFHNRDZ EIZLD, 3‘/\1@ p IZDWVWTHE—IIZEEH L T W5

E 5T [15] Tk, H*(E) ® B(E,E)-MEEHEZ2MHA LT, [32] iIZBWVWTRIF TV W
O DGE, 3 ROMICEIZEE L 7285652/ 5 TP TE 2, KT, p=T7 DHEHITIE,
L3(7) DILRFED stable splitting &, BUERHHEE O'N, Fib, ¥ Ruiz-Viruel @ exotic
fusion system ([26]) @ stable splitting & O DK ZPE L 7=,

5.2, 5.3 DFEHHD 72012, H*(E) OIIFHEDIEHRPBE L 250, TDHFER L
7% DIFRDFERTH 5,

EIE 5.5 ([14, Theorem 7.8]). B(E, E)-MifFE UT, H*(E) l3RD 4 O IO E
McTh s,
CA{F, + S}
CA{S"+ T +F' +v'SP '} (1<i<p—2)
CA{v'(S"+TH} (1<i<p-—2)
> CAQY(ST+ T}
1<izq<p—2

=720, ZZIZEb N MBI EREINEE L W R TIE AR\, H*(E) @ B(E, E)-I#E

& UTOEBMNMEES RGN TVRY, —f%IZ, Wl Burnside 2B EOMIFEE LT

D cohomology DEF LM% ZIEL TW5 D iTHE“C% H, ZORIFSBROPHET
bH5,
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6 Rank 2 @ p-biset

ARZETIE p 2 5 LEDFEEE LU, rank 5 2 D p-HD cohomology IZDWTELKT 5,
FHEB p IZDWT, rank 32 O p-HOPEHIH SN T WS, FflIE, #A1X [7, Appendix
A IZIRRS5NT WS, rank 2 D p-FIERD LS IZoEHI N5,

B 6.1. p>5 D& &, rank 2 O p-REIRD LS ITHHEI N B,
(1) C(r),r >3

(2) G(r,e),r >4, ecFy

(3) K EHFE T2\ metacyclic p-#f

flil # DEFEDEZRIFIRD L DIZm>TWVW5S,
(1) C(r),(r > 3)

r—3

Cr)={(a,bc|a?=P=c"=1,[ab=c ", [a,d =[b,d=1)
IC(r)|=p" THYH, E=C3)(=(a,b)) I& C(r) DAL IR>T VB,
(2) G(r.e),(r = 4)

r—3

G(rie) =(a,bc|a> =P =" =1, [b,d =1, [a,b"]=c?", [a,c] =b)

G(r.e) 1T e BEHRIRTH D0, EHHFFRTHLE0IZE 0 ZOORBMEIZ NS, &
72, BE(= {(a,b)) & G(r,e) DRI L Lo T W5,

(3) a4l

1 —Cpm — P —Cpn — 1

PFEIES 5 & &, P % metacyclic fEEIER, 72720 Cym 1IMED pm OKFEHETH 2,
Bl Z X, AL p? DIEHEET B & [EB TR WAL metacyclic £ 72> TW5,

DARTlE p>5, Pldrank 2 @ p-fEL 95, BiE & [FEBRIZ
H*(P) = (F, ® H"(P,Z))/V0

LB, Bl B(P,P)-IMEEORHIZ [10] 12d b, £72, H*(P) ([ZMT 2 HEHIL [31] i
H5,

EIE 6.2 ([16]). P & rank 2 D p-HE & § 5, [EREDFEKMFIT e € B(P,P) XL T, X
B ERT MVZER] H(P)*e 25085 Z LN TE 5,

COFER 2SS BETHR LT
Pz AERITITART E ODERIPSE/EAIENTEEDTIER VWD
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EEZ T2, ROBRBHOBOBEBREZZ 5, 727-Lr>4 &35,

meta cyclic C(r) — G(r+1,e)

T |

(CpxCy) «—— E —— G4,e)

BT Cpx Cp «——E 132, 20 EDRRHE LT O, xC, ZFEATWWD, i
B DE DO THEI L2 RLT VS, E OFERNPS G4,e) & C(r) DFERITE
S50, C(r) DFEED?S G(re) DFERIFEND, DTRAEVWES I L FHEIND,

BB, RO LRSS C,x C, 13 E DEARTH Y, E OIFRIZZT DMK DHRET
H5 CpxC, DIFBPSFONDEHLDTIEDH BN, W E ORREEL LT H(F) ORE
o H(C,x Cy) 22 ZEEIEFIZEMTH S ([14, section 5]), KIRDLEMIZDOWNWT
ERDIED SLD,

T 6.3 ([16]). P = CO(r) £721& G(r,e), r > 4 £ 5, B(P,P) DFIAESET ¢ (24
LT,
H*(P)e = H*(E)f

L7% B(E,E) DRESEFT f WEET 5,

BT UL FERHES CTIERL, B(E, E) OhTIXFIBES OO RT 255
H5, ZHUL, stable splitting 2 & X 72 & S, ZNSDREDHT BE % - &2 Hfflin<
DRETHLNVWIZEERLTWS, T 6.3 TORBIZHEIZNRY MVEBORILTHD
SDEZAHRE UTHRTETWBREITTH DD, MIGIFHARBREDTH D, 51D
MEN BN TE 23T Th D, SVIA24 51X, THY(P) ® B(P, P)- %
H*(E) @ B(E,E)- RGN THEBEL W] 2WS T Lilinsd,

HARNZIZRD FRTE R\, £7, B(P,P) & B(E,E) ICHEESEENTWSIRTIE
W, LD U, B(P,P) D475 % L8R T, B(E,E) DR % iR e ARIZR 560
EHERLUCHAT A Z 2T, ®H 6.3 I3 —MIZHEHTE 2 FREL TV 5,

¥ 7z, rank 2 D p-F£ P AZx LT, mlanEE

BEE)B(E, P)pipp), Brr)B(P E)peEE)

25 A, BT
— ®p(g,p) B(E, P) : mod-B(E, E) — mod-B(P, P)
— ®pp,p) B(P, E) : mod-B(P, P) — mod-B(FE, E)
EERTDL, ToDETFERMABEANEL 72 £ Z DRPLX°, cohomology ~DIE,

1 (e "D gy p),  HY(P) " ()
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ZRHTWSZEIZLD, ISITHERNZHHBE NS L Bbhs, ZHIBEL TIE, &
H5.5 72X [14] TRoNT HY(E) OFffl7s B(E, E)-IHBEPENICRHTE 2137
Tdh b,

X 517, biset BOB AN S R 572012, rank 2 O p-REE N R LT 5 C DRI E %
Cpo & E, biset HF H*(—) D ZDEIEANDHIE, DF D, rank 2 D p-biset FAF

H*(—):Cp2 — k-mod

EELT D, D biset FF& U TOMBIIPENDHEZFANDZ LIZL D, rank 2 D p-
BED cohomology % —LDH L 1ZWkD, TDHINI E DS RNZ2HMETE L X512k
% EHIRFL 720
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INTRODUCTION TO A PROVISIONAL MATHEMATICAL
DEFINITION OF COULOMB BRANCHES OF 3-DIMENSIONAL N =4
GAUGE THEORIES

HIRAKU NAKAJIMA

B @Bl | [CHRIEX 7 3UGEN = AR — Y BLah 0
J—U D, ﬁﬁﬂ@&%ﬁl%ﬂ@ﬁﬁa BT AFITHD,

This is an introduction to a provisional mathematical definition of Coulomb branches
of 3-dimensional N = 4 supersymmetric gauge theories, studied in | , ].

1. HEI VIV ITov 0%k 2T 211

GEBHRRIFHELL MEZTDY Y TV I T I BRBLT D, §8bb MIEC LDV VT
LIT v REFRF DRI NVERMTHY, GIEY Y VI T 407 B REMSTRRIGIZAERL
TW5,

CoulombfiMc = Mo (G, M)i&, BERYHIZHE T D50 & i DM EICEBA 50
THRAINZ (G, MPST I7A VBRIV I T 100 kR % EDL Y ETH D,

(G, M) ~ Mc(G, M)

TEY ik, INETHIONTO DR S RRIAD 5.2 ., L IHADZE . G2, T2 Lidns
DEOENRLD, T EERCIM)%, ST R C D NS RENY —REEZ D
EDOEFEEFE XD SETIES, TUTTDOHHEDARI NI AU TMoEED, TDH
PR B E NS, LD FEEED,

HETHIAT DI Meld TTV /WA R TH D,

MchTV/W:tXTV/W

ZZT. TVIEGDMBE K N—F AT DRI N—F ATH)  WIETAINEETH 2, TTVIETY Dco-
tangent bundle T, HETDV—ERTH D, FHI. MDA HEIZRFIMIZIFMKFL R,

LCERUAESIT REOY—REETO O &BRHE G CEEEBL Y Pl ST
1) 3R Bi G C ii<f§7}92’bf%f_oﬁfﬁ&ﬂ@mn7§‘ﬁH’J’Cﬁ)é?&‘b T Z T, #T@fg%
MG 2 DN EETH D, FEE. CoulombfiIZEWTEZTDRERIENS M DET &
AR EIRHEONS, 22T 2B &E 7{beld. Clh| ETEHRINIEAHER A, ’C‘cTDO
T An/RADY MoDJEREER C[M ] 1258 UL, Poisson 5l

i, }—fg I Fo=f. o=

h=0

L 2 3 B S A 5D, E 2 Beawvill D E IR TY Y TV 7T 4w B B S UK 2 WIS X N TW5

P REHIZ B A SN TR,
1



2 H. NAKAJIMA

WYV TV IT4wIREENLRLZEDIZ—HLTWEEDE WD, Zhar R FihXh
7~Coulomb# & L.,

RDIE->THEZNIE, REGRTHIEINTEIZIEA BRI, T HREOE L L TELNT
WBEDDNL W, LU, & ifEE W TR #ERZ BT U< RAEITREL L KD & WS FARIK, 5
[l DHFFETH]O TENZEDZ LG TN D,

BAI DX [Tl — M DOMEE 2 TOZDCIM| DR ML ZERTE LT ORI
YEED, ROEHIZHED| [TTHRBN, ZORIT M = N @ N* 2V Thd e

{}imbto Z AR ENTHEAMIZREDZDN, HULIE LD AREREDZRDODNIEEZ 5 DHR0
S WIBCIE DR E & 72 X720 CoulombfF BB R INTEYD , EALBRSMEN I TWv
Wat BN TIZDOD, M ORMDPEZINTND, 2EM = N ¢ N* 2R E T SR~ HilA
BTl MC(G N)EWDEL S 25D RELOBTNITZRVE Ebnd,
(G,M) ITNUT. T I7 AV EEY VTV I T 400 Sk % 525, K<HIGN /LT ER
H3, %mci\ VTV IT AV

M//G = (0)/G

THY), Y TldHiggstk & KIFN D, CoulombA IR TMy = My(G, M)“Céf?)bﬁo'é_
EORXT u: M — LieGHUIHEBIEGHTHY, 01 (0)2GTERMFERAZE =4S
T)H>TTELRZEMu~1(0))GThHD,

M =N @ N*&Z5TNHE XTI ND EDOZIHAREOMD VEHFZEDRIRDZZ IER]
BEZD(N), MO A & i85, (W ANDITIE IRBUZ LD T 1)LV Z—IZ L TReesfX
Waled,) VT VIT0w gL FRIZ, DIN)DGIERIZE S 2 B & e D M IR DS, B+
VTV TR U THISNTEY, T MyDE TV EF{be 525,

H1ggsﬁéﬁbf ﬁﬁ&ﬁﬁi’@}\*“)/7%’7*‘7*‘&%%%@21(/? KB GRIAZ BLRZE Y
VIV IT AL kAR TOEE TN EHND Z 2R L D, — . Coulombit
DWFEITIEF 72 IE0 D) TH DD, Higgsﬁzé:bfdif%%?l/w;cb\“/‘/7"1/7—?4‘75%’77f§%4213(f|:
WX BIRIR TGOV TV I T4 - RINVZEBIOY VTV 7T 4w 7R UTO LR A
HOENTOERNEMEENSDT, SBEBEENEEILVETHL LR LTS,

72, [[AU (G,M) »5TE b Higgstk & Coulombixid, Braden-Licata-Proudfoot-Webster
[ |DERT, YV TV I T AT W TH2DZENPHFINT NS, VTV IT v
BxflE, EEY VTV I TV ISR D AR T ORI A A BEERERNH 2 L 2 /TS
DT, BRBUIFEZE 2528 H TR THRWN, DK EEHiggsh & Coulomb L D [
FZERHIR T HIEICEERD DY) HETHD I RmBLTND, | BN T
Li\%@ia&%ﬁ?‘%‘//71/774‘/7%*%42&@/\7@4%79)4&%*%0\f:c:t&“iofu\f:
A3, Coulomb%1Z &8 R LMY 5- 2 5N 28 B, 722U, | ]’Cﬁﬂﬁ*km
WA AR EEHRERDOF v, 5B OMETH D, R, | EERcB T
DDERY VT V?%%‘Y9%771‘%'§42Mi\ RNV TV I T4 DR BRI R RO ZE DMK
EINTWDY, %< DHiggst . CoulombfIZHE W T I DR E X EILLRND T, a2 HAF;
GEDM, EVDZELETEHD TR T DB ENRDHD,

2. VBRI =

AT DA T, Coulomb X DI F IR RIK D D2 ZEWMEA BN L JFF 9 DA%,
S HiITTIIYERRE RIZOWT, %%@IEﬁ@T%%)%B.W—Cnﬁﬁﬂ%nﬁ;}éou—\-— IZENTH



COULOMB BRANCHES OF 3d N =4 GAUGE THEORIES 3

é:t’&ﬁ%@f’ﬁ"é%\gli@b\b\%%ﬁ%%&Gﬁ%ﬁﬁbf:tti%o“@\@b\7‘93\ IREICHIIA
SEBME ZMOFAINZON MRS D08, SEF BB R R E BT 57201214,
Bl 2%%)’7%@0)%6&}#0)@@&##%%(%%9c‘: o’Cb\é

FeeA<HE 12 ZOHIERIZL THA TEHEDRVD, JOFEWHERZ KOS 13, 5 Hi
% e, E7ZWHRO SCHRIZHRER L TN 272 E 7200, MR oD SCHR I | [iZhiF=nT, I
BITBEIL,

E72. ZOFmEE] & ARRIC, 2O IIMIY LA HI SR TEFDH D EDITEMN
NTHED YD XHEDEIHZLRD, 2L, HETHEHARTID/ZODED T, JH il
] |DSCHRRINS DI T 7zoTELN Y,

WL ClE, MUJ\%%HP:I—J% ZHEFRIEE G OOV, ZOMBKRIY INT N D EEG, %
D, FRRIZ, MIZIZG. CIRANBNEDASTOBEDET S,

F(G., M) Srj‘bf WL EE IX3IRTEDON = AR — YV HER% E DD, ZHUE 5D
RO TIERIRTTOZER D EOPEE(Z 7 70V T e 52, B AL THELND D
HFmOHTHD, HDOOIHLTEELEDIX R EDOG ERP EOERHE MIZEZR DX
57C£P0)JG)J[>EE’C‘%60§BC:L\<’)79>0)N7Mlxﬁﬁ@@]%ﬁ%%élbﬂiéoEﬁhé%li%fiﬂ’ﬂ

I METH DM, ZITIFHERBREUN G 220D T, ;FEHH IFE< VTR & PrEELE
% . EHOMB M OMN 2 EARSI T IV I TV EES GOBFMEEZD, 77T

VI T VUDNBRIMER B D KD 7R L W (& nﬁﬂﬂ%élﬂ%bfjfij)@conﬁgura‘moni =1
FTWHEZAD MRS IELTEY, AN RS R THD, 5 ORI TIE, MBUMEEZ LD
Bild, 7272 — DT ERBEHEZ 5/ ZRIZZ>T05, ZHUE Y TIXEZDE
TVag1 Bl XIEND,

IR ARZEDIT, FT VI T VIR OMEC Y OM A REDMELTEZLN
%, f/MEE 52251, DI HED W DONDIENHEZTNSEEDTHY, EDIENH R
TWANTHIT T BZDORKENDIEZEZ % T 5, TOHOMBIRE DN HiggsiM &
Coulombfi M Tdh B, Higgshi Mgl BIEIZR RV TV T 4w 78 THY 1857 8 fd]
FHNIERE T — 77— Th D, Heivild H IHEE R T, e BRI 72 #bii%ﬁ)ﬂ%é@f MD|#
WZTDPE ST — 7 — 62785, ZZ TR BTy — 7D ERIFEHLZNDT, HlZ
= S RLUTELY, FIRIZEENREFIC f&’)bﬁ%bﬂ\éﬁﬁyﬁ%&k@ r—1w 2
KA — 7 —2 BRI, HiggsF DRIz R>TNB,

— 5. Coulombfeld (T x (R? @ t.))/W £7%55, TV, G.OMA N5 A T, DBET
HY) AJIT.DV—EHT WIETANEETH D, BT TE AT T /WERILUEDTH S,
Coulombk Tl YIWFIZ0THY. (R? @ .)1d. 2 TEBLABORA DKL EDTH
%, Ty Bk 5> i?ﬁﬁ#bﬂ%é@t# WIEL T/ & KATND, ﬁﬁﬁﬁ{km@?ﬁ%@ GfAC
DFourierZ iz B2 72DIZ, BN = ATVIZflZ LD DD AT T —I278> TS, ZDikiw
IE. %@iﬁﬂzic:@ﬁé@ciﬁu\a%'éﬁil §4(1) & EBE5. 1T HRD IDITEFRNT B
BOOHFELT T TV /W ZHBTHIENTE BRI h—T Al &é@yb%éﬁﬁﬂi%éo

MMy FV—RRIZEZEDEY 271 2L, BN IR —Y RO EERIEHREE A
THEY, YWEEZIEr — Y BE% 2 BT, IR T 52 c‘:ij(t)J&ZT/7’CZF)%§
KR, AN G- 2 - 8RR — Y By, BEEEDEY 251 % Fﬁ’?:target 3‘54297&5
BTN BN A% B U TRDEHND BTN OB e KT 3L % — b\’C#ﬁﬂi
%, (ZZTHTL B N PR DBl G i, ]\TJ_D/j?)l/TAU%j—éc\iRozansky Witten 22
525D THB,)
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LU, BRI IS T2 &R, 97 0 VTV OR/IMER T E R CWT, B FIARR R
AT O R D EMIMEZE DL, @ ERAFGTH D, WHLEE X £ 2 TCoulombiik
B IEEZ%ZT5, L EET D, 3405, CoulombFAN(TY x (R?®t,.))/WTHDDIEH #
RFLIR TH> T, mFBRNREZT7-HE DCoulombFild, BFEIND, L FiET 5, 7272
U, RPN ST — T — S R IATH DL IZB TR RODE IR -ND, ZOZEEEN, &
T—=I—HEEDIFAELMMIE DR (T x (R® @ t.)) /W ZEE 2D, EHIZIZEUERDLT
IO, BFEREZDEE TR MK (TY x (R @ t.))/WENAHEFEETHY, fEDIZ
BHELUTODERNRERN,

ENDIDIT T WHEEZIZEDMDEFE T My lT@E>THRANIEE L IZ N AT,
ZOFETIFEATEDED ZENTEIRW FEH L 1996FE 11 AT Y 7)Y D=a—h
Y WRFE R IR AE A2 . Witten D 5% 5535 T4 & T Coulomb D EH A % W 7203, WS R
EUTHES ZEIFROLSTER 2, HTLA T — 7 —ZHRIRIE IS K >TODEDTH /-
DT, DT oL ENTWO DN, fRIRT2DIFH LN EE X T\,

FUWEBZE DI, 2014FEFKIZT 4 —1 Y7 CHananyD i % W /22 X TH D,
Hananyld, M D BEIEERCIM ]| OCEHIZEE Y o182 526 — B A X (T /R—I)V
NPT DEHHL 2, ZOARIX, GOIV A MIBETLZHTEH LN, R INDIH
XAV A PCTEDD EARMARRTH S, TL T, H5NTWBCoulombii D% < DT, €/
BRIV RDFEDN AN L TNDBZEDS, HEDD ST,

TIT. B/ A NAREHEHTILIBEMEZLEITE2OIITEI U600 NI

EZTHRRLZON, [Nk 10| THY, TDIE KD ITTh 2, BB, EDESITRITE
L 7 AME [Nk GBI L 7200 T Bk 2 355 13 BRI N B L KV E S, HHC 3ED

RiFHREG DN H DB TERIT 2L TN ZAIT. SBOFRIBEDOFELINNIIELIET
Thd, EHRZHEL TN ZATHD,

3. BFWRER

ZOHIAREIX, GIRER BN NIEXTOABRIRTTRI L TLH,NIZBENTRITEL
LOTHOTHE A DHITHRAZZMIEN © N e UTHFRHNEDY, ZIN5HEIEMIED
ZLEBEE BIFHTIZRWN,

D = Spec C|[[z]]Zformal disk, D* = Spec C((z))%formal punctured disk& 9 %,N((z2)),
N[[2]]&TNZTH Ny, No TET, ARRIZG = G((2)), Go = G[[z]]& T %,

TIT7AY T IARY Greld, BV 271 %4

. PIED LD (B 2)G-F K .
.¢) ¢: Plpx — G x DI, POD* ETOHIALL o

CUTREBIND, Wg L HRAARDEME L U TODind-schemeD &% FF D Z &R HI SN
TWB, EARINTIEGre = Go/Go LERIND, TRDOL.POD LTOHHILEES
T, &G DILTRU, D B L DambiguityD 73 DG TEIST, Gr /Go L7485,

A5IT, ZHUZRBINICABEL 72X MVRP x o NOYI W s% AT IMA 72 = D8(P, ¢, 5)D
EVaTAEMETCRT, EEMMNITIEGK X, NoTHD, sOEZ R TIEDDZLIZ
LT, TIFH L AR EOXZNVERO MR DO EMRIZZRS, AT T, 7X, TDOEE
DERFARDIRETY —BEZELD RO, BB ZIE A RIRTTDZEE O R EDY —EEDOMR R & U
THWHbND,
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T O ZRRIKREL T, o(s)DETHU DL NI RMEFHLUT, EDOLND LR L E
#7952,
R ={(P,¢,s) | p(s) € No}/isom.
PlED* EDOHIHIETUMNRODNS, o(s) ik —MBITIZ BRI E R DG BRI W Th > T,
FOEEIAIMNOTHDE NI EME2RLEEDPRTH D, HEEHIIZIE, R = {[g,5] €
GIC XGo N | gs € No} Z%ﬂi'ﬁf%éo
CDREERMNEEELG NI THD, TDREIEIL, JD) KRS H2ER]
{(:Pb 1, 51, 3327 ¥2, 52) €T xT | 901(51) = @2(32)}/180m.
BEZDE DPIRTVEASD, . D EOGERED EOHIALB IONIZHEL 7~
NI NVEDYIWr DK = DdH->T, YA D> ETHIA(LZEU TEHELW, L0771/ —
BT xne TIAUBSZRNN, (Py, 02) MGre DR KL T HD B D _ED HLIZMHT TS
DAIBSTVBDEDDVRIAMZR LB, I, RADGoDIEHZHAWTGK xg, REZEAD
& IND ETHTERREMT xn, TIHARSZN,

TV MRS TIR T xne TR ZIRGTZEM O EIZd 2 Hfi & Y1 DAY,
JREDEDYTORLNTVWERRTE2HODTHZETH D, (P, 01,5)0 0 RENDHT
T\ (Pg, 02, )NV RONBBETHY, FUATORLNDEFRDT, FADHTIE—HL
TN, RRILIIR DT —V BERTHDH, I G DEE 1 7312, 5k D D OBkE 72
TR EL S TEHARTHOED T, 2R ITTD RIS T WD,

ZEMZHEMR L IRIZRDGo- A4 Borel-Moorers B0V —REHCC (R) &5 2.5, BEIZIX, TD
JFRIZBIT B 77 A N—=DFEAREADNIREBOIZRD LN IR EDFEE BT DM EDNH DD,
ZOMOFERNIINE T, /2, HBIROBFEOY —DHZTND e, HE(pt) b H B
BOTWBIERYINEX. T 774V T ITAR VSRR DSchubert AR 3 El%2E 2 2L 727261
WD

HEo (RNZIXE B

x: HOO(R) @ HIO(R) — HI°(R)
MEHEIND, HFLUWERIT. MW ZOTIZITIIKYT, AZFEDY —EDinduction
HE(T xne T) = HEO(R)DPWHEBRIRTTDZER D& E L FBIIKD LTS LARRIZE
AT ILIITIFHRFRTHDLTHL JE@HE DA BEDEEMN. (1, ) A ~NDE
TXN;CTXN;CT%TXNKT (Zaj):(172)7<273)7(173)
EFIWT
¢ x ¢ = p13«(piac N pasc’)
CEFHRIND, HEN(T xn T) DEZRINDMMEDNIIAATHY, TIFIERETZRODT,
ZOEEDEBNIELTEITODZDONEIDEDDHRNA, EBITIZHEG (R)D EIZE K
D ERIND,
ZDEZIIRMEENLT B,
SER 3.1, (HG(R),*) I HERTH D,

B CERZER TS FIRE, B PR RB G CTIREHONTEY, V1 IVRE DR
MSteinbergZ FRAKDH/EH NS Z & Kac-Moody LieB D @ & BH B SR 2 BRAKIZE 1T
5 SteinbergZ AR DFELMIINOAELND ZEBEDPHGN TS, ZNHDHITIXEENDE
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DI, FERTHAERTH Y, & D —MEa NS T3 i #2132 <, EDEHIL S DR
ORI MEZRL TS,

P O Y (1= 23: /ST VDS TV WY oy cal = G 8 G Y = 7 A - = AN AR 5 ] = S aTe
SIS TIE. T 774V T FAI Y Grg EDGo- R B BARIEE D3 T —NIVEZEE R, €D
FIZEBBICE>TT VVYIVEOMEZE AL, 2NAGEO Langlands AU D A BRIX T2
WOEKRDBZTT VI INEELEMBETHEILETERT D, BEDOTVVIVEIEA#, 472
HBHLVRW 2XWRV THhEDT,HEFEELTOITHD, ZOE 2R FEHNZHIHT 2D
M Beilinson-DrinfeldiZ &2 7 771V - T T ARV D1 INTA—=RERTHY, Tz ffio>T Lk
DEBDGEHIND, (G TIE, FHRICEIDELGIHE 52T\ 5,)

T, (HEO(R), IE A HERIZ RS2 D T, ZDARINTLELUTT 771V S hkikEE A
GHIENTED, 2N, CoulombM DI FINAREHETH D,

M = Spec(HEO(R), *)
DI (HEO(R), ) WAERERTHEZEXR  BETHD L ZFEHTI DT, Ml BERZ
TI7A VSRR TH D, F-IERTHDIEERINT VD,

8 A IRDESIZLUTE Z 5N, formal disk DIZ, C*A3loop rotationz +— tz4Z
FOEHTL, ZOEMIK SETHOTIMRARZEBADIERZGI S I K FIZ, Goll
EFUT BERGo x C%2BRDIENTE RIZGo x C*MMEMT S, T I T, [AZBorel-
Moore/ R EAY —HEHCC (R) & E X GMERIULSIZEATL, IOLTE FIH
7=Coulomb#t%

Ap = (H9"®(R), )
LEERT D,
BE.TI77AY T ITAIVLRRRX, TDOHMDE R EE Z2DI%, LFETNS] ,
, JCEZLNTEY), BRBEDERZZMEICES N TR ThesEIZU
770 JCE. T 7714V - TIAIYDRDOIIZT 771 VSRR, [AZAREQY —BED
RDOVNZFAEKEEDR NS TSN N = gD &2 H-> TS EoTEWN, TR %
i&. Cherednik®® —HY 771 - ~NYTHRE(DAHA) TH %, CoulombfXDEHIZT 771V -
T AR VS RRARIZT AU, Z Dspherical partiZZQY), A REDY —EHZRIIEFE I KD
RONZEABBIRODAHAIZ S, )i % Coulombikidt x TV /WTHY, & i EHA
ANPATRLS NPl A

[ : JTIE N = 005 EE D F>T NS, HTLSEDIE, GDLanglands MY

DF WM THIH, FEMMITIE T,

4.

AT EIORE UL, JEIROTZEE DA EAY =2 58D T, TUVSALED SEWEKIZ R A
SPELIVEWDT, G ZHIT £,

4(i). G=C*eUN =092, 2N&, —HHHBHITHD.N = 08D T RIZT 771
VT IAR Y Grol MBS F£/2G = CBD T, Creld D EDOERFREZDOD* ETOEHA
{LDEY 27122 IR 570 reduced schemeZ LD &, GroldBEBZTISTARNTA XX
N7 BRI R 22 RIS, EBR. o(2) = 2" (n € Z)PAIET 2 mEH5DT, XoT

1% (R) = @) HE (pt)
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L85 HE (pt)ldk, —ZBBDOLIHRECw|TH D, NN EELHnD EIZFE-S>THDD
T.mD EDOLZEREnD EOZIEAREZRNTZLED850%  ARBEOERIIE>THET
%, BMDEZZNHL LI /ZDT, FLVITEHILITTIRVMN, G = COBFEITIE.
TV IV ELD BAG

&
GI'(CX X GI'(CX — Gr(CX

MNP, ZNHHEDY —EHZ 5] X8 Z 9 pushforward #E[6] LS« (MR 520, 5 EmdD E
D f(w)n® EDg(w)&fF72EDIE . m + ndD ED f(w)g(w)ilBd, §H8H0b.n=10 k
DI(FEABIIN IR D)2 THHHOT L,

HE°(R) = Clw, 2*] = C[C x C*]

785, U735 T, 5 DIEH VD CoulombiiEC x C*TdH D, ZAIUIR? x STTHENH, Z
DA DCoulombi IE B FHIEZZITRNZEE2ERLTEY, I =Y HRAHIARZ LD
KMTHD,

EO—H MEEIZRDOIZGIFN—F AT T, REUIXRIFVOTH D LT D, Grol B BRI
ZERIT. Hom(C*, T) T/RFARTA AINT B 2T HI(R) = D) com(er .y Hr(pt) T
Hd, Hi(pt)lk, TOLiekit EOZHAERCH TH D, — [ NG T Dmzer b B, ke
[FARRIZer x et = M 8785, ZHUE, TOR TV DS (Hom(TV,C*) = Hom(C*, T)) &
AT IENTEENH, Coulombiidt x TV = T*TVTdH5,

4(il). MIZGIFC*DFET, KIAEN = C LEERBUIINAD, Grexid ETHEIALZED
IZZTISTARTA RAINDREIIN R ZE R THY  RIZEFEBND EITRTNVZER-IRTESTH
LD THD, 5Mdo(2) = MO TRRIFR AP ELZNENDIEDTHIND,

R=||z"Clz]nC[z] = | | z"O"C[]

nez nez

Thd, HEBED LIZFES>TWDEDIX, RITMVZERTHY Thom A BUZ KD HEO(R) =
@, HE (pt)2%8%, THRHOHEANIMVERELTE, EOFIEFEUTHD, UNUA R, E
DOl IEn > 0D EDFEDY —HHln < 0D EDREDY —HDOENED> TS, EH%
BUELUI-D T, HBEDRA U NIFNDE n = IDOFEAKRIEEn = —1DFREARIEEENF 2L DM

2C[z] — Clz]

OHUHUBERIZES, HEABHDBRIZZRD, ZHIERIRTIDEH 3 2B TH D06, [HE R
TOYV DG LT, we EARBITHI ZEDIZRD, LN >Tn = 10EARIEE,
n=—1DFEAEEyE T, vy = whKD LD, ZOFHENS

HZ°(R) = Clw,z,y]/(w = ay) = Clz,y] = C[C’]

PED, Lo THDIEE DCoulombFZC2TH B,

KBEZVZAIDPND —IRGGRBUCHI B R D & B D53 DFHHE M NIC)2] —
C[z]DpushforwardiZ & Z o) | FEIRER IEClw, z,y] /(W = zy)& 85, ZHVIE, Ay Y
D HIURF B USRS,
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5. W ODFEE

ZDHITIE, CoulombEM A FF DRI DOWTHRGLT D, W NEWHIZIZ R R I N
TV, ZNDG3DEFEDE L THE AT EEIZE B INS ZE D HRA VN ThD,

5(1). HCo(R)IE RERY—DIED PN L) IEAT ONABRI RS, DFY, C[M(] =
P, CiMclg EARL. CIMcla- CMele C CMclara £ 8%, ZHUE MIZC*DIEFNE-
ZHNTOBIEREERT 5, EEE CIMc]gld. C DYoo NTIERT 2 A NEFTH B,
EDHITIE.C x C*2C? = C x COTNTNE — KD NDIEHER L AEFIZR>THD
5, (IEFEIZIX, 25 132 A MT oy =1 N TH D, )
BEIRBOERZEEBEN-OTHEPI AR LU TN, IRBULFEALITRST, — %
ETARTOEBDMEEZED DD, HE>T Motk —RIZIFETH D LITEL 2N, 22
’C MeDBETHDBEIE, CIMe]a =0 (d < 0), C[Mc]o = CHRD I DEEE NS,
PIELIIZ I, 2OCPEAIEZ. SUR)EA DS NDHIRMNSKZEDIZ, HIEIEDHE —
WL MHFINTNDAEIEIZDWTUIFBHUROWD IRIZBRDMADNIN =T
VBRI AR EE L ITHA G DEDEDTH D, B, GAVEFH O L X213, BIE X%
RN SURMERIZ, B — T —FiE1, J, K254 kot S? = {al 4+ bJ + cK |
a? 4+ b+ c? = 1} 1ZSU(2) — SO3) 2B U CTERERIT/EH $ 28D T, — D DE R [ [E
EGDE, [ZRDSTOERAUMNRRBRODBEDEZA T — 7 — G DE HRIFF A5 T
WARWDT, SUQ)DIEAZBFHINIEZZZLIFTETOARVDS, FHIRDSTZ IR RZTH

ORI C x O = < §1EUTRYEsu(2) 2 UK, BERIZSUQ)O1E BB, v x
A MEFFITR-TND, <c20) Bz, yBTNTNITAM-1/2, 1/20NI)Vh=TV
BRSHYWEHE GHHET, W:ﬂl\?ﬁ#& 1/2@4’?)5@ WZERIE, I A MR SIS T
B LERE CPRMTHEIRHE A7-SU(2) = Sp(1)DIERIZ—ET 5, (EHEHRLTLRND
T.SU2)DC>NDFFHERK R R B L NE Y WU DA BN R L A BT E DR DD D, )
5(i). HEo(RIFFAZERERY —HTHD05, HE, (pt) = HE(pt) PODYERIIZ RO, (7=
tb HG(pt)LOMhiﬂzf 2 AR ¢+ 3R B TR, AR I&HE (pt)-$3T

AR5, AR TALL 2 EDIZDNTIE, HEDNTEIE TR, )

:MO);«N%—“JAEH%&

w: Mc — Spec Hi(pt)
2155, F<HONTWDEDIZ
H},(pt) = C[Lie G]¢ = C[§"

THLHMH, Spec H(pt) = t/WTHY, ZNET 771V ZEMTHD, ZI Tt = LieTTH
N

N): 3= 5= S [ AWV ¥ 55 DN

HEC (pt) — Ay, = HYO(R)

EWVO BN RBRERBNRH D, ZNIE LT = %ﬂ:fofjc%tcmﬁaf%%é?/um\é:té%?
HUTEY. SAD h — 02 EABILICED ATV A lThD L8, T4b
B LieT/W OB f, g % wTHIERLUZEDIX, Poisson AT TH 5 : {w* f,w g} = 0.

IOITIRMRALT B,
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EH 5.1. wDgeneric’R 771 /N—X,. TV TH D, LR IRD AT K AD DD, EOREIH]
FWNEBEHRTHD,

MC’ ................................ >T*TV/W:fXT\//W
W

ZNE HEFERY —BORATLEB O IRFETH D, AT bE HIE, Hi(pt)D gk
ZFETHEE,

HI°(R) Quzon) F = HO(R") @pz o) F

MR NLDEWVWDFERTHD, ZZ T RUEROT-FEERDELSTHY ., HBEMRIT,. A&
HHRT — ROpushforward®FH R TH D, Ze, HEo(R)I&, HIO(R)DW-AHZEH 43T
HBEVDRELMAADEDIE RIOFAERERY —HERETNIIRVWILIIAD
M RIIMRGry x NTTHD Il §4()DEFIENS t x TVTHDIEN DD,

?;T'%VF@H;(N)F& t/W Dgeneric pointIZHilR DL THY, AEFEOY —HE2E 252
YW EDWERFE Z DL DB FR BRI IR L T WD, K<HILNTFEDA
stk s HHh 9 MBI TH D,

PAET. wld R VYL TN, 77 AN N—F AT H D Z M5, wldLiovilledD
ERTHED R THD, B E TALAIXTDE T TH D,

5(1i). TI77AYV T IAIY CroldMfHRIZIE = S SIV—T 8 QGTHD LM HILN
THY, FHIZTOERE R ECDEEARRE m (G — T D, REDY —FHLERE K ITIEL
THRT B, ZHUTA BFE L compatible Tdhd, T8O Hy € m (GIUIH T DRODEAL B
DER,EEHLEE HEO(R,) * HEO(R) C HEO (R4 ) 2785, (11 (G) N F[HETH D Z L id &
SHIBIWTWS, ) fE>T HEo (R)IE, 7 (G) TIREUTIFHNZERTH B,

Iz Mc = Spec HEoO(RYITHEZ DL . m(G)DARY M) ¥ —F B Hom(m (G),
COMMAAMER T2 81285, 722 Z1E, EOHITIEr (G) = m(CX) = ZTHY . BV b
Dy —F 2 BHIC* TH D, CAEMIE, I DBITIEC x C*DE T ~DHREREMT
HY, ZEHOHIDGEIFeSI A M T, ySI A h—1TH 5,

COfEMIE, B R T HEo S (R)ICEARITMHTTNS I, YV TV IT1vIT]
RNEROTNDZEBNHED,

GBI DL XL, 1 (GIIEREET, TORY Ny —F VBN EF RIECZ>TL
E5%, b—F ADBENDDIEHom(G, C)MWEH B TRVIGAETHD, ZDE X FHE) BB
IdwiZlLlie G — LieC* & EH K UZEDTEZLN, FHIZERIINIIVI=T >V TH D,

5(iv). N2 GEEBEORLLTELRIBRBCORBEDHIFLLTHATHSIGA2E
A%, WIEITIE BGRE G/GIR7V— =R L KIEND, ZNEGTERDT,

GoldRIZIEFTBDT, KERBEDELEREDY —HO0(R)EZEADIEMNTED, SHFE
(ZED, HE (pt) EOREUZZY) G2 AT MT A, Spec Hy,, (pt) = C[Lie Gp]¢F 1D
ZIRIRDIRIZE) R DT 7 A IN=INTEDMTH B, § 7805, MoldLie Gp JGrT/ AT A
N AINEWERD,
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if:ﬁ%f BT D0, B IGT D EDRM D53 e 5 U (Dl 2 i kg
2LETED,

ZOHi & Hi I Tl Hom(G, C)EG DMl B L[ E % FH 7203, Higgs B M gl 28 LM
BhEZDIEIIEHATHD.£T.GrTHIN . My = M)JGTHDIMNS, Gpld MplZfEf
9§25, — T Hom(G,C*)MdhdL, Mtd5¢ € Hom(Lie G, Lie C*) &% A T, #HE) & 54
DLRIVEEZ L = 003bp = (B TDEIENTED, 205, Hom(G, C)EGpMR ML
Myl ZFEETHRGE L, TN ENEHERHEZ R THEMN, MH IFEMEMyTANEH>T
W5,

5(v). miffie, gicEOEOHIELU T, M=V Il — 5 —L Rk ikEE 25, 2 Ui,
N—2 2D 58 2 H]

1 =T =(C)"" 5 T=(C)—Tp=(C*)" -1
WEZONZET R, TOMERRLBIN = CREY, TOTADHIRENTHEDT, X
T Me(T, NI §4(1)DEH R IDCHL 788, B 2 Hi DM U I D (T)D ARV M)y —F
VR ISCHZAE G B, 2T DR b —F ATVIZM R SN, TrD A h—F A
FTYIZT DA =T ATHY 4 HiOHEKZELIDUED L E TIZE 5 Coulombkl
M (T, N)E. CHDOTYUIBT B Y TV T4 70 CH ) TSR, ZAud, BT h—
T ADTERF

1T TV TV -1
2HEZTCTVOREM = C? @ (C)*IZB$ B Higgshi b WA I TE D, T DL, TETY %
AN Z 5 ZE12&5 T, Higgshi & CoulombiD AN H->TN 5,

6. iRy — M

BEDE ZA, HigesHD iR BRIRIZI22 £ 572 (G, N)IZKT RS S Coulomb T DUV TA—
FLARNSNT NS, Q ZiEL, QuETDIHMDES. Q1 &2MEDMIGNLADEEL

TD.h € QITHL, TOIMMEH R Zo(h), i(h) TRDT, ZDDQy TREM I SN/ AT K
VRV =@V, W = @WhGALNILE,
G =[] GL(V}).
i€Qo
N = P Hom(Viny, Vi) ® € Hom(W;, ;)
he@1 i1€Qo

M ART —VHERTH D, 72720, GONANDIERIZHRBZREDTHS,
QMADERIDBEITIE MolF R AR R R 2R 52RO EOE/HR—NVDEY 251
72732 LA TIZIR R I N TV 2 A8, 20028 [ O ARBUS AT A6 I A3, Je D E
FHREBZEDELTRINT VD, (] ) 22T B/ AR—IVOREEREE. QITHINY
% (adjoint B D) E FE HHV —HEG,THY) . VOIRTTIE, B/ R —IVOUBUTH IEL . WDIK
TCIX R RSO RE G2, RBERMARNE I, B OG &L R X B TlER
WA = Y dim Wi — dim Vo KB RE XX GoD T 774V T I ARV &%
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A = Y dim W L pd SIS BSchubert % B Cry, , iy, #HoTC, Crpy, OBENT G111
¥ G, DEDVNMTHB,

A%H%E’J{E’rfrﬂm LEOTTITAY T IAIVIE GoD TV T TV ARt DB &k
UDWVTO D, — HCHRERADOREOY —BHTI, GoDEBDHEN A>T, 1
RN TV T w7 B, 2D D DOREED A I L5 TRED DN TWB e %
Fikd DL ﬁﬁﬂ:*m&(/\%fa@é)

ZORERDIEAD720DIZ1E M BRE T DIRD IO STEEHND,

<>i—¢ MDD MRS, TNiE, £< 05 A13. MY E OB R

(2) (7( EDERDZERN, ol e g 2 LRI NS WD R %1ED,

(3) TOARS BASEHAFETHD L M ERTHELEF T IT 5,

(4) Mo EDBEROMD TTY /W EiB U7~ A B EARD T DRIRTT2DEEE IR
THIE T2 2% F V0T 5,

BB DRIRITC2DEEE RIS i+§j\le%9: AlE, I EHMEDRETHD, FAEFED
V—DRFALE DG T, genericlZ IXT*TVTH 2D Z & &L 7203, é?(?()tl@éi\_
AE AR D T LD HEDCoulomb i Z I E T DM EIZIFE TX S, BE1DYG
1E. Coulomb i IEC3 DRI E U TEBHTISZEDRINTEY, ?J%ﬁifih’cl/\éobfdﬁo
T (IE BUNATY T THD, BURTIE, (3) B R TEAM, T —ANA T —ATiHTHI T
TEF—HRA VM MIE->TL \éo

7774V ADERIDG&1X. ARIDE ) HR—IVDORDOIIIA VAR N E2F 2L E
W, 2720, R”‘LOD%/Z&/%/T 137%:<, Taub-NUT%2 Fﬁk@%/x&/l\/ 29 BDMN

IEFER DT, IR ENH Y R ETWD & ZAD L7215 & 1ERY ETE Taub-
NUTZEM ETEH BV TV IT1w I % kkke LTI iﬁbb&u\c‘:ﬁﬂﬁ*m{mé

AVAZY R DEY ATAZZRUIOWTIE, (3)DHEEAGEHINTHNEWD T, BIfEDL
ZACoulombfDIREFETIZE STV \é\h\

(3)IMIDBNEE TH B, B ZIEAFBHEIL, AR DL X ZHICTEHTHBH, —MITiE
TOTHRN, — 77, CoulombF T H IZIEHTH S, AL DR EZFHi3E X0 T DSlodowy 1 Wi b
Frid. Higgsti & UTEHND ZEDHISNTWB DT, g % Coulombfid, THR>TNDE

WZIEE ZONDM, IEFPEDRENS, 5 HAMTIZRI LS TH S, Hanany b, 1E
BULZEANUL I N EZEZTODEDTHIMN, £7ZFEZ R BRIBINAHDLIETNZRNDTIE
ILNTZADIDN?

TITAVARDE X AV ARV N DEY 251 22 W% E R KR DDIZ, Cherkis®
S % RRAE (bow variety DFIER) & H W%, 5§ S AR, Nahm AR & K i?f’bé#ﬁ%%’
%ﬁﬁﬁiﬁ@@ﬁ’&ﬁﬁb\f%%b*ﬂfu\éOD“C ZTOEETIFIFR MDA, | DR
AR RRRDETEL U TESEL, 3)DMEEZIEHL 2, L5 T, 7771V ARDRR T —
IE?@@Coulombﬁliﬁ%ﬁi‘mto

7. B3I NZCouLoMmBE

B LI N2 CoulombFiA, I DWTIE, ZRRARDIREIZEEARD & 32 TS HIE A7
Uy,
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HNZ, FEFERBAN = gD & Eilspherical DAHAWHI TS &% E M UMY, G = GL(k)D
EEIFE TV INE VRIS T T —YHwmT.V = CH, W = (0B ATHDHLES
ZUIMTED, 2N —IELTYV = CF, W = CEEZ DL, AjldwreathfEZ /171 S), =

(Z/rZ)* x S, DA B Cherednikf L Dspherical partiZ7Ad, | ] Xt 9 % Coulombfk
I&Sym* C?/(Z/rZ) T,
GRADERLOME T —Y MmO GG 1%, | |D AppendixiZH T A, Aishited Yan-

gianE UCHIITH D ZEW R INTz, 122U BT F MUz ph3 X &S Stz e U
N TREIINTEY, —IRDGHIIRIFRTDHD,
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AN INTERPRETATION OF BISET FUNCTORS AS MACKEY
FUNCTORS ON FINITE GROUPOIDS, AND ITS RELATION TO
DERIVATORS

1l 747 (HIROYUKI NAKAOKA)

Mackey BT - FHEBITF « biset BT X W TN L HIRERCARET 2 EBCR D HWZD
HRZRLT2METHD. FliE, ABEE G I Burnside 8 Qg 2353 E 5 &,
HoEE H < G BLOEHHSHIC L 5RIR G/N 2 LT 6 fDEH

Ind Orb
/‘l\ m
QHeRes QgelnfoG/N
\f/ \{/
Jnd Inv
DFELIND. KEHICE 5 & Mackey BAFIXZ D620 9 % Ind, Res D — D%, FHRE
B3 Ind, Res, Jnd @ =->%, biset BAF1X Ind, Res, Inf, Orb(= Def) ® 4 2% 9
WEThs. 20w, LA TEZERMICHE O WA % 52 572H1C, THHE biset
BT & THIESRRE, biset BIF & FHRBEFOMAZ BT OIXARTH S,

1. MACKEY BT+

HIRRE G LD Mackey BATFDEFK 77, Mackey BATF DO IEAR R EEIZ- DUV T
1% [Bo97],[TW95], [W00] 72 & % .

EE& 1.1. G £ Mackey BF M = { My, resi, ind¥, ¢, u} 13,
o M H <GIlTxtL, N My
o WNHEDII K < H < GIZxtL, ®IBREPEEILDUER resyl : My — Mg
BLOHER & IFIEN 5 R indl - Mg — My
e MM H<GRIVIge GITHL, HJEEFINDLHERM ¢y My —
Moy
MO LML ERIBIDOHETH Y, UTFEmETbDEn .
(i) fEED H <G, he HIZXHLT, resth =indd = ¢ =id.
(i) EEO H<GBLVg,d e GIZHLT, cgomocgn=CygH-
(iii) FEEP L < K < H < GIZH LT, resKoresl =res? | ind# oind¥ = ind¥.
(iv) fEEDO K < H< GBLWg e GIX LT, ¢y xorest =resitlocy i, cgmo
indf = indzg 0CgK-
(v) EEO K, L < HIZk LT

(1.1) rest o indf = E indfy ;o Ch. KLk O TES R h-
LhKeL\H/K

Z D (v) 1% Mackey §fF & FEENLS.
UTF, £E2EDLITHZLNICHO N T LI LITEKT 5.
1
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5 1.2. % H < G 2% LT Burnside B8 Qp &%t S, WoHOS K < H < GiZ#
HORIR rest: O — Qe BLOHER ind: Qx — Qp 3P &® % &, Burnside
BEFE QGO NS.

Bl 1.3. Q % G-IEEET 5. ROXIET Mackey BIF P = P@ nELNE. Zh
EEESBET LR LICT 5.
o % H<GIZHLT, WMt QY ={qeQ|hg=q (Vh € H)} ZXIIEE
T5.
o MHEDHI K < H<GIZRLT, #HlRresi: QF — QK 1x@&5HB L L,
##% ind: QF - QK 1%

ind#(z) = Z hx  (Vz € QF)

heH/K
RHFEMETD.

TRCE, AR GHEAOE gset ZMWIZRERS VA TH L. MO H < Grb
1365 G/H € Ob(gset) BWMFbh, MNHEOWUGE K < H <Gl G/K - G/H
DIFHID Z EITIEER.

EE 1.4, )KERATF M*: gset — Ab L HZEEATF M, : gset — Ab Dxt M = (M., M*)
NUTEW7-3 &%, % Mackey BIFE WD, 72721, AbIZ7 —~LEEOE %
7.

(1) M*(X) = M.(X) BMEED X € Ob(gset) Ikt LTHAL. —iE M(X) T
=T ZOEME, M= (M., M*) B4 & KENZ0FERED TlZ) B
FTHDHZLEEKRLTND.

(2) M* I TIMERTH LS. T72bb, gset IZBITHEEOHAREFZ Ab IZBIT
LA MRERIZ 5 DT

(3) gset IZBITDIEED T 7 A /N —F4

x Loy
| o
X?Y
(RL, M (2)M*(f") = M*(f)M.(y).
MaCkey B+ M= (M*vM*) mH N = (N*aN*) /\0)% ¥ = {QDX}XEOb(Gset) &I,
IBEDH ox: M(X) — N(X) OETH - THLEERI & KBy O 7B L H R
ThHhoHbDE VNI, ULV, G LD Mackey BAFDE Mack(G) B Eoh 5.
LD Ab %, BALIOATE WHCEREOBE Mon CTEXH#LX 5 &, # Mackey BF
D SMack(G) 36N 5. Mon ZHEEGDME Set TEEZ#HATH, HIRICZ Mon %
AT D7 DRERILFE T & 725, Mack(G) C SMack(G) 13T 2 TH 5.

FERORICBEF O E L THERS D Mackey AFTH D73, AN LD
—ORAFELRMIT L HTES. ZO/EIT Lindner[L76] IZ X 5.
EE 1.5. gset PHAELDRNVE S =S8(gset) &%, LN CEELE AV,

o XGUTIAR G-EL. T7bH, Ob(S) = Ob(gset).
o X% X, Y OBIDHIL, gset (2B DHO%

O

x L v-Ly)
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OREEET 5. 2FL, (X« vV -5Y) e (x v Sy)nmRET
HBHEE, flov=fBIWg ov=gZiiTRES v e gset(V, V') 135
ETHEEEND.
FOBRIZT 7 A X—FEEHAVWTERIND. BSIZBWT, “20x%R X, X, D
HAEN, gset ICBITAEM X111 X, THEXOND. £z, ZZHEESVIIHKRAGRERS.

=X 1.6. ([L76]) BIFME Prod(S, Set) — SMack(G) 3 X Prod(S, Ab) —
Mack(G) WFEET 5. 72721 Prod ©, AR ROETFOEZEKT.

2. PHEBIF

Mackey BT IR « #:F (J6 L OMEE) OBMREZFLE L TWADIzxiL, FHEE
FIX IS TIENHER 2 N2 T A OBRZ TR T 28ETH 5.

EBE 2.1. ¥ f € gset(X,Y) OED L5 ERULET f*: gset/Y — gset/X 1
TR fo — BLOKBEME L, # R0 2 L ICHEET 5. ZORitkEZAWD &, H
p € gset(A, X) IR L, REmHIZTD e GLND.

X<LA<LX)>§HJ:(A)
(2.1) fl O |7
Y = 1y (A)
7L, SMRIET 7 A A—TEET 5. ZORRE f L phbiEE s RMER & L5

E#&E 2.2. ([Ta93, Br05]) BATFO 3o T = (T*, T, T,) NFHREF (resp. #F+
FEF) THHEIL, LT EHMAETEEEZND.

(i) IEEssy T = (T, Ty) 1 Mackey BT (resp. ¥ Mackey BTF) .

(ii) FIEE TH = (T, T,) 13F Mackey BT

(iii) EE O (2.1) 123 LT, To(f)Ty(p) = T (m )T (f)T*(e).
ZM (i) 20BN E X5 EEoxg X ok L, T(X) X (1) 2> BIERE (resp.
IERHRE) OREEDS, (i) 20 b RIEMEFOMIENAY, SEANZ XY 2kt
B2 (resp. RIHLER) &7 b

() PHREBEFOBHWEDH & 1%, INEESS - LS OWTHUT OV T $ 2 Mackey
BETEORNEZ L5225 L5 7580 ET 5. FFHEBETFOEEZ STam(G), %O R
SETH D NREETOEE Tam(G) THT.

5] 2.3. Burnside BRIZFHREETF %2729, F72, 3 Burnside BRIT¥FFHREIF% 727,

Mackey BIFOE Mack(G) 137 —~VETH 25 & [FKFZ, Burnside B F2 2=
MeTHRFRE A XNVETHD. B, GRHBARBEOEAIZIT Ab (ZEFME &
b, IhHDZ LinD, Mackey B TIELT —_NABED G-RIERYEREE R END.
PHEBFX

o JIERICIE Mackey BT =+ 7 —~ULEED G-[RIZERRK

o FIEAIIZITH: Mackey BITF -+ HNZLICAT & AIHLERED G-TRIZERR
NH7eY, ILIHEAO G-RIZEREMETHRTHS. GRERARGAIE, Tam(G)
WX E OB OBICFME E 25, 0D, FEBETX A HERO G-RIZMK & 7%
5 ([Y06)) .

7 2.4, AR G- RICHET A EE AT PR 3MHERETF L 2%, Zhick i
EFR T

P: G-Ring — Tam(G)
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BEHND. ZOEKRT, FHEBEFEZ G-RELY LAWY T XAORGEH-> T\ 5D
EE25.

AR D G-RIZEMTH D E W I BLEND, AERIRHICE T D HARN 7248 503 PHER
BIFRICIESN D EHIFFTE 5. BT, IROMEFEIT AT H#-EB2D Grothendieck Bg %
L BDRERDILREE 5 2B,

BE 2.5. ([Ta93])) AEHET Tam(G) — STam(G) 1XEMHERETE 0.

Z OIS,

(a) FHRBIF D, FIEATHS ¥ Mackey BIFIZ K 5 fraction «-+ [N12a],

(b) FHEBEF DA T 7 M K DRI -+ [N12b],

(c) PHEBEIF Lo, THHEALR] £ & HEAEOHLL -+ [N13],

(d) ¥ Mackey BF0OFHEBEFE255, HERZ & D8IED G-[AZRR -+ [N11]
RENARETH L. KR, (o) IZPHRBIFITKIT 2 Dress 5k ((OY11]) & & BIET
5. Fiz, (b) EHWTHHRBEFORANY T LAEHKT L2 TE5. LI,

G=Z/p"7 (piIFEH) O D Burnside BFD Spec %, FROMBERRLEL
bDTHD ([N14]) .

N\
// p— pm— )
° . ° . [ ]
~ £"(q) L"(p) IACON I A
£7(0)
‘CQ(O): EST—I(q) ESr—l(q/) /
£00) N—o—/
" =0 5(d) J
0

FIGURE 1. Spec Q) for G =Z/p"Z

3. MACKEY =+ & L CTo® BISET B+
G DESEECIR S 2 WA TREE E Z O OAEHERBIC R L TER 1.1 L AEDS

AR UIzRE, KM Mackey BIFR &V 9. & 512, BEOHWIEZDEEOHER %
WO DIXAARTHD. EBRICITROFRICHEIES % VT, Bouc 2LV biset BF
VO BEERNER S 4172 [Bol0].
£ 3.1. G, H ZAREEE L, UZARESLTD. UNLE HAERH L GER %
b,

(hu)g = h(ug) (Vhe H,ge G,uel)
Wit &%, U% H-G-biset L L5, L%, gUs DL HICFET. UM H-G-
biset THDZ L%, AR H x GP-ELETHDHZ L LFEETHS.

1E 3.2, AIRFEOHERIM o: G — H 2°5, biset & LT gGg BL W oGy LD
ZEIZHEET A, T, RO KD RFEARR L biset N R HILA.
o WAREDAE H — GIZX L, Res§ = pGo BLVWIdG = oGy
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o EHHDHICLDRIRG — G/N WXL, Inf(GG/N) = G(G/N)(G/N) BIO
Deff/ny = (/) (G/N)a-
o MDA ¢: G — G 2K L, Iso, = oG
E#E 3.3. AMREED biset [ B Z#LL TO XL 5 IZEFKRT S ([Bol0)]) .

(1) B OKGITHIREEL T 5.
(2) AIREE G, H I3 L, ESE B(G, H) = Quxger) LT 5.

Vi & gUg OERITHEES
VxgU=(VxU)/(vh,u) ~ (v, hu)
TEYD, BIZINEMIZERET 5. BIZ7 VINERE L7225,

F 3.4. B LOMEEF F: B— Ab DZ L%, biset BAF & M. HREH A5
L3562 L7T, biset BRFOBENEOLND. ZOBZ FTCRITZLLETS.

ZDOEFHIE, Mackey BATFIIHRF 5 Lindner OFER L@ 5L DB 5. Bouc 2
X Vo7, biset OO GRITIEEL X S ([Bol0)) .

EX 3.5. yUg B2 B, AIRBFEORE - T - ARG 72 5 MR O 5
(3.1) HC—»C/D+-B/A«B<G.

DHEELT, BTROREIZHETE 5.
U=~TndZ xInfS,, x I x Def2,, x Res&.
1 C p n C/D C/D SOf B/A (S B/AB eSB

1 (3.1) 137 7 A A—Fi% & 52 LT, WOBIC VRS ZLBRTX 5.

/\
TN

C/D=B/A
o Tl ZBRE, BEMERILD 2/
H&E P56
& AfE 5. Lindner 0)1‘*%& DB ABVY [PHE biset BT ZE&RT 57201, i

3" biset % [¥-43) (2 L2 LT Mackey BIF42BRTH0ENET 5. EFEIC
ZHUEBL T Ok 7R 2- .Tééfﬁfé“ %.

EE 3.6. 2-[ S ZROKIZEFET 5. ([N16c])

(0) O-B/VITHIREE G L AR G-EH X OxtET5. Zoxts & T

(1) - £ L zxl, 1B 9 3 - L LiFF B a X - Y BLOERO
1 {0y G = Hlpex O TIH-T
(i) algr) = b.(g)o(x)
(i) 02(99") = Og2(9)02(9")
PEEOze X BLWg,¢ € GIZRLTMIETHOEWV). FHIG =
LE, 0, =id &My Lo 1-ErEk (G-) AERL-Erinng: X
DEHITET.

H®
Y
el
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= T EHL, 2k e & = QLT H OXOE {6, €

(i) gabalg)er’ = 0,(9)
EFEBEOzc X BIXWOge GIZHLTHMETHLOE NS,
BRR EDFEAIT [N16c] 22 M. ROKICAHBRIRED 2-[ finGpd & D RIEAF
fET5DT, TNTARELZGIERLTEZXTH XV,

iR 3.7. ([N16a]) LAFOXRRT 2-BF 1: S — finGpd 235G 541, 2-EO[FRIEE 5-
25,
(1) 0t 2 eSOkt LT, ARRERE (L) %
- Ob(u(X)) = X.
- EEON R v’ € X ITHLT, HEAF (Z)(2,2)={geG|gx=
a'}.
ETEWDD.
(2) 00 £, HITHLT, 1-ELOHNEDORH S
N 1, Xy Y
8 () — inGpd (e(7), e(5))
DIMFAE.

(3) 1k g 80 X 5 LUTHL, 2-BADHVED A

L SQ(%, -) =, ﬁnGde(L(%),L(é)),

T

[R

DIFLE.
ZORMEDIFIENS, BLTFTIES % finGpd TE X #Hx THAEN R ZER TN

fHxE 3.8. 2- ST FOME A FFo.
(1) AR D 0-2v £, LA L bicoproduct 2 [] 3 2MFEFE. ZAui o CHE O EF
2925,
©2) FEED 1w 9 X 5 Z 8. Y Zzxt 1, bipullback X %
Zhit.Tar<MRAUTHI DD,

IHERAWT, S o Mackey BIF 2K OBEICEFET S.

EZE 3.9. S L® Mackey BIF (resp. # Mackey BF) &1, S5 Ab (resp.
Set) ~DER IOLENZR 2-FAFOXF M = (M*,M,) Téh->TUFELZTH
DEWH. 7212 LT, Ab (resp. Set) XA 2-ELV %25 % T 2-[5 & A7
T, SO2-ENMI M M \ZXVRTidIZHD5.
(i) fEED 0-2/L 1Tk LT M*(£) = M (X) BRI, Zhvg M(X) T
(i) M* 1% bicoproduct ZFFIZ 5 >F. F7z, M(D) ITHEFE.
(iii) {1 @ bipullback

¥ B,

=N

w 9 Y
L H
“/i Ue lﬂ
X Z
T a« °F

<t

(TR LT, M*(a)M.(B) = M. (v)M*(5) 75k

ZOEE, WP L.

~—
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FH 3.10. Biset BF F € Ob(F) IZxtL, Mp =i(F) %
o HIREEGIZH L Mp(L)=F(G). 22T, 1ix—mESERT.
o BEDHERE o: G — H XL Mi(7) = F(eHu), (Mr)«(3) = F(nHg).
ZIT, —RADOEESHBERLLESTL &XT
ERDEIEDDZENTE D, ZOxGE, LLFEMZTEF ¢ F — Mack(S) %
Hz25.
(1) boi =1d L7 D EHEMEBET € 25D, im;éi‘ﬁ{?ﬁfz%é
(2) M € Ob(Mack(S)) 73 i DAREHIE Eﬁ_é L, &KX

1 1
3.2 M. (=)M*(=)=id
(3.2) (SO) (@)
EEROEMERR o: G —» HITH LT Z LICFE. 22T 113
;.G—> L s 1k

W~ T, (3.2) Ziifi7z 3 Mackey BITF728 biset BITF & ORI W TEEL D,

EF&E 3.11. Mackey PIF M HNMEEORHFERE o: G — HIZH LT (3.2) iz
9L &, M X deflative TH 2 LV 9. Deflative Mackey BT 723 Sl /0 & %
Mackqa(S) € Mack(S) THRT.

EH 3.10 /5, biset BT O & deflative Mackey BT D& D &\ 72 o & [RIME A
Bohnd. X0RBEBIZE, WBY Lo,

EHE 3.12. LIFAALT 5.
(1) & Mack(S) (ZTHPE /A X NVEE TR D.
(2) (1) DE /A XAk E Mackqn(S) \ZHIRT 2 &, Mackqa(S) HXFRE /A
ENVE L 72D,
(3) BT 1Z® /A ZEME i: F = Mackaa(S) 252 5.

FTER 3.10 205, S D Mackey BF M 76 biset BIF (M) BMfFbhd.
512, Mackey BT M 32 ITRO XL IR THEDLZ ENTE .

i 3.13. finGpd E® prederivator ([G13] #ZH) D: finGpd®® — € LA T DS
a3 95, 72720 €I skeletally small 72 D727 2-F &5 5.
(i) inGpd O 0-E L OEFEOARERE, DI X9 ERIC 5 5%,
(il) inGpd OEED 1-&4 fIZxt L, D(f) = f* 13ERRE £y (resp. HRECE fo)
ZFFO.
(iii) finGpd IZBIT DEED =~ MK

v/u#@
pl I l

WX LT, BATORM ¢ p* 2 v*u, (resp. peq* = u*v,) MIFLE.
Dk,
e S» -t X LC?@LL“C, M(%)=0bD((X)) £T5.
e SOIENY: X o L iZ f(ﬂ/‘( Fa?]?b(%)* L(§)+ (resp. 1(5)e) DFHET D
Ef@’%%ﬂ%ﬂM (2): M(%) = M(Z) BEOML(9): M(Z) = M(%)
(resp. Mo(%): M(2) = M(%)) £T5.
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EEDDHE, M= (M* M) (resp. M = (M*, M,)) &S LD Mackey FATF% 72
7 ([N16a]) .

H 3.14. D M XA IR D723 2-F8 finCat L derivator ([G13]) ThiuE, E
OIS, S ko 2-BFD 3% (M, M*, M,) Th->T

o (M*, My)BET (M*, M,) IZZHZH Y Mackey PIT
BT HLOBRELND.

5 3.15. AIRES D729 set DFKHLT D derivator IZLL EOHERLEZ1T 9 &, ¥ Burn-
side B2 729 S LD Mackey BT 5N 5.

ik &2 E 25 L&, [FHE biset BATF) 13,

(1) MMERNTIZS £ (deflative) Mackey BIF

(i) FIEMITIES EDF: Mackey BIF

(iii) 520> [3BdHI) Zim7= 9
EEIRMETERTIONHEITHA . (3) 0 [HEHI OERLBIIRERL
Ty, AR 1L &0 2 — L2k LCid bipullback Z AV T/ 55 B
F(§)": agset/Y — gset)Y DEEREFER LOGRMEEZ RS Z LN O b, Thz
AW THREHANEFK TE 5. Burnside BT, Z OB LES 2.2(1ii) &
[FRED S E R 20l 729 2 L AVRENTWD  ([N16b)) .
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O000O0b0O0oOgonO “Mathematica Summer School on Theoretical Physics—4th edition
(2012) Integrability and Super Yang-Mills’"0 00000000
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-n*id[n])

000000000k=NOk=1,2,...,N—-100000000000000 (3)000
000000 Lax0 00 Ly(A) O

Lln_,k_,1_]:=1xid[n+1]+
(I/2)Sum[KroneckerProductl[s([a],id[k-1],s[a],id[n-k]],{a,3}]
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Invitation to the Bethe ansatz (by Reiho Sakamoto)
Proceedings for the 61st Symposium on Algebra (Mathematical Society of Japan, 2016)

ABSTRACT: We review the algebraic Bethe ansatz for the Heisenberg model. The exposition
includes some of recent advancements with the emphasize on a relation with the rigged
configurations. We also provide somewhat thorough review of the crystal bases and the
rigged configurations.

In particular, we provide the inverse scattering transform for the type Dg) box-ball sys-
tems, see (54) at page 51. The result is analogous to the type AV case and is a consequence
of [OSSS]. We compare the result with Misra-Wilson’s box-ball system [MW].

We also provide a reformulation of a result of [Sa07] at page 33. More precisely, we provide
a crystal interpretation of the algorithm of the type AP rigged configuration bijection by the
simplified quantity (35), instead of 51(?1% of [Sa07]. Let the columns of a tableau b, € B™ %
be ¢y, ¢, ..., ¢, from left to right. Then we introduce the intermediate tensor product C}
as in (34). Here we use the Kashiwara convention for the tensor products of crystals. Then
we compute the sum of energy functions as in (32) to derive (35). As for the definitions
used in the sum (32), see (31) where u®! € B®! is the classical highest weight element and

R . . . . .
~ stands for the isomorphism under the combinatorial R-matrix.
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§8-6 The cylindric loop Schur function.

§8-7 Type DY rigged configurations.

§8-8 Algorithm of the type DY rigged configuration bijection.
§8-9 Littlewood—Richardson tableaux.

§8-10 Miscellaneous topics.

Date: Dec. 14, 2016

76



TERBD B & AR

S — B (A6 #EE K R e B A 28 e 0 )

e-mail : ktanabe@math.sci.hokudai.ac.jp

1 FCHIC

THRAE YV &1, YIS 3 LRGHER O REME AP, LA—r iy 1 v P
D % HIl & U T 1986 412 Borcherds[4] 12 & > TEA S v/ A Bl 72 MEE %
FORERTHB. THAREZ, Virasoro st (R T bV) w DFEZKE L, (ThE
T WL ODDEMZEIMU 725 O & THRMEHRMAE (cf. [11],[14]) WD, EHIE
THRRE LOMEE, FHCAZHATERREVE ={a eV [ ERD gIZH LT ga =
a} EONMBEEZFELCTWD. TZT, GIEEARBYV OFRAMEDH CFREEET
H5. VOINEEE, Borcherds 2 &2 L— ¥ v A ¥ FRDMED 5] THULNKEE %
REUb—v oy A VHRRBOBRIZCHNSONTWSEZ EH D, ERBITH
FINTWVWS. VECDORIGRTETHENH D DI, SRV INEEE VO e 0
BRCTHB. VIIBEIARIC VOB L 2508, I HIZIROZ EBRFRINT WS

FA8 1.1. [6] EHAMEAZREV 2 K WHEE 28070 61F, LEOBEK VC Ikt
MIZRUT, % g€ G LdDN g-twisted V IIHE N(EFE 2.4 2 2) BEE
LT, MIZN DOEIMEET7R > TWD (1-twisted V MIFED V IIFETH 5).

ZITHRVWHERE IZDOWTOHHIZERT 5. HARBOAMENNS WS
i, N E YAV TTERARE M (1) ([8],[10]) X 1EE MBI T 12 fThE T 5 TEH A AREK
([1],[9],120],[21) FTFHLIAEL W I EPEFEINT E /2. Th S ORGEE, W
THEHEAEAZRBUIMBET 2 Zhu REZFMICARS Z ik o ThaINT
W5, Zhu[22] (2 &0, TEMMEMZARBOBF A (£ U < 1% N B0 & BER 580
M) &, [T 2 Zhu REDOBEIIIEE L 23— 512G L TWB Z 2 AVRENT W
LEMHTH5S.

Bol, THAFAZRRBOREERCB W TEEREETH S Cy RAMRMEIZEIL T
RELER (1T DDHD, TNZ2HAVTEELL B IOHEET 2 REOMIHNHEA T
W5,

T, ZZTIRVIMEETIERL, ZI2oRBMITORMEIZT U, $V N
B N0 R%2EET 5. SFINBHITERREBORBE DML OB~ 225511 THR
CBINTL B (cf. [15]). FHE LUISMEEZBHIBHC AR THEKERTI LD,

1



SO EIZ TR D SO E S X, EHEHF X E S KIZHR>TWz, U
MU, —MRO5 V I CIIFEHRLTES Z &, 72 Zhu RED & 5 2 fHR]H35E
BRnwzZ s, PHZEBRHITHEPDTALIIIZEE T VD20
SRDoTz. B> TY —EBOREUZHEWT, Whittaker JIFEE WS &Y =
A MIFETIE R WIIRED 7 5 AD3d % D % K> 7=. Whittaker JIEE (Whittaker
7 ML) E, VU —ER sly(C) DEERIIREDIIZE [3] IZBEWTHIS THN&, [13]1
BWT—HOEZREBUR EOFRKGT A Y —BRDOGE LI 7z, Whittaker
BRI =M0RE2 R D) —B2olE, WOTHLERTELHEDTHD20, TDH
PR 72) —ERIZH U THHRNSNT WS LS THS. FFIZ Virasoro fKELD Whittaker
INEE (18] B & OV DILIE [16] 1%, Virasoro JHANE DR TIMFET D 2 A%, JOkE
CIRSIRWHEEZTWASZ D3 H 5. Virasoro B D Whittaker JIEEIL F 7=,
12 i2BVWTHEAVSNTWS. 2] Tk AV BD7 7 4 > Y —EiD Whittaker J
HNERINTWVWS., —fOTEARBUZEL TIX, ZMA0MD X 5 2iEH» ar
RN 728, Whittaker QBN ERTEZ 20 E I NIEAHTHS. L
LU, THA/ERZMREIL Virasoro 7t 2 2D T, Virasoro fA# & U T ®D Whittaker
RIZ MNVEEDHARBONBEEZ2EZ 52 1FHEKE. TZTHNIEURILVITTH
RAREDAREIRRE M(1)T 126 LT, Whittaker X2 ;L% & DEER G D
DEEB IRV, TOHBHEICETFHLL OBEUNELWI L EZBRIETEZE WD
DRESEDOHETH 5.

2 TER (IFAZ ) A& 2 0mEs
FTHARBOEREZZH N TEHL.
EFE 2.1. ROFM2H9 (V.Y,1) ZTHRREEZ WS
(1) VixC EDR2z b L2ef.
(2) = ZHRWERE LT, Y IRV ES
Y(,2): V& V—V(x)
W W

a®b—Y(a,x)b

THb. Y(a,2)b=> abr™ ' LIEAZEFL.
=/
(3) 1eVTY(1l,2) =idy (V LOEEFEEH). 20, 1,=idy £ 1,=0 (i #
—1). &7z, a € VIZHLT, Y(a,2)1=0a+),_,ale™"" € V[[z]].



(4) a,b,c e VIZHUT, Y(a,b,cle,y) € V|, ylllz, y, (. —y) ] DIFIEL T
teyY (a,b,clz,y) =Y (a,2)Y (b,y)c € V(
Ly,$y<a’ b, C|$’ y) = Y(bu y)Y(a, I)C S V(<y)) ((:E)),
Lya—yY (a,b,clz,y) =Y (Y(a,x — y)b,y)c € V(y) (= — y).

(Y
(Y
o)

o0

o] ={) vy’ v eV (i=0,1,...)},

=0
Vilz,yll = > vapna'y’ | vig €V (6,5 =0,1,..)},
4,7=0
V(@) ={D vaa' | vy €V (i € Z) T vy =0(i <0)},
€L

V(@) () = V(@) ()

FTHL. V(@)(w) # V() () IDERT B, i, f &, [ & o] > [yl £8-
THRAWNIZEELZEDTH D, 1y tey o DFAFRKIZEDS. DFD, ac VIIH
UTipyla) =ty.(a) =tyy(a) =aT, j,kl€ZITNLTIHREMZHWNT

ol e =0)) = 3 ([ 0 € S
e (279" - 2; (Z) )Ty e Cy) (@),
sl o =) = 3 ()1 - o e Clode - ) (21)

I\
=)

i

EEDD. FIAIE

,zlz —i—1,_.1
Lzyaf— E X Lyxfﬂ— E Yy xT,

bya—yt = Z(_l)iy_i_l(x —y)’
=0
A, HARBOHBIZIHTER 5.

EF 21D (4) 1%, %M (2) DFT, Borcherds fHEX L IFIXN B IRDEAM L
FfETH5: a,b,ceV & I,mneZIiZXNLT

= /m > e
Z < i ) (al+ib)m+n—ic = Z(_l)l <Z) (am—i-l—ibn—‘ric + (_1)l+lbn+l—iam+ic)-
i=0 i=0



ZHELZEHWEZEDN, K APFATHARBOEERETH 5.
THAAREL V2K U T Virasoro 7t w DFEZRE L, WL D DRMZEMLU 72
D % TEAEHZREL (cf. [11],[14]) & W5

T 2.2. (VY1) 2HARET, w e VET D, MOFMEHZTLE, (VY,1,w)
ZIERERARAHE WS,

(1) L(i) =wiy1 G €Z) 2 LT E, ¢y € CHFIEL T

[L(z'), L(j)] — (z — j)L(i —|—j) + 5i+j,0i<i21—;1>

Zii7zd. ToITac VIZHUTL(-la=a,1&7%5%.

Cy (22)

(2) 1€ ZIZHULT, Vi={aceV|L0)a=ia} B L, V =diV;, LEND
5. X518 i 16 LT dime Vi < 00 T Vi = 0 (i < 0),

ARV BIERERHRAEE 5. RICEREHARRB EOSINEEZ RO & 512
EDD.

EF 2.3, ROFKMHEZ 2T/ (M, Yy) 2BV MEEE WS,
(1) MIEC EDRZ | L2,
(2) Yu(,2): VocM-—M(z) FCHEGHR. Yy(a,z2)b=> aqur!
W W i€Z

a®ut—Yy(a,z)u

L2 E <.

(4) a,b e Viue MIZNUT, Yy(a,bulz,y) € Mz, yl]lz"" y " (x —y)~ ' A
FELT

Loy Yar(a, b, ulz,y) = Yar(a, )Y (b, y)u € M(2)(y)),
Ly,ﬂCYM(aﬂ b? u|x7 y) = YM(bv y)YM(a’: JZ)U € M((y» ((I)),
bya—yYar(a, b,ulz,y) = Yy (Y(a,z —y)by)u € M((y)(x —y))

AR

THRPERZRBEV IR LT, ge GL(V) Tg(Y(a,z)b) = Y(ga,x)gb (a,b € V),
d)=1g9w) =wiA=TE0%, VOBCEAEL VS, VOHCLRAEDO2K%
AutV TR, ge AwtV Z2HRAH T OEHCFAE L LT

‘/'(gﬂ‘):{ale‘/'|ga:e—Qﬂ'\/—il’r’/Ta}7 7":071’,,,7T—1

LX<



EH 2.4. LOREDTT, ROEM2R2THi7=3# (M,Yy) 258 g-twisted V
MEEE NS,

(1) M & C ED~z hLZERH,

2) Yu(,2): V&cM-=M(aY") dCHIEELE. Yy(a,x)u= Y aur !
W w ie(lT)Z
a®ut— Yy (a,z)u

&2 E <.

B)a c Vol orE, i & v/T+Z7%5ab =0 2DFD Yyla,2)b =
D ier/rz GibrT L

(5) a,b € Viue MIZHUT, Yu(a,bulz,y) € M[[zV/T,y" T[T, y= VT (z—
y) " BFELT

Loy Yar(a, by ulz, y) = Yar(a, 2)Yar (b, y)u € Mz T)(yH7)),
by Yar(a, b ulz, y) = Yar (b, y)Yar(a, 2)u € M((y"/") (=),
Lyw—yYar(a, b, ulz,y) = Yar(Ya, x — )b, y)u € M((y"") (= — v)
LB, T IT o, HIE(2.1) ZHMYNCHRRL TEET B,

G%AuwtV DAL Lz &, REHDZERVE ={a e V [EED g IZH LT ga =
a} 1, VD1 & Virasoro stz FHFDHREHARRE L 25, ge G 2 ARMEDH
cdFilE 32 L, g-twisted 55 V IEEESS VO IIREIZ22 5.

RIZV IEFDER Z NS 5.

EE 2.5 MEH VLTS, MDBM =@ M, M ={uec M| L0Ou = iu}
v L(0) DEAZERIZ SR L -
(1) EEDi e CIZH L Tdime M; < 0o TH 5.
(2) FEDAEeCIZHLT, My, =0,Z35n <0 &> TWV5.
LE, MZVEEE WD,
E&EK 2.6. gc AwtV 2GRN T OHCHI L T2, M %55 g-twisted V IIFEE
5. MMM = EE%MM ={ue M| LO)u=iu} & L(0) DEAEZEMIZHEL
(1) EED i e CIZHLTdime M; < oo THB.
(2) FEDANeCIZHLT, Myjyr=0,Z3n<0 &%oTW\N5.

EE, M% g-twisted V IIEE L W\ 5.



3 NEURILIJIEEERARZRRK

ZZTREAFHDOBRERDONRTH B N1 XN TTHAERZRE L T D AREH
RN S, H%Z 1LIRTTRZ MVZER] (BRIRTE UTHLURFERBRD Z & 53
B0 D) T, IERMEIEEHR (—, —)  Hx H - C 2 —oEELTHBL. K%
HWEELLTC EDORY MVEM A = H@cClt,t ] & CK 12, V) —BROME%

[Oé@)?B(])] :5i+j,0<a76>K7 [[:IaK] =0

TEDD. 7L, 2ITa(i)=a®t (a€ HicZ) £BWTW5. HOHY
VB A =X HOt'®@CK 2& 5. HOMEEU TH->T, FEDacHL
EEDueUITHLT

a(i)u=0,i>0, Ku=u (3.1)
ZilizUC0bb0%EZZ. UIKHLT, HANOFZINE

~

a € HIZR LT, —¥Rit H2O Nk Ceo %

N <6’a>ea’ 1 =0, a_ o«
B(l)@ _{ 0’ 2217 (/BGH)7 Ke® =e

TEDD. Ce® 1Z5M (3.1) 2L TVWA I LIZERETS. a=0DL &, 10 c
M(1,Ce%) % 1 &FENWT, M(1,Ce) DIt ar(—j1) - ap(—Jx) ® € (a1,...,ax €
H ji g € Zg) &, cn(—j1) - ap(—jp)l ERTZ &I2T 5.

ay,...,ap € HET 3. dy,... i € Z TR U TEH

gOél(il) . '061<ik)g : M(l, U) — M(l, U)
% AN

oo (i1)e = aq(i1),

. . aq(in)saa(iz) - - aa(ig)s 11 <0
° - o= . . ; ; k=2
051(21) Oé1<2k) { 2062(22) . al(zk)gal(h) 11 Z 0. )

’CE&D, Oél(—jl) . O./k(—jk)l - M(I,Ceo), (jl, e ,jk c Z>0) &:;(j‘bwc

Yuaum(oa(=ji) ... oan(—Ji)1, x)

1 an! 1 @+t
—5(~ — > amr ) (- — > nlma )
(j1 — DVdain—1 — (k. — D) dade—1 =

6



LBL. HAE

Yuaom(a(-1)1,2) = > a(m)z™™",

mMEZL
YM(LU)<C¥1(—1)CY2(—1>]_,QZ) = Z 0061<m1)041<m2> T —mi—ma—2
m1i,mo€Z
= Z Z oy (my)ag(my)x ™™ "2 4 Z Z ag(mg)ay (my )z~ ™ m22
mo€Z m1<0 mo€Z m1>0

(3.2)

Y75, (31 &V, ae M(1,Ce% & be M(1,U) 28U T Yy, a, x)b D
B2l (i €Z) DRI B R AL EE>TWBI LD ND. ROZLFLILASN
TWa5:

EE 3.1, (1) (M(1,Ce"), Yaraceny, 1, h(—1)%1/2) FTHRIEARRE L 5.
ZT, he HiZ (hh)y =1¢7%35ThH5. FEAEAERK M1, CO) % (5
VI 1D)NAEVYNIIVITTERIEARKRE L W, B, M(1) TRT Z &I
T5.

(2) FEDa e HIZHUT, (M(1,Ce®), Yarace)) BRI M (1) IIBEE 25, %
7= {M(1,Ce®) | « € H} IZBER M (1) MO FRBIHD T R2NRER LR T
W5,

(3) oM (3.1) &7 H2OMBE U 123 UT, M(1,U) 1355 M(1) hiEz 72
0:M(1) = M(1) %
0:a(=j) ... ar(—j)l = (=) a(=j) ... (=) 1.

TEDOLNS M(1) DAE 2 DECFRR L L

M(1)* ={a e M(1) | ba = +a} (3.3)
<. TEAERZERE M (1) (= M (1)) 1 Virasoro 7t w = h(—1)%1/2 &
J = h(=1)*1 = 2h(=3)h(-1)1 + ;h(—z)ﬁ e M(1)" (3.4)

THEBEINTED [7, Theorem 2.7 (2)], T 51T w, J IFIRDBEHER

wi, Jj] = (3¢ = 5)Jizj,
1392 2784 1632

(i, Jj] = (—Tw_(;l - g Weaw- 11+ 120w_sw_s1 + - 2w 1
56 56
- gw 2:], 1-— Ew 1J 21 + = J,41)1+] —+ .. (35)

iU T0Was. MM IZRHUTEFPELLIPEV IO LR SoNnTVDS
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EIE 3.2. [8, Theorem 4.5] M(1)*, M(1,Ce®) (0 # o € H), M(1)(0)* 1Bk
(2M(1,Ce—))
BM)*T DORERERTHS. 22T, M(1)(0) X O-twisted BB M (1) NEET,

MQ)(0)* = {u e M(1)(0) | 0u = +u} TH 5.

4 N EIURIVITEREBRRBDOAZEE SR & Whit-
taker X7 ML

ZZTRAROEMETH S, M1)T OO H 52 7 ADHFIZDO W
T3, 79, Virasoro fAF®d Whittaker X7 kL% [18],[16] 2> THENT
%. Vir = @;ezCL(i) ® CC % Virasoro fR#l& U, 1 <se ZIZXULTHD ) —ER
Virt® = @2 CL(i) ® CC & X2 5. x:Vire® — C% 0 TR\ —HROUERTTE
s 5.

EF 4.1 MZVir 235, 0£we M, EEDae Vir 2L T
aw = x(a)u

729 & &, Whittaker X7 ML TH B &S, —DD Whittaker X7 FLT
RN T WA Vir A% Whittaker MEEE WO,

Remark 4.2. (1) w Z Whittaker X7 bl g 5L &, (22) LD, i >2s5+1
RO (L) = 0030 h 5. UL7zhi>T (Y(L(s)),...,x(L(2s))) Zf8ET
MUY DEE D, (Y(L(2s — 1), x(L(25))) # (0,0) = 51E, wroEKEI N
% Whittaker I IZIER & 72 5 ([18],[16]).

(2) B#E 4.1 Ts = 1DHEDN, HLH LD Whittaker X2 MLVDEHETH 5
[18].

— M DTESERAZRBUZH LT, ZANMEROZ EBHFTERWVWD,
Whittaker IEED LD B B 5> & 5 NI AW TH 5. Whittaker EE%ZE 2 5K
DIz, (2.2) DTHAMEHAZNRELD Virasoro 7t w 23 Vir ORBZ 52 TWEH T LITE
HUTRD & S IZ Whittaker X7 MLV EED 5.

EE 4.3.2<m¢e€ Z,\ = ()\Lm/2J+1,)\Lm/2J+2, co. ,)\m) e Cm-lm/2] ¢ Am # 0 &9
B, MAEVNEELTS. 0Lwe MIiE

ww(= L — Nw) = Nw, i=|m/2]+1,|m/2]+2,....,m (4.1)

Zhizd e &, (wiCFT %)\ BD Whittaker X7 ML THDE WS, ZIT,
Im/2| =max{i € Z |i <m/2} LEVTWV5S.



SHHDNA YL TR M (1) 2R B r 2 EOBE, ¢ = (Gov.... () €

CH TG #02T 5. HONEE Cue ZIRTED 5.

. Qu, ’i:O,...,T’,
h(z)u<:{0 ¢ Do Ku¢ = ue.

S5 M (1) JIEE M(1,Cuc) = % (H) Ry =0y Cue ZHHIC M(1,() &EHLS Z2ITT
5. M(1,Q) WEEHITH B Z L IXfHHIZ 0 H 5. (3.2) £

€Cus, i=r+1,r+2,....2r+1,
—0, i>2r 42

wite(= L(i — 1)ug) {

BT, worpiue = (C2/2)uc € Clue BN 5. L > T, ue & M(1,¢) ® Whit-
taker N7 ML THD. F7z, HEFEHBREDIEETI, wyp 1&0LANDEA
EDFFZ 2N BT TR B DT, M(1,¢) 1& M(1) MEETZNT M (1) hnkf
THDHIDRIN5.

Whittaker R 2 b L% £DEERISS M(1)* IIBHZDWT, T8 1.1 OEUMRIEL
WZ L ERUTZODPERMDERRTH 5:

E 4.4. [19, Theorem 1.1] w (ZBF % Whittaker X2 ML S EH I N TV 5 55
M)"hifE M B TH 5. £72, RIZ Whittaker X2 bV & DEERSS M (1)*
MEED7EERKRTH 5:

(1) M(1,0)(=2 M(1,—),( €C" x C*,r =1,2,...

(2) M(1,0)(0) (=2 M(1,-¢)(0)), e CIxC*, r=1,2,.... 2Z°T, M(1,¢)(0)
I RERY 55 0-twisted M (1) MIFETH 5.

AEFHIE, 3 (34) Dw, JIZBLT, M)t TOBBRE S EL RO THEL.
Z OBRAZHW, (3.5) & (4.1) 28 0R UM > T, [18],[16] D Virasoro I D
Whittaker I D5E IZHE % g S L, SEHPET T 5.
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% EY— X

@ BfE UuNRZBEZE5EE)

1. &

ZHY-KZELIE, SA5NT0WOPDOERK Ly, ...,k (TR U THEERAREL

1
ki, ... k) = _

Gk ) o<m;;;<mr7n?"'ﬂﬁr
TEELIERDOZILTHS. ELINEDEDE > 2 2RETS. HARBOMEE r (T4
T &) B1RSIEINIKY —< ¥ — XEHROIEREETOM (k) 1z 5720, k
PMEBDGEDMEEMARE RNV X —ATRUIZAM T2 LBARF L ST
. A1 T7—Er =205 ->TWT, 1776 FEOM 3] BH 505, T D& D 728K
(r=2) 2BANZEZTZDIZTNV IR NDESTHD. THITWMEZ L 1742FED 12 H,
TIPS T A T —IZ5 TR, MrOFZIMENILS IO LS 2z E 2
TR HoT, AA4AT=DEBIZFNIIDNWTW DPDERL2EZ XY, BHE2AFE
T, 5EDORH EORK->TWD [4]. TnzeHd e, BRIZZORRTHX [3] DAL D
SRR NTVWSA LIS THA.

AR T-> T, MOHERPLGOB TR L DBERTELEY —XEIPFHEND L5127k -5
72 1990 FEARD STEFRBRMHEN R IND L SIZHRD, TOBWISDOLIAMF[L 5
EHISHBPDESICR AL, IFIFWEIALIIR D T DHEED KA IT, HDWIFEG K E
ROz D—DONYFTIZL D [19] THE. £ I TRIBINAZRD T THL 1%, £
DEBIZBBENEPGFHETHIEWRBINTWZZEH D, ERBEEZIEL .

WS Z, T, BE (=k+--+k) DEDEZEY-XHEESENQ LIESZ T ML
R RT LTS, ZOLEFXIOFHIZL, Z, OWTH, Wit dy = dpo+ dy_y ()
Wfidy=1,doog=0) TEXZZEFd, THEZONETEA,

EWIBHLDTHS. 10FEUEEFOFM 17Ty Fru 7 2] 5OFHIZED, REX
diHlQ Zk S dk

FHISNTWS., FHEDAEFERNIOWTIE, dimg 2, >1 ERDKDIWREE—DDET
SREFSNTVRY, LW OREIRTH 5.

£E5—AN, F7XVERLI P SMBICERI D -HOLGEDLEY — XEDH%EZIT>T
W7z ([5,6]) . D5 biwX [6] TRIEIN TP

Zp &, R 28 32N 0RELEEY-XETQLRONDITHAS D

i, ¥YFZoFPHROLSITIXEHEZED P o7 BbNndh (HEMZBIZES D, &h
72V OMERIIRILA D 5 DD EED L\, E\WS OWKADR G TIEZhro7270) , BIERT
27TV DBENEMR LTz ZOERAIE (T FyaI73MAELTER [EFEY
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r4EY—&4E), L<IZEDR Y TREWEGEEHWD) DD TLHAHELREOH D
THho7-720, RWVZEEI Nz, 22XV E2D#EE LT, P\ {0,1,00} D/
EREAREAOHT B T REUCET S [FY) —=a —FFEO T MRk n-.

ZDOPUEMANZ L EY — ZMEIZBE LU TR INT EZHEEDE B AARLLE DD S
MW, REGFERELUTUERZIT S EETIZED, DIF, #EHTRRZMOFETD D03k
FIRFSEIZ D W THEIZHE T L 72,

2. IUABEDLZELY—YEOHF L WVERR

AR RIX (18] I WT, — D 2B PIHFEAIIH L THIED2ERL, TOFK
MeHGe UT SN ELEY—XME] OFLWEIERES5 X2, TOHRDOHEL DL
FWET, ZOMDEHWEHLY B =H80 MoEX2EE, 51220 TEH
LY vy ZVERR] EREARBERRGEEZ5EX 5 Z & 23 L 72 [11]. AHiTIEZ i
DWTHHIBRIZHIAT 5.

FTIABSZEBEOBHEL LS. (AR 2@ LEREEG %

A

DED7ok e ZIRTHEAL T T 7 TRT. MTHIENZZDOTHMDIEF I EAT XD
REW, LTBL. 2077 7DOKTEMIC, K (0,1) 28 < 28 E D3OG
5. ZOFITIEEDNS t,ty,..., ts WL TWVWEEDE L LS. LT, HEDIERIZ
WIS Uz, ZBEOKNERZ AND. 728 ZETDEGEITt <ty ty > 370 E. X 51T,
oITIF A, o 1Tid {1 HIST B & LT, HMOEBKTOMS

/ dt, dty dts dtydis
D l—ty by L—ty ty t5

772U D R THRER IG5 AEFEA

O<ti<ta<l1
V
O<tg<ty<ts<l1

TREX M, 2% X, Ihzils

()

THRIZLIZTE., ZORFDHET, ZHEY-XMEDO L SHSNIMDRRIT

g(kla'--akr) - [




1
C(ly, ..., 0l) = Z RS
ERTEDETEHEE (Iy,... ,  IFHARKTIL, >2), IWARKIZXBZFHASFRRIE

C*(11,.__,zs)=1<ls Q\ - Y;:)

LEIND. ~FBMBEBEINT( ) T, EEL»S NI

/ dt; dty dts
O<ti<ty>ts<l L — 11 T2 1 —13

CFELWA (BBUZTART(0,1) NZ2EI<), Inzleh SBURE LR 217> T
W<,

oo

dty dty dis r2 ne1 ., Aty dts
- = t dtl
0<t1 <ta>t3<1 1 — 11 1o 1 — 13 0<ta>ts<1lJO — to 1 — 13
”t"l dt
o X
0<t2>t3<1 n t3

1 o 1
tn dt
S L
t

3 n=1
/ 1—t3 dts
n? 1—t3
:/ Ztm Lt
= Z »

1<m<n

Lo TCH(L2) Mo nsd. L BENLFHO 6 LT 2FAD ;o 1 ETER-
TWT, MYr 07 (= 124) HBBENE0RIVTHS. —ROBE S RKIC LD S
IR L TCWIIE DD 5 Z L R T, AR BB R 2D TH 0%, R0 )
’:m%%%?éwuzewtﬁi.één%gﬁ:t@,:@2@¥@$%§Kﬂmb
7B (RS TR UL TR T o THUNUEZT R T el ili7zLTWVWHELT) |
RC, ZEHY-ZXEOMTEITS, LWHIILTHS. Zhid, ﬁ?%Akﬂm?5®
NEEY—-XETHB I L L, MOoEEZSEHL T, 2EFEAIIHILT 2 OMICE
ZEELZeDSHHMS. HIRIXEOFIT, fHEIsk

O<ti <ty<1
V
0<ts



1%, WEZOEAGZEG (B2 ICEXEELRWOT) TE, 2EFEEDAN
{0<ty <tz <te<1}U{0<t3 <ty <ty <1}

WZELW. I, THERADWTWARWE &ty TR T 2TEM) O— ML b k&
WEWSER ZFHTZIZAMAINT 22212k > TP IERES Z 2ERESIZHDIAATH
T, T A2EDIEZDTRTOHEDAADZIZELHNEBDTHD. 5DHITIE

I(A,) =2I (J/P> — 2¢(1,2)

A, MHEHVDE, TR EIP2ERIZBTBHOHFAO<m<nZ0<m<n
E0<m=nZTHENEA

¢*(1,2) = ¢(1,2) +¢(3)

EHRIRBILT, TZOZDOPELWIENSAA T —ITLB((1,2) =(3) »fEE5N5.

ZO—bE UT, IWARKEEFETROMEREZGZ. ZIX (k.. k) P (- L)
DN ERZRARGEL LTED (W& s=1, B&HIZr=10%5), "1 7V v\
Mo TR =) EHTH 5.

EEE ff%f@ﬁ%ﬁ kl,...,kr, ll,...,ls 0:§(ifb (T,Szl),

ls - 0
I . /\/yli\l 7'/%1 o Z 1 (1)
/K O<my << m’fl . ~mfrnlf coonk

Ak RILBITHoTHRY, M BITNRT I IcEETS. £, B&
CHELIEZENENLOH L FRRDOX D FTELELY—XEOHNE LTEITS. OB, &l
POHTLELEEY - XEIXITRTEI r+s—1%2FKb (FEIE o OfEH) , MA4HU
NolE, s>2THIVUXESI D r+5s -1 X D/NIVEHPNREZ S (FE50DH D50 THRI D
%“H5) DT, TOLE @Y OFRRIIBTHANINELRS. DFVLELY—XEOHH
TRWREERALRE SN S.

MU N Z 21, HEBTERLTASZ L, ZOBBRZITZHWT 2, D% L
RO A lZETHRERTDLDTHD. ZOZEE2EI 1T ETHE»D-. FHEE LTI,

I SEL—XEDOT X TOMIVERRIE (1) 158 Z LBk ETHS 5.
YWNS T izaB, COTHEORILED S BEEE LT, R RRERLTE.

EIE  EM AR T, BIFRAME (1) 13 TIEFRUEE S vy ZVERA] CFRETH 5.



#4708k %2 3T 2 1T IR R R AN B2 DT, FEMlIEERSC [11] 1ZFE2 & T
520, LH5DULEZTHALTEI S,

Fxlx, @EO A (stuffie product) BE K T vy 7UFE] (k, ik TIHRA >~
TYIR] LT D)

Ck)¢(1) = ¢(kx1) (2)
((k)¢(1) = ¢(kml) (3)

DHET (HHEEhEh, BEOM, BEOOMEANIZEST I oL UL EY — XM
DREMZRT) , BIRRATE (1) 4%, TIEAR LD FEAEH

(a(;T) = p(¢(k; 7)) (4)

LHMETHBZ LR L. ZZTRIMERED (REDOHSM 2 ELIFRL2 W) 1V
TYIAT, (u(kT) & Gk T)IxENTN, BD LI &K 5 ERIEZEA L FENS,
R[T)| DZHATH 5. TORBIILEY - XEO—RIEETEINS. ok, £H
YRS, BLORBIZEDRREZEZTZLE, A VTV I ADHREDETH 1T
HBEFHTDEDEDN, TORKBDODEGWEGHDLIBRZHATHS. Thon, Hrw
BB DT 1 7 —BEEEEHWNTERZI NG DL RIEFEES p: R[T] - R[T]I2&>T
(D) DESIZENVIZERBRLTVWS, WS OWEBIOEAREITH S [8],[15]. 2L T,
ZHEY - ZED TR TOEBRA (Q LOREBIRACHIEEIRR) &, (2), (3), (4) (Ml
DEBEHARTZEHED) POHTL2THAS, LPHINTVWS. 7211 T, FX (1)
DHE, (2) & (3)VRAMHEIZRS, LWIDURBAREREIEHINTVS. ZThod, %
FEEDOF (1) PITRTOMEEARRNZEL 7] OWMTH 2. X TE [~DH & T~
DEME] ODEH®ZIZ-ZDIEE72D, (%, 1 VT v 7 ADEAMMPRTEMPS RP
RT| ~NODEBHTEEHMA T, REMIHERT 5. AlEYE LT, BEARTH (4) ORIEHMR
Bt R SN D, EROMEE 25 OIM— (1) OWEFENLRFEL OFELZ I TH 5.
WIIZE L, ZZITEFALEZVWI EIE, FRX (), BROEBETHDE NS Z
YT I, PURT 2850 LIRS DM O, KFVFEIRDOMRS TH S #i
POFHRECHEIZGEHTZ 2 2<HENLERNTHELESI L THD. ITNDVELEL—
REDTRTCOMEEBREZES THA D 2 WVWI DL, Bhirlfibia Z & Tldiuwie.
EEUVEEATABRDH S, ThiE, ElXAHLELEY—XEOME UTE R
BRADBBRNZETHS.

3. ARZEL—YE

WIZRY - FFXFIREHFETIT>TWD THRZEY—XH] IZDOWTTFEIZENT 5.
INFZEY—-—ZEO @Y D, &< 85 [GRELM BT sE50T, MiEDOEG%R%E
FKRUZZeDR—FBDODHETH 5.

FITE-DELDIE, FFEp T & DEMMAA BRI

1
k1 kr
0<my<--<mp<p M1 my

mod p (5)



B, REBFIFLOT, FEUAREOZERTOTNIEIH>THLEHEL (ZZ2HAKRAV ),
P I1,Z/pZ
D
e —p _= ~Y
"4 T @p Z/pz {(ap)P ‘ a’p 6 Z/pz}/

IZBWTHEAD. ZIT, pldIRNTORBEDRD, (a,), ~ (by), l&E< ERREDFIA %
bRE a, =0, L7RB T L EFERT S, AXHT T LD, B SRLIERIZL>TERTHY,
Q ZXAMIZHEDIAL (BREDORMEE S TH LW LITHER) Zkizkh, Q&L
RBZentks, 22T, ZOQREBAIZBWT, TALEY—XMH] (Aky,....k)E A
Z, TOpEAH(5) THBEIW]],Z/pZ DL TREINDG ADTEL LTEHKT S, H
FLiZ20 1 0FEIZBBEINZBIZE N, AVv0dh s FRICHFES N, ZD& S i
AT (65) RPHLOHDERREZFZZZ L2 HD-ZESTH 5.

HHKRGE LRI 51, BEEWEDA YT YT A (k... k) TRT (727U K &
EBEET2) TT D Ak, .. k) 72BN Q EAERRT 5 ADEHSRT MIVERZE Z4,
THRT. FETNSDTRTDEIZDODVWTONEZ Z, 255 :

Za=) Zax (Bao=Q).
k=0

SRRPORABORER 205 kX0 THATHIHMDRWHITTHSD, TDLI%4
CMEyy oo k) ZBRATHERIED Zy O ZEWNEFITRING (72720 —fITITE
INRI oM D) .

ST, W (2) OFEIZERTY 5728 (5) T 205, Z,W QREIz%:S
Zengnd. TORBUZOWT, BXIFXREFHELEZ. Z TREOLEY — XEDRT
Q &K

Z = sz (Z20=Q, 21 ={0})
k=0
ERTETH.

FR QAR
Za~Z/((2)2 (6)

DHEAET D, AAD C)Z1ECQ2)MPEKT S ZDHIHA T TV Th 5.

I SOIWTKHEEZ, Ak, ... k) ZRARCTEREAERNIZERT 5 Ok, ... k) KT XD A&F
RBBEDFET B, Mo T Ak, ... k) 2605072 T BRI A UK T (K, ..., k)
THOVDL, HHERVTH 5.

LU ZAREIIZL>TRBMNERIZE->TWS L, FFZORLTFEVELWVWETS
&, BB Z/C(Q)ZDEI DNk DR DRI dy — dp_o, THDD dp 3 IZFLWIET TH
5. I0D, YXIPBUEEIE (1) TXOPRUL Z4, DIRTLTH 5.

YXTF201 1EDL L ARG, AL—YaRI7IFVACEVWTCSILbEZ>TEE
Y—XEDi#EE%Z Lz, TOKEE (1 2HL6H) ITAZEE—XHEIZDONTH SN, &
TLDFEERNT WS, FAMFBIED TP IR EZINZE ZICIDFFELEE V. b
TELC KT, LEHZ 5) DHDOERIZ VWA WAFHELZZ e DBH-72DT, AL WVWIHER
DHTHE A DA RERLIEK Z O, BEAEREWEIRASED? S OO (7)
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D&z, KlZ RO T 2K, TLUT1 3ED3IHR»SAKEDEM 2>
TAXVAD=a— b U ZSiN-L E, ZHROZTREERRIZERT 52 2N
Hisk, EEoPRUZZE DB W, I LDEZEY —XHEOMEELS T TlE=a— bV
FWHIMTETE R o720 TH 5D (AZFRICHFERERIX LS o72), DO THRWVWED
H5, HRIZEHIMEHEL o7, WD FREZ ANEENR 2 =02 BVWTHES
NaEHED, Xt plELEY—XH] (ZZTO 2 OELUI0TH D) DRIETFREUAIZE
LWZ T IZEMR DD, FI»FEHMFIZZIDLSITIE-o 0 ianisd 5 L,
WO 5FTIE, AL BVWE Loz,

ITE —DODOEREMME S ZEIRE (k... k) DERIFIROED. T Z DL
(k.. k) %,

r

¢y k) = (=0 (B ks TG i T) (7)
=0

TREHTD. L =blFEHRETHY, LTI 1Bb->TH L. HUIZHATHWSDIE,
AT U X A ERMEZEATH S (GO T) =1, ()N =1233). 1>
Fv oA (ky,. .. k) ZRETOIZH T TEREOIERT & dilE S EHY, ThsD/ED
EOMELDZDTHD. ZOEENPOIILLBIZT OLHAIZZL D & UNLRALWD, Ei
TIZESRVER, FEBRIFEIN L+ +k ODZELY—XEOM L5 L WRIN5.
ZZTC(ky, .. k) %

Cky,. . k) = 5 (ky, ... k) mod ¢(2) € 2/((2)2

ELUTERTD. (7)DHELDOHZWEL D RELSNTERYBRLELDLIFEZALNT

HAHIM, LOBHRIZARZS, L LTORRED L. —oENTHEL &,
1
S, - . E :
C (kl7”'7kr) B ]\}I—I;%O my < <mp mlfl me

m;EZ, |m;|<N
ZIZT, OUNOERBICIER < %
1<2<3<---<(0=-0)<-+—3=<-2<-1

TANTWS.
72, (1) D% (o WESHBXTRRKROE ™ (k... k) 2ERTHILHHES. 2
NEZOILERD, WMFHIT—MKIZIIELBMEE & ED, EILEIZ

kg, k) = " (ky, .. k) mod C(2)

MDD, o TZ/(QZIBIBHREEEZAD LV ZENHRLRI LD, %
HSLTLR)=02LTWAWALERZLTASY, (A2 AUBERBADKD LD !
WIS EEAXVATHRLEDTH - 7-.

ST Ak, .. k) 2B, Sk, ... k) 2B DT WA WS BRI X H
TWTC, 50825, —ATHOV>TWARIK (AL CR2ANEZ ST TR FAUE
BRAPMUGTH DD, ZHOWIERTLEOFROIETF Y AFRILUD S, 72, TRT
DEBRAZEALTTHA S L FHIND, THEY vy 7 VBRI OBEL & B2 5%
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REDBNATIHHEINTWT, ZThae<{HUFEEz LS. LrLAaMs, BHRRTIE Z,4
MQEVEIZKREWD, £/ Z/((2)Z#00, LIHINTVWARW ! (o> T—YALT
BAHE, AEIALZEREE, £iXo=0, 2E5WEEELHS. X))
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PRIMITIVE AUTOMORPHISMS OF A SIMPLE ABELIAN VARIETY

KEILJI OGUISO

ABSTRACT. We shall prove that an automorphism of a simple abelian variety is primitive
if and only if it is of infinite order.

1. INTRODUCTION

This note provides a supplementary result (Theorem 1.1) of my talk at the sixty-first Al-
gebra Symposium of Mathematical Society of Japan, held at Saga University on September
7-10, 2016. My talk there was based on my previous [Ogl6-2].

Throughout this note, the base field is assumed to be the complex number field C. Let
M be a smooth projective variety of dimension m > 2 and f € Bir (M).

f is said to be imprimitive if there are a smooth projective variety B with 0 < dim B < m
and a dominant rational map = : M --+ B with connected fibers such that w is f-
equivariant, i.e., there is fp € Bir (B) satisfying mo f = fgponm. As 7 is just a rational
dominant map, smoothness assumption of B is harmless by Hironaka resolution of singu-
larities ([Hi64]). We say that f is primitive if it is not imprimitive.

The notion of primitivity is introduced by De-Qi Zhang [Zh09]. Note that if f is primitive,
then ord (f) = co. Indeed, otherwise, the invariant field C(M)/" is of the same transcen-
dental degree m as the rational function field C(M). Thus we have ¢ € C(M)f \ C as
m > 1. Then the Stein factorization of ¢ : M --» P! is f-equivariant. f is then imprimitive
as m > 2.

Assume that f € Aut (M). The topological entropy hiop(f) of f is a fundamental quantity
measuring the complexity of the orbit behaviour under f™ (n > 0). Let r, be the spectral
radius of f*|HPP(M). Then, by Gromov-Yomdin’s theorem, hop(f) satisfies

0< htop(f) = log maXOSpSm""p(f)

In this note, it is harmless to regard this formula as the definition of hop(f) (See eg. [Ogl5]
and references therein for details).
The aim of this note is to remark the following:

Theorem 1.1. Let A be a simple abelian variety of dimension m > 2 and f € Aut (A).
Then f is primitive if and only if ord (f) = oo. In particular, the translation automorphism
ta (a € A) defined by x — x + a is primitive if a is a non-torsion point of A with fixed
zero. Moreover, if in addition A is of CM type, then A admits a primitive automorphism
of positive entropy, possibly after replacing A by an isogeny.

The author is supported by JSPS Grant-in-Aid (S) No 25220701, JSPS Grant-in-Aid (S) 15H05738, JSPS
Grant-in-Aid (A) 16H02141, JSPS Grant-in-Aid (B) 15H03611, and by KIAS Scholar Program.
1
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Here and hereafter, an abelian variety A = C™ /A is said to be simple if A has no abelian
subvariety B such that 0 < dim B < dim A. A simple abelian variety A is called of CM
type if the endomorphism ring F := Endgroup(A4) ® Q is a CM field with [E : Q] = 2dim A.
By definition, a field F is a CM field if F is a totally imaginary quadratic extension of
a totally real number field K. Note that if an abelian variety B is isogenous to a simple
abelian variety of CM type, then so is B with the same endomorphism ring as A. However,
Autgroup (A) % Autgroup (B) in general (even for elliptic curves of CM type).

The "only if” part of Theorem 1.1 is clear as already remarked. Theorem 1.1 is a
generalization of our earlier work [Ogl6-2, Theorem 4.3]. The last statement of Theorem
1.1 gives an affrimative answer to a question asked by Gongyo at the symposium.

Our proof is a fairly geometric one based on works due to Amerik-Campana [AC13] and
Bianco [Bil6] and is in some sense close to [Ogl6-3].

Acknowledgement. I would like to express my thanks to Professors Tomohide Tera-
soma, Kota Yoshioka and Fumiharu Kato for their invitation to the symposium, Professor
Yoshinori Gongyo for his inspiring question there and Professor Akio Tamagawa for his
interest in this work and valuable e-mail correspondence.

2. PROOF OF THEOREM 1.1.

Let A be a simple abelian variety of dimension m > 2 and f € Aut(A) such that
ord (f) = oco. We first show that f is primitive.
The following two well-known propositions will be frequently used:

Proposition 2.1. Let V be a subvariety of A such that dim V' < m = dim A and Vs a
Hironaka resolution of V.. Then V is of general type.

Proof. See [Ue75, Corollary 10.10]. O

Proposition 2.2. Let M be a smooth projective variety of general type defined over a field
k of characteristic 0. Then the birational automorphism group Bir (M /k) of M over k is a
finite group

Proof. By the Lefschetz principle, we may reduce to [Ue75, Corollary 14.3]. O

Lemma 2.3. Let P be a very general closed point of A. Then the (f)-orbit {f*(P)|n € Z}
of P is Zariski dense in A.

Proof. As P is very general, f™ is defined at P for all n € Z. By [AC13, Théoreme 4.1],
there is a smooth projective variety B and a dominant rational map p : A --» B such
that po f = p and p~!(p(P)) is the Zariski closure of {f)-orbit of P. It suffices to show
that dim B = 0. In what follows, assume to the contray that dim B > 0, we derive a
contradiction.

Let n € B be the generic point in the sense of scheme and A, be the fiber over 1. Then
by Proposition 2.1 and specialization, a Hironaka resolution of each irreducible component
of A, is of general type over C(B). By po f = p, f faithfully acts on A, over C(B). Thus,
by Proposition 2.2, f™ = id on A, for some positive integer n. Thus f" = id on A, as the
generic point 14 of A is in A,. This contradicts to ord f = oo. O

The following general, useful proposition is due to Bianco:
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Proposition 2.4. Let X be a projective variety and g € Bir (X). Assume that7: X --» B
is a g-equivariant dominant rational map to a smooth projective variety B with dim B <
dim X. Assume that a Hironaka resolution X, of the fiber X} is of general type for a
general closed point b € B. Then for any very general closed point P € X, the (g)-orbit
{g"(P)|n € Z} of P is never Zariski dense in X.

Proof. See [Bil6, Section 4]. See also [Ogl16-3, Remark 2.6] for a minor clarification. [
The next proposition completes the first part of Theorem 1.1:

Proposition 2.5. Let A be a simple abelian variety of dimension > 2 and f be an auto-
morphism of A of infinite order. Then f is primitive.

Proof. Let w: A --» B be an f-equivariant dominant rational map to a smooth projective
variety B with dim B < dim A and with connected fibers. If dim B > 0, then by Proposi-
tion 2.1, a Hironaka resolution A, of the fiber A, over b € B is of general type for general
b € B. Then, by Proposition 2.4, the (f)-orbit of a very general closed point P € A is not
Zariski dense. This contradicts to Lemma 2.3. Thus dim B = 0, i.e., f is primitive. ([

We shall show the last part of Theorem 1.1.

Let A be a simple abelian variety of CM type of dimension m > 2. We write F :=
Endgroup(A4) ® Q. Then by definition, E is a totally imaginary quadratic extension of a
totally real number field K with [K : Q] = m > 2. First we make A explicit up to
isogeny. As E is a totally imaginary field with [E : Q] = 2m, there are exactly 2m different
complex embeddings ¢; : E — C (1 < i < 2m) such that 9,,—; = @;. Here — is the
complex conjugate of C. Note that there are exactly 2™ - m! ways of numberings I of the
embeddings here. Choosing one such numbering I, we consider the embedding;:

o1 :=(p1,02, om) - E = C™ 5 a = (p1(a), p2(a), -, om(a)) -
Let Op (resp. Ok) be the integral closure of Z in E (resp. in K). Then
Br:=C"/¢1(Op)

is an abelian variety and A is isogenous to Bj for some numbering I (See eg. [Mi06, Chapter
I, Section 3]).

From now, we shall prove that the abelian variety B := B admits an automorphism of
positive entropy.

Definition 2.6. Let Q be the algebraic closure of Q in C, Z be the integral closure of Z in

Q and Z” be the unit group of the ring Z. A real algebraic integer is an element of Z N R.
A real algebraic integer « is called a Pisot number if « > 1 and |&/| < 1 for all Galois

conjugates o/ # a of a over Q. A Pisot number « is called a Pisot unit if o € 7.
Then, by [BDGPS92, Theorem 5.2.2], we have
Theorem 2.7. For any real number field L, there is a Pisot unit & € L such that L = Q(«).

As K is (totally) real, there is then a Pisot unit o such that K = Q(«). Consider the
linear automorphism of C™ defined by:

fa : (Cd — (Cd ; (Zlvz2a s 7zm) — (@1(04)217@2(05)'22)' . 'a(pm(a)zm) .
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As a is a unit in O (hence in Op), so are p;(a) in ¢;(Op). Thus faler(OR)) = ¢1(0R)
by the definition of ;. Hence f, descends to an automorphism f, of B. We set f := f,.
As K is totally real, regardless of I, we have

{pi(@) |1 <i<m}={a:=a,a2,...,an} .
Here the right hand side is the set of all Galois conjugates of a over Q. By the construction of
f from fa, the left hand side set also coincides with the set of eigenvalues of f«|H(B, QL)
and therefore, coincides with the set of eigenvalues of f*|H(B,QL). As B is an abelian
variety, we have
HY(B) = H°(B,Qp) @ H(B,QL) .

Here HO(B, L) is the complex conjugate of H(B,Q}) C H(B,Z) ® C. As « is real, it
follows that a? is an eigenvalue of the action of f on H'!(B). Hence

htop(f) > Tl(f) > (12 > 1.

Here the last inequality follows from the fact that a > 1. Thus f is of postive entropy. In
particular, ord (f) = oo. Therefore, f is primitive as well by the first part of Theorem 1.1.
This completes the proof of Theorem 1.1.

REFERENCES

[AC13] Amerik, E., Campana, F., : Fibrations Méromorphes Sur Certaines Variétés a Fibré Canonique
Trivial, Pure and Applied Mathematics Quarterly, Special Issue: In honor of Fedor Bogomolov,
4 (2008) 509-545.

[Bil6] Bianco, F. L., : On the primitivity of birational transformations of irreducible symplectic man-
ifolds, arXiv:1604.05261.

[BDGPS92] Bertin, M.J., Decomps-Guilloux, A., Grandet-Hugot, M., Pathiaux-Delefosse, M., Schreiber,
J., : Pisot and Salem Numbers, Birkhauser (1992).

[Hi64] Hironaka, H., : Resolution of singularities of an algebraic variety over a field of characteristic
zero. I, II., Ann. of Math. 79 (1964) 109-203; 79 (1964) 205-326.

[Mi06] Milne, J.S., : Complex Multiplication, at: http://www.jmilne.org/math/CourseNotes/CM.pdf

[Ogl5] Oguiso, K., : Some aspects of explicit birational geometry inspired by compler dynamics, Pro-

ceedings of the International Congress of Mathematicians, Seoul 2014 (Invited Lectures) Vol.II
(2015) 695-721.

[Ogl6-1] Oguiso, K., : Simple abelian varieties and primitive automorphisms of null entropy of surfaces
: in K3 Surfaces and their Moduli, Progress in Math., Birkh&user Progress in Mathematics 315
(2016) 279-296.

[Ogl6-2] Oguiso, K., : Pisot units, Salem numbers and higher dimensional projective manifolds with
primitive automorphisms of positive entropy, arXiv:1608.03122.

[Og16-3] Oguiso, K., : A criterion for the primitivity of a birational automorphism of a Calabi-Yau
manifold and an application, arXiv:1612.09016.

[UeT75] Ueno, K., Classification theory of algebraic varieties and compact complez spaces, Lecture Notes
in Mathematics, 439, Springer-Verlag, 1975.
[Zh09] Zhang, D.-Q., : Dynamics of automorphisms on projective complex manifolds, J. Differential

Geom. 82 (2009) 691-722.

MATHEMATICAL SCIENCES, THE UNIVERSITY OF TOKYO, MEGURO KOMABA 3-8-1, TOKYO, JAPAN AND
KOREA INSTITUTE FOR ADVANCED STUDY, HOEGIRO 87, SEOUL, 133-722, KOREA
E-mail address: oguiso@ms.u-tokyo.ac.jp
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ABSTRACT. This is a survey on recent development of theory of
motives with modulus, which generalizes Voevodsky’s theory of mo-
tives to a non-homotopy invariant framework.
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1. CONJECTURAL THEORY OF MOTIVES

In 1980’s Beilinson [1] and Deligne [8] independently formulated con-
jectures on theory of (mixed) motives:

Conjecture 1.1. Fiz a base field k. There exists an abelian tensor
category MMy of motives over k enjoying the following properties.

(1) MMy contains Grothendieck’s category My of pure motives
over k as the full subcategory of semi-simple objects.

(2) Let Sch be the category of schemes separated of finite type over
k. Then there exist a functor* 2,

Sch - D(MM,;) ; X — M(X),

where D(MMy) is the derived category of (unbounded®) com-
plexes in MM, and natural isomorphisms for X € Sch and

IThis is a covariant variant of the original formulation of Beilinson who used a
contravariant functor.
2M(X) is called the motive of X € Sch.
3In Beilinson’s original version, bounded complexes are used.
1
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n € Zxy
(1.1) Homp(viae) (M(X), Z(n)[i]) © Q = Ky 4(X)™,

where Z(n) is a distinguished object of D(MMy) called the
Tate object* and K; (X)(”) is the weight n eigenspace for Adams
operations on the algebraic K-group K;(X) of X.

The abelian groups
H'\ (X, Z(n)) := Hompm,) (M (X), Z(n)[i]) for X € Sch

should form the universal cohomology theory on Sch, and it is called
motivic cohomology.

Bloch [2] gave a cycle-theoretic description of motivic cohomology
(at least for smooth k-schemes). He introduced higher Chow groups
CH"(X,j) for X € Sch and n,j € Z>, as a generalization of Chow
groups®, and proved that the Chern class map induces an isomorphism

K;j(X)™ ~ CH"(X,j) for X € Sm.
This leads us to the following.

Conjecture 1.2. For X smooth over k, there is a natural isomorphism
H}\(X,Z(n)) ~ CH"(X,2n — ).

The category MM, has not yet been constructed while Voevodsky
[25] in 1990’s brought about a big progress in theory of motives by
constructing a triangulated category DM®! which have the properties
expected for D(MMy) at least restricted to smooth schemes over k 0

2. VOEVODSKY’S THEORY OF MOTIVES

We recall Voevodsky’s construction of triangulated categories DM®"
of motives over k in [25].

Let Sm be the category of smooth separated k-schemes and Cor be
the category which has the same objects as Sm and whose morphisms
are finite correspondences: For X, Y € Sm, we define Cor(X,Y) to
be the free abelian group on the set of integral closed subscheme Z C
X XY which are finite and surjective on a connected component of X.

Let PST be the category of additive contravariant functors from Cor
to the category Ab of abelian groups. An object F' € PST is called

4See Remark 2.5 for the definition.

SCH™(X,0) coincides with the Chow group C'H™(X) of algebraic cycles of codi-
mension n on X modulo rational equivalence

6Levine and Hanamura made independent constructions and all constructions
are now known to be equivalent.
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a preshseaf with transfers. Note that PST is an abelian category. For
X € Sm let Z(X) € PST be represented by X by Yoneda: For
Y € Sm, we have Z;,(X)(Y) = Cor(Y, X).

Recall that for X € Sm the small Nisnevich site Xy;s is the cate-
gory of étale morphisms Y — X equipped with the class of Nisnevich
coverings: An étale covering {p; : U; — X };c; is a Nisnevich covering
if for all x € X, there exists i € I and y € U; such that p;(y) = = and

For FF € PST and X € Sm let F'x be the presheaf on Xy;s induced
by F'. Let NST be the full subcategory of PST consisting of F' € PST
such that Fy is a sheaf on Xyj. One easily sees Z,(X) € NST for
X € Sm.

Theorem 2.1. (Voevodsky)

(1) The natural inclusion NST — PST admits an exact left ad-
joint ayis : PST — NST such that for all X € Sm, (anisF)x
18 the Nisnevich sheafication of Fx.

(2) The category NST is Grothendieck abelian’.

(3) Let D(NST) be the derived category of unbounded complezes in
NST. For F € D(NST) and X € Sm, there is a canonical
1somorphism

H'(Xnis, Fx) =~ Hompnst) (Zi:(X), Fi]).
In what follows we write Fxis = anisF' for FF € MPST.

Definition 2.2. Define DM®" as the localization of D(NST) by the
localising subcategory generated by the complexes

Zi(X x A') = Z(X) for X € Sm,
where the maps are induced by the projections X x Al — X.
By the definition we have a functor
(2.1) M : Sm — DM

which maps X € Sm to Z(X) € NST considered as a complex
by putting it in degree 0.* By a general result of Neeman [18], the
localization functor 7 : D(NST) — DM admits a fully faithful right
adjoint j : DM®T — D(NST).

Tsee [24] for a definition of Grothendieck abelian categories. An important prop-

erty is that it admits enough injectives.
8This should corresponds to the functor in Conjecture 1.1(2).
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In order to state a fundamental theorem in Voevodsky’s theory, we
need introduce a construction due to Suslin®.

Definition 2.3. For X € Sm define C,(X) € NST by
Co(X)(Y) = Cor(Y x (AH", X).
We then put

C(X) = Coker (@ (p)": @ Cui(X) = Cu(X)),

1<i<n

where (p)* is induced by the projection p? : (A!)" — (AY)"~! remov-
ing the i-th factor. For n > 1, i € {1,...,n} and € € {0,1}, define
o7+ (AN)"' — (A")™ to be the map inserting ¢ at the i-th component.
It induce maps in NST

00+ Op(X) = Cpoa (X)

and define coboundary maps by

n

do =D (=171 (670, = 0isc) 2 Cu(X) = Coa(X).

i=1
Thus we obtain a chain complex C,(X) in NST.

The following result is a key to Voevodsky’s theory of motives.

Theorem 2.4. (Voevodsky) Assume k is perfect. For X,Y € Sm,
there is a canonical isomorphism for j € Z:

(2:2) Hompygen (M (Y), M(X)[j]) ~ B (Yxis, Co(X)y).

where C,(X)y is the complex of sheaves on Yyis induced by C.(X).
Remark 2.5. Let Z(1) = M(P')[~2] € DM, where M(P') is the
kernel of the splitting epimorphism M (P') — M (Spec(k)) induced by

the projection P* — Spec(k). Define the Tate object Z(n) = Z(1)®™.
Voevodsky defines motivic cohomology as

(2.3)  HY(X,Z(n)) := Hompyges (M(X), Z(n)[i]) for X € Sm.

Using moving lemmas of algebraic cycles from [9], [23] and [2], Voevod-
sky deduced from Theorem 2.4 a natural isomorphism

(2.4) Hi (X, Z(n)) ~ CH"(X, 2n — 1)

and thus proved Conjecture 1.2.

9This is a cubical variant of the original definition of Suslin who used a simplicial
version.
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Remark 2.6. Assuming ch(k) = 0, the funcotor (2.1) is extended to a
functor '°

M :Sch — DM°T.
Hence we can define motivic cohomology for X € Sch by the formula
(2.3). However this is not expected to serve as motivic cohomology
envisioned in Conjecture 1.1 (See §3).

The proof of Theorem 2.4 is quite involved and long. It is based on
Voevosdky’s theory of homotopy invariant presheaves with transfers.

Definition 2.7. An object F' € PST is called homotopy invariant if
for any X € Sm, the projection X x A! — X induces an isomorphism
F(X) ~ F(X x A'). Let HI C PST be the full subcategory of
homotopy invariant presheaves with transfers.

It turns out that HI C PST is an abelian subcategory.
Now we state Voevodsky’s fundamental results on HI ''. Theorem
2.4 is deduced from them by general arguments in homological algebra.

Theorem 2.8. Let F' € HI. Then
(1) Fyis € HL.
(2) For a dense open immersion U — X in Sm, the restriction
Fxis(X) — Fxis(U) s ingective.

To state the second main result on HI, we introduce some notations.
For X € Smand n € Zx, let X ™) be the set of points z € X such that
the closure of x in X is of dimension n. For F' € PST and n € Z,
and S € Sm, define

F_(S) = Coker (D F((Gm) "X A'X(G)" "%xS) = F((Gp)"%5)),
1<i<n

where A is the affine line over k and G,, = A! — 0. This gives an

endofunctor PST — PST; FF — F_,,.

Theorem 2.9. Assume k is perfect. For F € HINNST, X € Sm
and x € X™ with n € Zwy, we have

(25) Hi(XNis; Fx) =0 fOT‘ ? 7& n,
and there exists a natural isomorphism:
(26) Hw . F,n(l‘) >~ H;?(XNis; Fx)

10Shane Kelly proved that such an extension exists also in case ch(k) > 0 if one
inverts the exponential characteristic of k for DM®T.

Here we state the results for Nisnevich sheaves. Voevodsky proves also the
similar results for Zariski sheaves. In the application to theory of motives, only the
results for Nisnevich sheaves are used
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To state the last result on HI, we note the following fact: For F' €
NST and i € Z>, the presheaf X — Hi(XNiS, Fx) on Sm is considered
as an object H:. of PST."

Theorem 2.10. Assume k is perfect. For F € HINNST, we have
Hi € HI.

3. NON-HOMOTOPY INVARIANT THEORY OF MOTIVES

As we have seen, Voevodsky’s theory of motives is based on homo-
topy invariance (see Definition 2.7). This implies that the invariants
for X € Sch arising from his category DM®T such as motivic coho-
mology defined as (2.3) should have this property (see Remark 2.6).
The homotopy invariance implies also the nil-invariance, which means
the invariance when X is replaced by its reduced part X,.q. How-
ever algebraic K-theory does not have these properties: For X € Sch,
K,(X) — K,(X x A') is not an isomorphism in general unless X €
Sm, and K,,(X) is not nil-invariant in general, either.

On the other hand there are phenomena which motivates us to extend
theory of motives to non-homotopy invariant (and non-nil-invariant)
framework. One of them is the works on Grothendieck’s variational
Hodge conjecture by Bloch-Esnault-Kerz [6] and Morrow [16]. Another
is the work of Kerz-Saito [15] on wildly ramified higher dimensional
class field theory. Here we give a brief explanation on the latter.

For X € Sm choose a dense open immersion X < X such that X
is integral and proper over k and that X — X is the support of some
D € Div(X)*, where Div(X)* denotes the monoid of effective Cartier
divisors on X. In [15], for D € Div(X)*, the Chow group CHy(X|D) of
zero-cycles with modulus is introduced as a generalization of the Chow
group CHy(X) of zero-cycles on X. It is defined as a quotient of the
group of zero-cycles on X by an equivalence relation given by rational
functions on curves on X which satisfies a certain modulus condition
with respect to D. Then, putting

C(X):= lim CHy(X|D)

—
DeDiv(X)+

where D ranges over all elements of Div(X)* such that |[D| = X — X,
one can show that C'(X) is independent of the choice of X and hence
is an invariant of X € Sm.

12This is a consequence of Theorem 2.1(3).
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Theorem 3.1. ([15]) Assume k is finite and ch(k) # 2. Then there
exrists a canonical isomorphism

C(X) ~ WP(X),

where the right hand side denote the abelian Weil group of X, namely
the subgroup of the abelian fundamental group w8 (X) consisting of el-
ements whose images in the absolute Galois group of k are integral
powers of the Frobenius substitution.

Recall that W (X) carries information on wild ramification of abelian
coverings of X along X — X which is known to be not homotopy in-
variant. Hence there is no hope to recover C'(X) (and also CHy(X|D))
from Voevodsky’s category DM®T,

4. RECIPROCITY SHEAVES

In order to extend Voevodsky’s paradigm to a non-homotopy invari-
ant framework, we use a new full abelian subcategory RSC C PST of
reiprocity presheaves, which was introduced by Kahn-Saito-Yamazaki
in [10] and [14]." It contains HI and many objects of PST which are
not in HI, such as the sheaf of the additive group G, and the sheaf Q0
of Kéhler differential forms.

First we recall the following (see [17, Lem. 2.16]).

Lemma 4.1. A given F' € PST is in HI if and only if for any X € Sm
and a € F(X), the map a : Zy(X) — F in PST associated to a by
the Yoneda functor, factors through the map Zy(X) — ho(X). Here
ho(X) is a quotient of Zy(X) in PST defined by
(4.1)

ho(X)(Y) = Coker (Zy(X)(Y x A') "% Zi,(X)(Y)) (Y € Sm)

— Coker (Cor(Y x A', X) =% Cor(Y, X)),
where it for ¢ = 0,1 is the pullback by the section i. : Spec(k) — Al

The key idea to define RSC is to introduce bigger quotients ho(X')
of Z,(X) associated to X € MSm(X), where MSm(X) is the set of
pairs X = (X, X,,) of locally integral proper schemes X over k and
effective Cartier divisors X, on X such that X = X — |X| € Sm. It
is defined by

(4.2)
ho(X)(Y) = Coker (MCor(Y x O, X) “% Cor(Y, X)) (Y € Sm),

13The category RSC is denoted by SCRec in [14]. Tt is slightly smaller than
the category Rec studied in [10].
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where MCor (Y x 0, X) is the subgroup of Cor(Y x A', X) generated
by integral closed subschemes Z C Y x A' x X which are finite and
surjective over a component of Y x A! and satisfies s the following ad-
ditional condition (called modulus condition): Let Z C ¥ x P! x X
be the closure of Z and Z be its normalization with the projections
p: 7" & X and q: Z" 5 P'. Then we have the following inequality
of Caritier divisors on Z

g0 > p'X.

Definition 4.2. Let F' € PST and X € Sm. We say F' has reciprocity
if for any X € Sm and a € F(X), there exists X € MSm(X) such
that the map a : Z(X) — F associated to a € F(X) factors through
ho(X). We write RSC C PST for the full subcategory of reciprocity
presheaves.

By definition hy(X) is a quotient of hy(X') for any X € MSm(X) so
that HI € RSC. It turns out that RSC is an abelian category closed
under subobjects and quotients in PST.

We now state our main results for reciprocity sheaves. The first
result generalizes Theorem 2.8.

Theorem 4.3. ([22]) Let F € RSC. Then
(1) Fyis € RSC.
(2) For a dense open immersion U — X in Sm, the restriction
Fris(X) — Fxis(U) is injective.

Take X € Sm and = € X. Using the perfectness of k, one can show
that there is an isomorphism

S:X‘};zSpecK{tl,...,tn}.

where X"; be the henselization of X at x and K = k(x) and (¢1,...,t,)

is a system of regular parameter of X at x, and K{xy,...,z4} is the
henselization of K[zy,...,z4] at (¢1,...,t,). The second result gener-
alizes Theorem 2.9.

Theorem 4.4. ([22]) Let F € RSCNNST. For X € Sm andz € X™
with n € Z~y, we have

(43) Hi(XNis; Fx) =0 fOT‘ 1 7& n,
and there exists an isomorphism depending on €:
(44) 95 : F,n(x) >~ H;(XNis; Fx)

The last result is a variant of Theorem 2.10 for RSC.
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Theorem 4.5. ([22]) Assume ch(k) = 0 or the following condition:

(RS) For any pair (X, D) of a locally integral scheme X and an ef-
fective Cartier divisor D on X such that X —|D| € Sm and is
dense in X, there exists a proper birational map 7 : X' — X
such that X' € Sm and 71 (D)eq is a simple normal crossing
divisor and that 7 is an isomorphism over X — |D|.

Then, for F € RSCNNST, we have H: € RSC.

The above theorems give an affirmative answer to [10, Conjecture 1]
except the part on the coincidence of Nisnevich and Zariski cohomology.

5. THEORY OF MOTIVES WITH MODULUS

In this section we explain the construction of Kahn-Saito-Yamazaki
[14] of a new triangulated category of motives with modulus, which
extends Voevodsky’s construction of his category of motives to a non-
homotopy invariant setting. For this we first need generalize the theory
of preshseaves with transfers to preshseaves with transfers with modu-
lus.

Definition 5.1. (see [14, Definitions 1.1 and 1.8]) The category MCor
of modulus pairs has objects X = (X, X,,), where X € Sch is locally
integral and X, is an effective Cartier divisor on X such that X —
| Xs| € Sm and is dense in X (The case |X| = () is allowed). For
X = (X,X.), X = (X,X!)) € MCor with X = X — |X,| and
X' =X —|X'_|, the morphism group MCor(X”, X) is the subgroup of
Cor (X', X) freely generated by integral closed subschemes Z C X' x X
finite and surjective over a connected component of X’ satisfying the
following additional condition: Let ZV be the normalization of the

closure?oninyleWithp:ZN — X and ¢ : ZV — X the
projections. Then Z is proper over X' and we have the inequality
¢* X > p* X of Cartier divisors on zN

We call X proper if X is proper over k and let M(Cor denote the
full subcategory of M Cor whose objects are proper modulus pairs.

Definition 5.2. Let MPST (resp. MPST) be the abelian category of
contravariant additive functors MCor — Ab (resp. MCor — Ab).
For X € MCor (resp. X € MCor) let Z(X) € MPST (resp.
Zy(X) € MPST) be the object represented by X.

We have a functor

w: MCor — Cor ; (X, Xy) = X — |Xol,
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and a pair of adjunction

(5.1) MPST 7> MPST, MPST -’ PST,
— —

where 7* is induced by the natural inclusion 7 : MCor — MCor and
7 is its left Kan extension, and w* is induced by w and wy is its left
Kan extension.

Definition 5.3. For F € MPST and X = (X, X,) € MCor write
Fy for the presheaf on the Nisnevich site X yis over X given by U —
F(Xy) for U — X étale, where Xy = (U, X, x5 U) € MCor. Let
MNST Cc MPST be the full subcategory of such F' € MPST that
Fy are Nisnevich sheaves for all X € MCor. Let MNST C MPST

be the full subcategory of such F' € MPST that nF' € MINST.
The following variant of Theorem 2.1 is proved in [14] ™

Theorem 5.4. (1) The natural inclusion MNST — MPST ad-
mits an exact left adjoint anis : MPST — MNST such that
for all X € MCor, (axisF)x is the Nisnevich sheafication of
Fy.

(2) The category MINST is Grothendieck abelian.

(3) Let D(MINST) be the derived category of (unbounded) com-
plezes in MNST. For F € D(MNST) and X = (X, Xy) €
MCor, there is a canonical isomorphism

]HIi(YNiSa FX) = HomD(MNST)(Ztr(X)a F[Z])
In what follows we write Fnis = anisF' for F € MPST.

Definition 5.5. An object F' € MPST is called C-invariant if F(X) ~
F(X x 0O) for all X € MCor, where O = (P',00) and X x O =
(X x PL X x 00+ X, x P!) € MCor for X = (X, Xo).

Definition 5.6. Define MDM as the localization of D(MNST) by
the localising subcategory generated by the complexes

Zi(X x O) — Z(X) for X € MCor,
where the maps are induced by the projections X x 0 — X.

By the definition we have a functor M : MCor — MDM which
maps X € MCor to Z(X) € MNST considered as a complex by

14The similar result holds for MNST instead of MINST.
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putting it in degree 0. We have a commutative diagram

MCor —2 5 MDMef

(5.2) wl wegl

Cor 2 DM,

where weg is induced by wy from (5.1). In [14] is shown the following.

Theorem 5.7. The functor wex is a localization and admits a fully
faithful adjoint w®.

Definition 5.8. For X € MCor define C,,(X) € MNST by
Co(X)(Y) = MCor(Y x O, X).

Then the same construction as Definition 2.3 produces a chain complex
C,(X) in MNST.

We have the following variant of Theorem 2.4. TIts proof uses the
results in §4'°

Theorem 5.9. ([22]) Assume ch(k) = 0 or (RS) from Theorem 4.5.
For XY € MCor and j € Z, there is a canonical isomorphism,

(5.3) Hompionm (M (), M(X)[i]) ~ H (Y xis, Ci(X)y)

where C,(X)y is the complex of sheaves on Y nis induced by C.(X) (it
depends on Y, not only Y. See Definition 5.3).

(5.3) implies an isomorphism for X = (X, X,) € MCor
CHy(X|X o) ~ Homypm (M (Spec(k), D), M (X)),
where the left hand side is the Chow group of zero-cycles with modulus
which appeared in §3.
6. MOTIVIC COHOMOLOGY WITH MODULUS AND OPEN QUESTIONS

In view of Voevodsky’s definition of motivic cohomology (cf. (2.3)),
we may define motivic cohomology with modulus as'®

(6.1)  H.(X,Z(n)) := Homypm (M (X), Z(n)[i]) for X € MCor
Natural questions are the following.

5Indeed we need refine the results of §4 in the new categorical framework ex-
plained above.

161t is not yet completely clear to the author what is the right definition of the
Tate object Z(n) in MDM. One option is the image of Z(n) in DM*// under wef
from Theorem 5.7 .
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Question 6.1. Can one establish an analogue of the isomorphism (2.4)
for (6.1)7

Question 6.2. Can one establish an analogue of the isomorphism (1.1)
for (6.1) by replacing algebraic K-theory with relative algebraic K-
theory for the pair A'?

In order to answer Question 6.1, one should generalize Bloch’s higher
Chow groups. Several attempts have been already made in this direc-
tion. The first attempt was due to S. Bloch and H. Esnault ([4], [5])
who introduced additive higher Chow groups of a field k. It is con-
ceived as a variant of Bloch’s higher Chow group for the modulus pair
(A},2-0). They showed that a part of these groups coincides with
the absolute differential forms of k. Riilling [21] generalized it to the
case (A}, m-0) for m € Z>; and proved that these groups give a cycle
theoretic description of the big deRham-Witt complex of Hesselholt-
Madsen. Park [19] extended the definition of Bloch-Esnault to intro-
duce additive higher Chow groups TCH" (X, n;m) for a k-scheme X.
The groups studied by Bloch-Esnault and Riilling correspond to the
case X = Speck and r = n. Motivated by a work [15] of Kerz and
the author, Park’s definition is extended in [7] to higher Chow groups
CH"(X|D,n) for a modulus pair (X, D). We have

CH"(X|D,n) = TCH"(Y,n+1;m) for (X,D)= (Y xA., m-(Y x{0})).
The definition of CH" (X |D,n) is given by
CH"(X|D,n) = H,(2"(X|D,e)),

where 2" (X|D, o) is the cycle complex with modulus, which is a subcom-
plex of the cubical version of Bloch’s cycle complex z"(X, @) introduced
in [2], consisting of those cycles satisfying a certain modulus condition.

As in the case of Bloch’s cycle complex, 2"(X|D,e) gives rise to a
complex z"(—|D,e) of sheaves on the small étale site X¢. We then
consider the complex Z(r)x|p := 2" (—|D, 2r — e) and put

(6.2) H' (Xwis, Z(r) x|p)-
There is a natural map

CH"(X|D,n) — H" ™ (Xyis, Z(r) x|p)-
A fundamtal fact due to Bloch [3] is that this map is an isomorphism
in case D = (). However this is not true any more in general (see the
remark above [20, Th.3]). This implies that one can not expect to use
CH"(X|D,n) to answer Question 6.1 for X = (X, D). A naive hope is

then to use (6.2) for the aim. There have been further developments
in this direction: Kai [11] proved a modulus analogue of the so-called
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“easy” moving lemma in [2] to establish basic functoriality for (6.2).
Kai-Miyazaki [12] proved a modulus analogue of Suslin’s moving lemma
proved in [23]. 7

Finally we mention a work [13] of Iwasa and Kai who defined Chern
class maps from relative K-theory of the pair (X, D) to (6.2). This is
expected to give the first step toward Question 6.2.
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gboobboobboobboooboobboobuoobbuoobboob 4000
goo

(Y7 L07L17L2) = (}/7 L17L27L3> (41)
(K L07L17L2) — (Y7 L—17L27L1)

000™0

O0000000000000o000oo0oooooooooooooooooon
O000000000O0del PezzoOOOOOOOODODODODOODOOOoOoOoOoOoOoQOQOnO
O0000000000000000000 (marked) 00000000000 OOOOO
00000000"000000000000000(00)0000000000 (ful
strong exceptional collection, FSEC)D O DODOODO0O0000000O0O0O0OOOOOOOO
O00d000o0oooooddel PezzoOOOOOOoOooooooooooooo
ooo

00 41. 70000000000 kOCOO0OOOOOTOOO0OO &,&,...,.&6 €T
OOoooooboooorseCcononooogn

T=(1,E,....&) (4.4)

godooono
(1) TOE&,&,..., 0000000000000
(2) [k=000i< ]00000000000
T (&, &5lk]) =0 (4.5)
oood

(3) 000 &OoOooo T(Si,&):k-idgi goooono
opog ;0 Ly, Ly, L,00DO0O

Li®L @ L, ® Lits ~ Oy (4.3)

gbooan
O pooDODO0D0000000000000000000000000000000000000000
oooobooooon
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O0000000 XO0ODOOoooooooFSECODODOOoOooooobooobon
0000000000000000 Ky(X)~Z¥ 0OUOO0OO0O0OO0O0oooooooo
000000000 FSECOOOOODOOO0OOOO0OO™O

O000Odel PezzoO OO OO FSECOOOOOOOOOOOOOODOOOO(CIOODOO
O0000300000)3-block FSECOOODOODOODO FSECOODOOOODOOO
000 [KNIR|O

FSECOOODOOD & 0000000000 T (&&[1)=T(&,&2)=00000
0000070000000 & 0000000000000 000000 [EVdBo6|O
O000Odel PezzoODOOODODOODOODODOODOODOOODOOOOFSECOOOODOO
gdd

gooddoooobbbbooooo

00 4.2. CO000 del Pezzo0 000000000 C 0000 (marking) 00000
0 Db(C) 0 FSECOOOOOOO

0 4.3. Quadraticd 3000000 ADOOOOODOOOOODOOOOOODE X
O000OqgrA=coh X OOODODOOODOOOOOO

Ox (i) := 7 (P_;) € coh X (4.6)
o000
Dbcoh X = (Ox (—2),0x (—1),0x%) (4.7)

000 FSECODOOO
OO0 CubicO 300000000000O0O00OO

DbCOhX:<OX (—3),(9)( (—2),0)( (—1),Ox> (48)
O0O0FSECOOUOOX =P'xP' 00000000 4000000000
Ox (=2,-1),0x (~1,-1),Ox (—1,0), Ox (4.9)

gobooobbobdooobbooobooobbooobbooobbooobba

D'cohX OO FSECO 1000000000000 D0O0OOODOOO
C=(&)i_1s,..,C D' coh X (4.10)

0{1,2,..,r)00000000000000R=Alg(C)000000000 (Qy =
{1,2,...,r}0000000)0000QO00000000kQOOO0OOOO000O0
00000000000000k 00000000kQ - RO0OOOOOOOOOO
00000 /00000/0G=AutekQ 0000000000000k 00000
000000000000 000000000000000000 100000000
000000000000 000000000000000000000000000
00000000000 0000000

X — [I mod the action of G| (4.11)

00000000000000000000X0000000000000000000
0000000XO00000000000000000000000(GIT)00000
0000000000000 del Pezzo0000000000000000000000
00000000000000000000000000000000 [Ued 0000
000000000000000000000000000000000000000
0000 AOUT, OUa| 0000000000

PpSECOD00000O0D0000O0DO00O000O00O00ONOD folklore 000000000 DO0O
oooooop, =0000000000000000000000000000000000O0
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00000 QOUO0O0 (Beilinson quiver)d

2= 1720 (4.12)

Quadratic0 3000000 AODOOO FSECED)DODDODODDOOODODOOOO ZO
0BO0QUIDOODKQOOOKOODDODOODODOODOO

¢: kQ - B (4.13)
O0ooooooooooooooonoooon
agr A (0 (=2),0(~1)) = Ay, (4.14)
oo
agr A (0 (~1),0) = Ay, (4.15)

gobooboboobboobolggbboobbooboobboobbooboo
O00 G=AutskQ OOOOODODOOODO
goooo

U= efle€72, V= 60k@€,1 (416)

Oooooooooboobosbob kgooooooobooooooooobooboob
000 ¢000300000000007CcVeUODDOOO®O0000QOOO0
O0000000G=GL(V)xGL(U)ODODOooooOooooooooooooooo

00 44. 000000 oooooooooooooooood
Mep2 == [Grass (3,V @ U) /G| (4.17)
gooooon

Oobooboobooboooboobobo GUoboobooooobobooboooobooD
00 GITOODOD0D0D0000000GO000 =G, xG, O Grass(3,VeU)DO0O0O0O
OooooooooGITooboooooob GLo pALOO0ODODOOOODODOOO
oobooobooooboGGITtooogoboo pALOOOOOOO SLODOOoODbDOOD
gbobobooogon

OO0 45. 0000000000000 0OO0ODO0ODOOOOOOO GITO
M,ep2 := Grass (3, V@ U) //SL (V) x SL(U) (4.18)
000000000000/ 000000000000 (categorical quotient) 0 0 0 O

edT4|0 0000000000000 00000O00000000OM,,ee ~P(6,9,12)
0000000000 0000000020000000000000

HH? (P?) =0,
HH? (P?) ~ H° (P?, O (3)) ~ k'°, (4.19)
HH' (P?) ~ H° (P?, Tp2) ~ Tiq Aut P* ~ k®

Bopo e oO00D000O00000O0

“0000 Grass(3,VeU)000 Picard D000 10000VGITOOOOGITOOOOOOOOO
0o

Byinberg 00000000 LieD0OO0O00 Weyl 0OOOOO0O0000O0O00O0O0O0O0OOOOOO
000000000 (000)0000000000000000000000000000000000
D0000000 e 0 Z/30000 Le00000000000O00DO00DO00D0OO0DO0O0DOO0O
OD0000 Le0OOD0OO0DO0DO00O0OO00OO0DO00000O00D0000000O0DO000O00OOnd
D000000000000000 [BOIVM 0000 ([0UB 000)0
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00000000010-0-8=2000000000000
M,p: 000000000000000000000000000 Mg, C My O
00000000000

(1) M2, 000YDOOOOODOOOOODODOO030000000000000
000000000010 10000000

(2) OO0 A = Mpepe \ M? p2 O cuspidal cubic curve 0000000

(3) ADDDODOO0O0DDODODOOOOOOPRPODO0O0O0OODOOODOOOOOO

(4) ADODOOOODDOOOO0 1000000000000 DOO0O0ODODOOO
0000000000000 00000

(5) A\{0,00} DO0O0DDOOO0ODOOOYOPBO0OO0ODOO0OO0OODOOODODOO
000000000000000000000000000000000000
0000000000 10100000

(6) Mype 0 2000000000 M, 000000000000 O00DYODOO
0000000000000000000000O0000 300 (Y,Ly,L,) 00
0000000000000 00000o00o0ooooooon

(M M, 0000 PPO0000OO000OOOOODODOOODOOOOOODO 10200
000000000000000M,, 00000000000 7: Myp — My,
O0M,;,0000((@000000)00000O000

oO: Ml,l — MLQ (420)

0000000000000 00000000000000000000000
Mia — Mype 00000 (Y,0,p) € My, 0300 (Y,0y (30),0y (3p)) 000D
00000000 (000000000)0000

DoobopoogdlIcveUuboboo3bboobooboobobooboobon
gooo

000000 (Q,/)Doooooo (L,L,)yoooooooooooooooooo
x=(-2,,)0000000000000000000000000000O0 [Kin94] O
OO00000DOO0O000o0ooDOooO00boUuuoDODoboOoOo0nonDD Lo, L4,L
oooooooc,00b0booobooboooboooobobooboobooboboboD
OO0YDODOOOO £,4,L, 00000 Ly, L, 0000000ODO0O

O0000M,e 00000000 FSECED)DDOODOOOOOOP2O0000OO
OO0 FSECOODOOOO0ODO FSECOODOO0ODOOO0O0OOoobooooboooobooon
O0D0PPO00000 FSECOOD (E) 000000 (mutation) 0000000000
OO000b0obo0oo0oboooooobobOMarkovODOOODOOO Diophantus O O O

22y =2y (4.21)

0000000000000 (3,3,3) 000000 (mutation) 0000000 0O0O0OO
O00000000000000000000 [GKO4, Bri0s|0 000000000000
OO0 FSECOO0O00O0O0O0OO My OOD0ODOODOODOODOODODODODODOOO
OO0O0b00000b0obD00ob0bOobo0obOobOobDoOobOn del PezzoOOODOO
Oo0O000O0O00booO0oOooDOoOoobobo0oobooOooooOs-block FSECOODOOOO
gbbbuoogobbbooogbbbooaooboo
OO00ooobooo0ooboooobo0oobbo0ooooboo0oonn del PezzoO
0000000000™0000000000000000000000000 del Pezzo
O0000000000000000000000 (D00 del PezzoODODOODOOOOO
0000000000000000000000000) 000000000 del PezzoO

1630000000000)300 Skyanin 0000000000000 O0000O0O00O0O0
17Abdelgadir-0 0-000000000
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gobbobbbuoogooobobbbbooooooobboobbboooooooooboon
gobbobbboogoooobbobboooooooboboobbboooooooooboon
gooboooobobboooobboboooobbbooobbboo
00000000000000000 (00 KOODOOOOO)0O BNIS|00000
gobbobobboogoooobbobobbtbooooobbobbooooooooobooboon
OO0O0b000ob0boob0oboob0obooboboobobooobOonog Kahlerd
000000 Kahler-Einstem D 00 0000000000000 0OO0O0O0O0O0OOOO
gbbbuoooobbbuooobbbuoooobbbuoooobbodao
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(e DT I EH =
B3 P B *
SR 28 412 H 27 H

1 FX

ASUIFEERFIT TR I N, 261 BUREFE Y VR Y T L OFEEIC
B 2MEETH D, AXOH LGB AL E & 2 ORBEE, K
WCHEMEE IS HEE TH L. HHEEIFRBERMIIW D & g2
ORI MVIRPEMKROENNZAET S, Wb B 3% (splitting) %
BKT 5. 20 &S 2 REBEETHREE DY, BEHEED R DD el
AEDOERMIMEE L SIESNDE A5, L WHMERFETHETH
D, EHEVETHEEEOMIICHIEZ R -7 E oI TE b DS, &, EH
IN—=VER=VFHEE WD, BIRGEA E DR 0 ORI A L DM 2
DR MVHRIZBTHHT B, 20D PRUCHIRZ > Tz, iz
DFRUTHRET B L VI B E TIHRIEE S o7z U, BIETHHA T
AP TCEBLIFEZIRN. TAKRE S, BEHIEE TV L CREH
IR T E BB R 2 MV & WD K OIFE, B LU A & 72 <M
U N T AR TEZAD , Bk Z2Er N CEVEEE O 3 B
EZRBLTHS, 5P 10FEITRS.

FEE G E 2 RBCR AR T B AV w MIW Db b0, £9—
DIIRIET B B2 DD T HARK 2D > T IV A8 T D A BR K T
LWV RND D, AR IO BATHEE 72 2 8 E O W& R % H
WT, Mg 2R MVHDELWEBIZERTE, T AW TN,
HDWVIIER R FHRET DI LN TEDLDERERAY Y N THDB. Z
DES BRSO/ ONTE o & BB DEMD, FIREH (EH3.6) T
HY, ZOMEROHHET S Z %, KREORAOHKE 5. FRE

HMKESY A - 747 - 4 VXA NV #ISERR. email:abe@imi.kyushu-u.ac.jp
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B, RBGE T P HRCEDLARIZH D XD BREHRTH L. RIFEH
B9 208, P HEACE IS I FEHOGIRAH 5. DX VB TVHEED T H
Z—DEELGE, T IIXb MO TFHEH7=HH, HD LI LW
FHNEZFES. ZCEBEE 2 AR WHIBRAY, 5l AT S [ i & o
IRTH 7. RBEEMIIZIE, BEEEZZEZXLVEWVS DIRWE XA
HRRE T BN, FEERZ Ol TRECEAT - A - A EE I ER IR
W70 S Ll TWie. )5, BEEZE X 2 HIRIZEE S 2 BRI
T 7R —F N, HIKIEEIZ & DA DENCLAREZ O HESUEIZFRE L T
ST FIREHIZ, 2O DOD1fIR2 EL S5 Ef5 Z & T, RECGEMINT
FEaBIZR U O OMAEmIEREIT D 2 2 WREICT S EHTH 5.
BT NIERIAREBIE, RBCEMTO LAY G & | 8N E O R Ol
FORREZEL S HMERD, S IIRERNEHTHS. LNOETH
EEECE D HHMEOHEANE - B2 R0 s, AEHzHL Tw Z
LERADL. T2, BHEOREDOHLFEMETH S, V- HAEZ W
HLEZHRDAFEDT Y —BRDOFRIZDOVWTHE KLU,

2 HBYEEKEESzOBHEM

K ZEREO®KE L, V=K S =Sym*(V*) ~Klxy,...,z] £BL. V
FORETHEE A &,V ADORKRZ B THOARKEDZ L THS.
He AIZRUT, kerag =H Wb ay e V2 —DRUEELTHKL.
K #7752 S Eo N Der S = @f_, S0, DEHINEEE LT, A DRI 5
MR 7 SV D(A) MEAFD XS ITERI NS,

EFE 2.1

D(A) := {0 € Der S | O(ay) € Say (VH € A)}.

D(A) IF—f I HEEEHC R o3, KEMERZR 5. DX b BRZEH
D(A) — (D(A)*)* BRBIC R > TW B, &> THBMBEL 72 554120
TOXSIZHRTZ TS,

EFE 2.2

ADEHTHER exp(A) = (di,...,d) THDEIE, HBFRALG,,...,0, €
D(A) BEIELT, D(A) = ©L_,50, L7s>oTWB L EiIZWwWS., 22T
0 =", fiO, € Der SBFRTUSd L1, fi = 0B L LIE f; DY dIRD
BFRRE VI EZEPEED i TROIL>TVE TNV,

2



MR CREE A & UC, HHEE & HHTRWRELHER TS 5.

Bl 2.3

(1) ADB_ 2 = 0 CEHINDEETHEED & &, ZNIFIEHEN

(1,...,1) LR D HHEETH 5. FE 0, = 2,0, € D(A) ZAEBIZF =v

JTE POINSD DA) DHHIERE 22 Z L IFIFHS P TH S,
(2) K=C, {=3&UB% zimxs(r; + 70 +73) =0 TEZRIND K

S FHlEE T2 L,

—_——

D(A) ~ Opz(—l) D Tp2(-3)

ERBEZENDNS. EoT D(A) ZEFFEMEETH %5, HHEET
=CAANY

(3) t=2&92,, 2THOIRTEFZEE. 2%, ZRIChLED X
BN T MVIGDIER EORMNEZ 525 286 bbr2h, B
UK Z AT D LS5 AB I TEF v I TEL. b A%, 2, =0
ZET LD L TUOLHLE & T,

01 = 2104, + 20, B2 = ( H )0y,
HeA\{z1=0}

MW D(A) DHEEE G A2 Z LIZFIFHW. FIZEXLLTFICE A 2 mk0HE
B2 Lo THETRV IR EDHRRIZ (1,[A - 1) TH 5.

EoH12.3 (2) & b —fIZ, generic BALEIZT R THBETIERNZ &
fHIZOND. DAICHBAES WD DX, b THREREDTH D,
NP ZRIECTHEHWVEEP WA WAED 2D,

HHEEDOEHRMFIZWAWAHED, o2 b PF L TELY
ZhUE, VA IVEEOFME 2R %2 ED 2T A IVEED L, &\ D EE
MIFTHB. TANHERZDI— FRITIERRX BB WHEENH 508, 20D
—2& UT, VA IWVEEDMZER OBERMD Ny FHDB, 71 VO
EHOWTHATES, LWHOHEHENHL. ZOMRIIHHEREDO 7T I
)—THEURFD LS IZmEIZ—RILEINS.

EE 2.4 ([16], FRDODRTEIE)
AWV =C'HDOHHEET exp(A) = (dy,...,d)) THBETS. ZD
L&

¢
Poin(V \ UpeaH;t) = [ (1 + dit).

=1



Tabb, MMHEMNIZERO D 8%, REZHWTERTE S

BEAHHEETH D, LW N TED. FRIIERNT bVERT DR
SEHIBLE DFFZEF DRy FEIE, BEVRED LD ITRDoTWVWAHENRE VD
HROAPS (HHEETR LH) FRETE D720 (EH 2.8), A
MEM o2 DIRTLIME NP -720 T 5L ZDHETEHET S LIFBFEN

TlEZW. WU T, HHEE TH X, R GEE 6> THREE 26
BTENE, TIhoRy FEPHESIND. FHZT A VI EMR T 5 i

WAL T, H7KIZ & B Edelman-Reiner FADfRY ([18]) R EI2H H
L5502, ZOFEIRINZE I 2 FKMT LD S,

ZOESIZRWHETH L HHEETH 50, T OHEIZ—MRIZITMHD
THEHLU W, HEKRE U T BN 7R ORI AN K D2 LA OB
THs.

T 2.5 ([14], BEOHEX)
01,...,00 € D(A) D* D(A) DEJE & 72 5 728D DB A-43 G fF 1%

det(0i(z;)) = cQ(A)

ERBIETHE. ZITcRERTRVWAN T —, Q(A) :=[Iyesan T
Bb. EIOFME, (1)6,,...,0,HS E—UIMIHD, (i) b, degb; =
|A| D=5 & FME.

kDY EIEIBEF M2 G2 TED, O TRANZIERTH S
N, T EFEBICHEHTAEICH L WDIR0,, ..., 0, & BARRIZHER L, D
DENSN DA IZEENDZLEFARDLZLTHS. LrLRDS, B
BN B b2 7 H PRI EIE RS, TR T2 OEEOHE L2 I
LTHD, HERMIZE MO CTEHEHERTCHTHS.

ZDEEOHEEEAWTESNS, HRMEHEOTEE Uit LA
e WZ B0, FEREPIZE AU TONREHETH 5.

EIE 2.6 ([15], FEDINPREE)
AZZETHRWVETHARKEL U, He AZBETS. A = A\{H}, AT =
{HNL|Le A} &BL. ZORUTDOEZMBD5E, Z O THIE
O D—DHHNT S

(1) AIXEHHBEBET exp(A) = (dy,...,de1,dy).

(2) A ZEHRE T exp(A) = (dy, ..., dey,dp — 1).

(3) A" IZBHHEE T exp(AY) = (di,...,di1).

Rz A, A DPEBITHBERS, D=2 XTI

4



APREHE, B HAEERER X CEHHEE» BN F v 7 Z IFHHRIZ ]
BLTD, MOTHWPTWEHTHS. 51358, HETRWE
EDF v ZIZHIEFIZEN@MS 2L, BXZDHWAED LT
HEELLES. HIZIEAPEHEHTREVWIEZS W WE & HigRT
VAVZEHADPRLU NI L 252, T 240652 LIS
N, EBRRT VA VEZEIAOHEWEID RO LAEW. £Z T, He AT,
A DBEHBZEN AT REBETRVWE D2 Bo L, RBICE W EREH
5 AFEHBZIERD ZBRWIZ 223bhs. Kl =3 ThhiX, 2l
exp(A) = (1,dy,dy) THBEGEZ, |AT| D dy+1, dy + 1 DVT D
BHN, EWI ML BT B2, MO THWP T W, EESHS N
TVWAHHHEEDIZE A ZIX, MREH 2.6 Z FHHWTHERD 2 \WIEF oy
7INTZHEDIEEES.

XTC, 22 TALETbEEICZENS. AR, BEHEEOMAS
iR D TEWERLED . ThEFHHT 5720, W O HEER 1
9 5.

EFE 2.7

L(A) := {NpesH | B C A}
EFADREMT LD, REKRT EOACY ZABB u: L(A) — Z %,
p(V)=1KC
p(X)=— > uy)

XCYCV, YEL(A)
TEHTD. SOILADRT VA VEZEHA (AL %,
r(At) = 3 p(X) (e
XeL(A)

TEDD.

BT VA VEZEHA L WD ZHT0 S BGERD < 2 d LR AY, Brieskorn
KO Orlik-Solomon & 0, AR DFERBH SN T WS,
T 2.8
K = CThi, n(A;t) = Poin(V\UgeaH;t) DKL, X 52V \UpeaH
DAFED Y —BROMEIX, LA ICOARMEFELTIREING. X 5ITE
B 2413, ADEMETexp(A) = (di, ... dy) 75,

14

n(Ait) = [ [+ dit)

i=1
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722 ERIZ, EROE ETEANMEET NS,

IO, ARERY—EOWIED L(A) 2 5PREZ N5 &\ 5 EHLIZHRD
TERNTHS. k> TN, BYEAEIZ £ Db D4 iEEDP AR
LR, L(A) IZOMEET 20 E 50, &\ Rl < X ABNE.
ZFEARBEL LA) Z0 0S5 BRES LDV EDRROoNTNWED, FHD
FIRE LTI, R AEDGAIZEELLRDONE L DAL, &0 D
DPEEZ LS. ZOFT, 35 FI2b7 D KR OE /L TR D 5.

F18 2.9 (FEFHE
ADPEHHEPEDE, L(A) IZOAMEFLTE £ 5.

BITHARZESI, FREFEDPHSHIZIEL WY T AZ - RTliES T H
5. FRONGEMIIFRFEBOENLREETH 20, A7 V1 VEIHA
BRI ETHRL CWTE HHTARVWEEIXFET L. bt &5
FRIL, FRIZED FPRTEIRSHEL LTHINZEDTH > 720,
R LT3 FHAENRERIIEFEAERVWEERCLE . BESZ
NETEEBVPHEELZDIL, FERFIDPRONLR W ZA%2 B L,
FREMPATEEZLZXZARWESIZEDbNS. ULrLaRnSIELWE L
THIHBIERE S BRYEONRNWT &0 6, 5HHEMEE AW TARREIZRH]
PERODPSTHERLIBNPULLIRWTFHEZELEbNS.

bbb, FEFHEZENZELTH, HEHEREN LS SWlAGDHLE
FICIREI NS E WS EIZAARATHOVHHAHVWDEDZEES. 21
B L 7255 — DN T 5.

EF 2.10 (JFMHBIBEREE)

IF, IF, 2T NZTN—IRIG, ~IRTGDINTOREPSRLEEL L,
IF, (0 >3) %, UNDRMZHi7-T XD IRTBiEDOES LTS, T
BOLAeTIF, 757010 A=002 $LI1EH 5D H e ADFELE
UT, A\{H} € ZF), AT € ITF, 1,exp(AT) C exp(A\ {H}) Zii7= L
TWBIEWBREFRETEH. IF = U ZF, 2L, ZNITEENDEF
TG i 2 ) E A E &0 D

EHZOTIWZEENTUE>TWVWAY, NREMZMEOIELUHAWS Z & T,
R EERERXEHEE CTH S Z e AELIZhY 5. BARRIZIE, Ik
TELA N ORLE K O EEA 7 BRED H 72D T, IRot & ABUZBE 9 5l
EEHAGDLETNRERE 2D TIZOTOIFIEI V. £-ZOREL2S
AR DERPEBIZHKD .



% 2.11
A, BEBEHRE, AcIF 235, b LEIEFES L LT L(A) ~ L(B)
ThX, BHHH.

BN 5 AR H I E LR R P RDENL T 2 & 5 R FHEEED 7 7 A
EHZTWS. TUITY XLMIHREINE 7 T ATHEN, FRIZLD
EBUE, ZNVRBREIEVFRETIHEDOBNLTSH2 7 ATHo7-. £7-[HKF
2, 2DT T AIZASZ L 2R T UIMNTIE, b BHMEH A E SR
WCHREXIND Z L 2R T DI LD 72, 2T 2 ARECSTIR 72 0 2
Z, IRDETHRARS

3 BHEEICEY 2mIE0ERE

FHEEICETSZZ 10ERY OERIZOWTIE, HKEEZIZE SR
BT T3, & 0 BARIIZ 1 Horrocks O] AR oD E I & B 3
ANDE AN TR E % E %2R 72 Uz, S BIR 2 NIV IR 22
FOKRSEEG5Z5DT, 2N ORZUZEET 2 RBGE MO, RWESR %
FOEWHIRAZHWSZ L3O THHTH - 72

ITNERRZ72D1Z, ETLEREOMSZEAT 5.

E# 3.1 ([20])
ZHERLE (A,m) 13, BPEEE A EEEEm: A — Zo DMl 0.
T U TR~ 2 bV

D(A,m) := {6 € Der S | (ay) € Sai™ (VH € A)}

WEZEI N (—RIZIERED ) | O BEEMECHELRS AR ERS
n5.

MOTATHIZRZA S ZDEETH DM, LATFD & S I EHEED S
HARIZZEREI HEK IS

E# 3.2 ([20])
A2 HIZRUT, AD H D Ziegler iR (A7, mH) I3,

m?(K) =t{Le A\{H} | LNH =K} (K e A")

TEHEIND.



EDPOSHS R L SIZ, ZHUIHIR U725 E D TR W& S % kk
%%%ziv,tmaﬁ&&HMLiE%& LE DB EN—Y 3 v
THd. FIZWRIE, ZHBAENZ X, Fil 2 ITNBREHE 2 Rdbhr s &5
2, AT WS EBEE R 2L E XY, D ZUTRECRMIIZIZ E b s
HWHIRTHEEDR VWA NS S FL Vo TW2Z &ilid. LU s i
FXo XV RBEERLDT, 2O ODHIBEHICHOTEETHS.
HITE AREERAT & B S DT AHMEDY J WS, 53 13 XA & AHMEDS
BWHIRETHENLSTHS.

ST, RECEM e OMMEDOR X 2R TIROEHNLEREIZEHL THIS
5B,

EIE 3.3 ([20])
AMZETRVHMHEE T exp(A) = (1,dy, ..., dy) THBR5IE, LED
He AT UT (AT m™) IZE R (do, ..., dy).

Tk, B ETHAE L TWAEOEEHYIEE RIE 0 AL TW»
T, AU Z KD, tmoﬁ%&%ﬁ®t$ﬁ%%%f%é.éf%ﬁ
ﬁ&ﬁ BB RHMERIIFELWEAR S, Z2OHIFZES2DH, L\nwD
E AWK B i@“’caf)é B, RBEEANIZHEWT i%T%Z%F'EJJ:O)J%
D4EE, B & 0 EWVIRTIZB W T EHEIEic B 2 5% e
HThHd. ZNhE%7% Horrocks DHIETE (FREIZIEZEDR) ’C?)Z)il‘,
BAKIZ I N % A E O B HMEHE OB A AREINICEA L. %
DIGEEBER & E % B3 D13 EiC Ziegler IR & ZOHBMETH 5
ﬁn::fﬁit&é@ﬁ=ﬁWMA&bw%%E®;% IEZS5 &L

B HTOTNDRELB/HTHD. AT, BARRNIZEHAL & 5.

eE EAA 5L L, Dy(A):={0 € D(A) | b(ag) =0} T 5L,

ZNIED(A)/SOp ERBTHEZ L, RO

D(A) ~ S8 @ Dy(A)

DRI DN S, EoTA DOHHBEMIE Dy(A) OEHHMEEFLTH D,
TN EZZDORMDODHEBFAMEEL 5. 23U U T Ziegler RS
Dy (A) — D(AZ, mM) 23 ay Tmodulo ZH5, L WO HIETERTE
5. ZDEAD R ER EDOREOBDOEMEL 720 Horrocks DY EE & BE
HATONEDLITTHS. &THLMEEBREDIEE— K,

D(AH, m*) = Dy(A)|u



T BRBBHEET 50, LW RIZRE S, ZNHFEET L, Horrocks
DHERIFZERITHERET 5. LA L —MITIEZE S Tldkwy. FAiEIh
Z, PERCPHEICHIRT 2 G EICHEAT IR TUTO LS itk 7.

EIE 3.4 (HKDHIEE, [18], [19], [10])
(1) £=3,U,n(A;t) = (1+t)(1+bit+bot?) B L. Ezexp(Af, mP) =
(di,do) &3 B. ZDWREby > didy, D DOFFEAIE, ADPEHE LT
(1,di,dy) 2R D HHBLE L 725 Z & & [FfH.

(2) t>4,95. ZORAPEHHLEZRDZLIE, 5 H e AV
LT, (AT, mM) EETH O, h 2R LllE Ay = {H e A| H D X}
D, EED X € L(AY), codimy X =2 CTHH & 45 Z & & [FfH.

ZOEMMN, BHEEMRIZH U WS ZEALZ. ZOHEMIZMacH
203, £ RECEMTAFIELRIEDIEFITENITH LI LDRRKEV. £
=D, () IZHBEAERN by —didy >0 % ESRIRT 50, LW H B IE
WIZEBETH 7. THIZDWTIIBIZIE 2] 2 TSIRIEE 72\,

IC, FH 34 EHS N, FRTFHEOMPIIINT LR, L TK
SRHERTHo7Z. DF 0, HFAOHEEIZELY, HBIRITTOEHHMEDYH]
ElX, TNXD —IRIETICH B L EEED HHEEDOREAN L RE I N7z
DThD. RTIZEHTB/MEDBELZATHo7z. LITAN ZZ
THNS DD, RECRMOKHHTH 5, generic BIEHRE VWS HETH -
7= B ZIXHFE ED R MVERODSHEIIX, generic IZ1X72125, & W
ST A LRFERP SO BIEEH BN BZIFPELERIZIAT S
Grauert-Miilich DEHL A &) | special G &I WO THEHHEMD Y ¥
TIN5 5720, ~RICHEEIZHELW. ZheFEUL I e, £HELL
TRECRMANEDWHER, BETLE-2RDTHS.

g B L, EHL 2805, by IXMEEMTIRE 57280, ¥7-ZIRCEH
Bl lXEE7R7z0, 3400 ZAVNIE, D L 2o FRE T
SR IEFEIEL IR0 T2 & DR A S, 2 ZAM, ARD & 5 261035
5720, BENFEREEHEILRDPRo>TLESIDTHS.

5 3.5
(A,m) %,

2y (x —y)(z +ay) =0
TEHRINDZLEEEL T 5. T5& ad generic RIEZIBIGEIZIEE
DIEBUL (4,4) TH2EH, BRI a =1 DFEITIE(3,5) L7485,



B35 DL BIHKLIIED LS RMETHEID S 508, TR EE
fIHNZIE, 526N VRO F AR — MBI IZENTRINE 250
Rk ZATR Yy 7LET &, WO FERTH D, HHEE IXER
OB AR 222 A TWE72d, ZOF vy 72 EMICEHD
nWe ZRIGOGETH> TEFR PRI ELEN>T-DTHS. bis
AIZZDED T ¥ v Tk, Ziegler HlIPR TR W @EOHIR A7 123 LT
R o TWVwRWw, ZHEDFE 0, TaEOHIRIGMHA S O L HELR
W, VWS ZEERMERLTWVWS.

UL, S TN L Th 5 EH KDY EEE AW WT T4
W, ZNEHWTHEFRIZY 70 —F 9570121, ZEREO HHME
EFOIRBOMBBIAEINCEEIZ R >TL 5. TDd, HKDHEE
FHRPS VIS < IE, ZEEED HHMEICET 2 —EROMIEE1ED S
HZ D, FENIIEMEIC B 7-DEBLH), KEWERL L TIXZERNR
BDORT v AVEZHADENML L IGH ([8]) AU, ZEEED B H (B
THRMBREHD5ER ([9) BHIFo5NDE. Zhoizky, LEEEDHAMH
MEFEAT XD 70 0 A U 72,

I OFEME HWT, SFROMREM 2 RERIZHRT 5 Z LI
L7DOh, LFOREIREHTH 5 -

EHE 3.6 (RIREHE, [3])
A HIZHUT, m(A%; 1) DA (A t) ZEO Y10, 22D AL BEHTH 5
HolX, AHHEHH.

FROSMRERZ T & BIZIXMBRERE 2.6 H D&M (2) & (3) A°
D> TWBRIMFIZEWTIE, (A7) | 7(A5t) 7o TWVWBHI &
N, FRONBEHN SDLMNE. TI TSI, BRERIPREH L WS A4
BAEREZ BV ZE S (FIAIX[13] 22H) -

(A t) = m(A'st) + tn (A7 t).

ZHUZ & D, MBRERE 2.6 TIE I N TV AR TIZBWTIE n(A; ) A
(A ) ZEDE o TWBEZ B bhd. LoT, MREHIZEEN TNV
EBRoaEERE VS, HEELR W ERETERVEMEL, Zh oo
BENS, KT VA VZHADOER WO MASDEROSETRR SN
eomd. ko TRHAREMIEZ BN DIMREHLD —{LTH D,
Fix AOHBMZRIINITRARZ121E, A DERIIAECTH 722 208
HOTHHUZEHTHH 5.
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R E D SRR B Z L 3T T, 2 2 TIREFOHIRDAZRAR S, 7§
FERHD 72 DI N2 DI E R DHEER (EBL34) D (2) DEIETH L. $7&
b, (AL mI)BEETH D L, BLO Ay BEED X € L(A), X C
H, codimX =3 IZR UTHHETH» D Z 22\, BEHDERIZEN
THLUT, BIEICEREZRS. Bx T AT OFHEZKEE LTHR>T
Wb, koTZhrs (A% mf) OFEMEZEH LWV, ZD72H0EE
ML EREOIMREHE ([9) TH 2. MREHEZEHAT 272008 L 725
DY, LEREOEMELIER ([8]) TH Y, TS5IZZDWAMNS £ DL
DOEMEUT r(AT 1) | m(At) WIGHET B Z & &5, Lo THIRE
HOFEEDOHIZIIZERED SELEHTETVWARVDIZ, FERHIZZE
Bl i OB 2 MUSHNZME S . £ %2 RTw <L &, Aaa bR
LMD R W A OB SVIGIZ, BT v AL ZEROERE WD
PE D MAEDEmNEREZHAGDES Z LT, RERMNIFRTDH 2
(A" mt) DB S VEGDERPEOND, LWHHES DR 5.

FREHDOEEITNANEH BN, A ODFEHREAEL ULZFERE LT,
HHEMEPRGTIZBE T 2R NEDATF 2w 7 TES D, LbhoZ &R
RKEWV. Lo TRDEIBREAMEZETZ2 I LIFMOTHRTH 5.

EIHE 3.7 (RIRIE, [3])

(XM, WERTHRE ADETH S & 1F, X; € L(A), codimX; =i, X; C
Xii (i=1,...,0) 12225 5. {X;} PEIRETH D L%, n(AN;1) |
T(AX- ) Ri=1,... L —2THEILLTVWBEZIZES. H U AMPER
fEEFFCIE, AZEHHRETH 5.

FAEOIHIIMHCTH S, AN 13 WL ORIBAD TEA, m(AX2:1) |
T(AXes; 1) D SBIREH K D AXes B EEL UTFEDEL, W5 £ T
5. ZZTHETAEE, FARMED RIS 3 HIREE - 5 O 0
KT VA VSERDHREETH 27200, EHED S 205 IFMALDEHR
& TH 5. ko TUTFOEENHRICTE 3.

* 3.8 (FIRMNBEHEE, [3)])
FIREEFFOBRED SR 2ELE%E DF L EE, DF BT A& % FIRK
HHAEZ WS, £ UHDEE B A, BIRKE B E A & FR 228 248K
TFCX, BEHHTH 5.

AL TH S 5. T SITEED S RIARMKE I E IR E
BEZ LI EVHONTHSEH, T 51258 <

IF CDF

11



THHI L B TRINTVS. BRAMEABREZREN STV,
FEFHEOELUIVPHERATEIHHEED Y J ADH TR RERDD
TH5. LU SERNEBERETCZVHEREEDS W DB EDOh -
TWa720, FRFEROMPITIXIE LR,

BB, X2 BVWTWVENERE L (A t) 23R T2 2 & IXIEH ICH
LW, 2OTEM B, AT A\ {H} OABEEZRLT, &\ 5 #E% &
DRT Z e TRRWHAHBEBE TH L Z L 2R, &S Z eigms e 8
5. RO TEREHIIHRWLEHEEEZX 5. Fig, HREEP T DR
BT hDdHLEDEE, oL EXXA LY A H 2 REDHE
723, WO BUERRIEER T, 270 OEAICHBERRESI NS
ZeMFzy I TELEM, LW RAPELWERES . [HAMIZEIRE
HIAVR TR BEEREIE, B o T\ L EIZH AR AS B ik
DOHMMEPREINEZ LNZ N, LWHHEETHDLES.

IC, 2 THIS TR EEZRS. Tz L5112, AL OXf
IR MV, RECEMAINIZIZ ADZN & 5 BRE? <, ADHH
PEDS AT O M2 E S BARMEIRTE 7. U LadsERIE, AMHE
HZRSIXAT EHHTH A S, 20D Orlik PED D D B WRERIEIR T
o7z, ZFDEHEEMNMEIIL, Edelman & Reiner (2 &% ([12]). U2 UHIH
WZ eI, ZDEIBRT—A, Thbb ADXHHTH D5 AL BEH
TRVWEWIHNIIFEALHSNT W, EEDRNMBR Y, AREMRIZ
DEFTHD. ZniE, BRI broRWnwirny, HHEbdEOHIBR I
BT &L BT > 2B S BHIZZR D 2085 H B, LS T &
Thbd. HEZWVIEINIZENRBERMARERMN TR TE2D0E LA
W 2 H 2T, BIREEE FRT, Orlik PHEOBGETRE LT [4] TLA
TOMEZRELLTWS.

FERE 3.9 ([4])
A HIZHUT, (A7) B r(Ast) ZE0EI0, 2D ADVHHTH 7%
S, AR LB E B0 7

A IZBWT, HEFETTRIDOTFREZRLTWEH, —RINIZIZIEL
WIRE D MIEKRRTH 5. MARIZIE, BZ56L ZOFERIFEL LBV
A5, EFEATVSD.
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4 HHEE & Hessenberg Z k1A

ZDETIE, o FER2BNT 5. TOFT, HHEEE XX
KR 27 N IVIGHS, AREANTE 7213 T/ <, S p0MEIE © H fRed TEE A
BEEZR-T, WS ZEEBAL.

G % B0 DEFZL BRI BEEE U, B2 ZDORVIVERSEEE LT
FEEL, T%ZBIZEENAMAKN—F AL TS, gbzxZTNoDY —IRE
U, 2T DOMKEN—FZADY) B2V R EEL. £/, Z2Thoh
SEEDZILV—FREEL—b2 O, OF L EE o,..., 00 ZHHIL— £
REe$2. ZORNUT, EEOHBAEEU C & 1T LTV HOBEH
fdi& Ay 7,

AU::{Ha|a€U}

TEH#RIND. ZZTH,CV L acdt iZHET B s, D3ED 585
M TEHEHTH 5. B Aps ZTAIVEELIER. o> B (o, € dT) &
WIEF %, a — 8 € S Zogoy TREFET S, ZOIEFIZDOWT FIZH
CTWABHNEARTCITZ2ITTILENS,

T 4.1
Acge AT T7INIC O NOEE S Hessenberg ZFkAR X (A, 1) %,

X(A,I):={gB e G/B|Ad(g")(A) € b P (Bacrg—a)}
TEHERTSH. 22Tl alzxhind b — NEMTHS.

I =T RS IXZNITEZ A G/BTH D, £72 A nilpotent TI =)
72 51X Springer fiber £ 725, 235 2 ARERIZHK 5 ZRRMAD Hessenberg
IR T3 O, De Mari, Procesi, Shayman (2 & 0 [11] IZTEAI N7,
2 A 23 regular nilpotent D¥GHIZ A %2 N &K U, regular nilpotent
Hessenberg Z 1A X (N, I) D I FEQ T —ERPO Ry FHOMEEN, FR% 72
BRPSHNSNTVE. LAL—RDEA T2 OWTIER Y FHBRE
DIGEDI T > TWiEh 572, AaRET Y —BROERE AMDIGE
DBOVWEIER S NZIERD TH o7z ([1]). T 2 TARBEERZ &I 8YH
FLED G U, £ DN bV S X(N, 1) DAFRER Y —EBROE
ROELNDE, EWOFEREHEN LIV,

DO, DU Z T 5. FTAEXGCET 5 i afE R 2 &
WHE S, W = N(T)/T #8880 D7 A MBEET 2 L, LOREDS W
FEVIZERLUTWS. Z OFFEHIZBO 22 X0 MR A~ O /F I BRI IR

13



RIND, Lo TRIZV OMEIEEE S ~ Rlay, ..., ~DIEAIZEAT 2R
BARBRSV 2 EZ DN TESL. T ZT Chevalley DFERM? S

SV =R[P,..., P

L75 £ 57 R ECRBEPMNI 2 FIRZIHA Py, ..., Py (deg Py < deg P, <
o < deg P)) DMFAET 3. TS B HARLEREIFAL. 22 Tdeg Py =
2L WS Z R LLHISNTWS., 5P PoEEDV EOW AZE
WiEZ T B, ZZED V &V BRERIZE—HIND. £7-,

DerS~S®V, Qg~Se@V*

WZHERT DL, I"I2&D Qg & Der S IFHARIZHA—HINS.
T, ZZCEBTEREOMREE LTERNMEL 7208k~ 27 Lotk
BOGEZ L &S, TNIIEHBRISFAIZLLLTOEHTH S -

EIE 4.2 (cf. [14])
Apt ZFHHBETH D, D(Agps) IZRE L UT I*dP,,. .., [*dP, 2 F5D.
F#1Z exp(Agp+) = exp(W) TH 5.

TROLTANHOERL, VA VEEDOHBERE S U TOHREE
TEDTHD. ZOBEDS, AR MV ZE AW CEEEEED T
BPEBRCTELHEL LTOT A IVEED AP HHEETH b, FEE
ZTOHRBUL, FROSRER X O CAHBTRERZ R D Z L AGEH I T
W5, Ko TEMA42ZZ, R 2 MVIGE 20 HBEMEFEO R
HEMTH 5.

XTC, TOBEZESHRAORFZ BN 2EXLS. £F
BRI HFEFEL LT, 2=degP, <degP, ZEWHLTHL. ZETRHRVEH
BlEDREIZB T OA A T =W 0p 2EHELDT, EH 42TV
TZNTHIRNT2BDIE AP, ULPH D 278\, Ko T IdP, = 0 &K
ELTEW. koT

I"dP(Py) = I'(dP;, dPy) = I'(d Py, dF;) = I°(dP)(P) = 0p(F) = B
M3, up to non-zero scalar THR{I.$ 5. £ o T,
a(®*) :={0(P) | 0 € D(Ag+)} = (P1,..., P)
NEBLIZONS. PZIZ, Borel DFFREEDLEL T LT, LNVEDLIC
WS

14



% 4.3

S/a(®") ~ H*(G/B,R)

DF D, EEREAD IFET OV —BHORRBRALERRLL/BOLNDS,
&\ D AZEAGH & W 72 Borel ORI, BESERIELE O NN 2 bV
EFAHVIIIAZ G2 LU TENMETE S, LoT, ~RIZIIARZEXGwRMBH
TIZIRHRVWESI BRI LTH, ZORMEZIRTE 2D T, WO 5k
DM RDONWTLK B, ZOFRETIFRIZ, UC T ITRLT,

a(U) := {0(P) | 0 € D(Ap)}
YIEHR UG, USR03 EHIE Xy BEELT,
Sla(U) = H*(Xv)

EIROSIRNWTEADI P, VWO EWZ S, 2 U TEHEENRR WD,
ATTNEATTMIIET BHLE, B & O Hessenberg ZBRIAIZ DWW T
EA5, LWVWOIDONZDEOEEHTHSE. TITATTMIT C dTIZ
WInd dA T TIVEE A = {H, |a € I} DHBEMEICDOWVWTOLLFDE
HaeEdfiLTsl:

T 4.4 ([5])

FEDATTINVI COTITNULT, A/ FEHBERETH D, ZOHEBII T IZE
EFNBEN— M bDEISAEONNFE L —. T 2T (a1, a0,...,as)
7= % B IR IIEE] D WU 43 ) & 1,

((0>£7a17 (1)(117&27 teey (5 - 1)%717%7 (5)(15)
7258HNTHB. exp(Ar) =: (di,...,d]) L &T.
INSE2HWSZ LT, UFOEHEPIESNS.

T 4.5 ([6])
(1) ICd %A TT7)IV& L, N € g% regular nilpotent £ %. Z DI
SD>®"3a% (L, € H(G/B) IZi#%% &\ Borel D [RIELD H R 75 1l
fR& LT,

S/a(I) ~ H*(X(N,I))

15



DR, FHZ HY (X (N, D)) I3 ZEeRAERTH D,

¢
Poin(X(N, I);z) = [[(1+ 2+ +a%)
i=1
ML, T 52 HY(G/B) — H*(X(N,I)) 1325},
(2) I Ccd" %A TTNEL, s € g% regular semisimple £ 9 5. Z
DI
Sfa(l) =~ H*(X (s, 1))"

DAL, 22 TIAKRER Y —BAD W OEAE, TymoczkolZ & D EHEX
N7z dot action ([17] ). K2 H*(X (s, 1))V IZ58 R AER.
(3)
H*(X(s,1))V ~ H*(X(N,I)).

SERHIE D 2 D BV Tl & e \nWdy, BERKRA VD —D22 LT,
H*(X(N,I)) D222 e RT v I VEHAOWRE I, ThEng 7
TIVELIE A; O HHEM L 2 DREBOEHRD, REMLBEZRZL TS
EVIEBBITOND. TNF VE S/a(l) TR ERD AIRET, H
HTHhNIED DREDERITORZDEN (7)), HHTRITNIXZERK
2R CIZHETERVOLERTH . Lo TEMH 4.4 1$HBH TEHET
HY, HHEEDOEEME X, BT MVGORBIIESEIZ L ¥ 54
WZ bbb,

FEHE 4.5 1% Hessenberg ZHRIAD 2 R E T Y —ERDIEIEFRY, A D¥regular
semisimple 7255 D 7 A IVEEERNIZEEHE U 72 8 #I R B GR 72 iz B W
TEERGKEHZR-ZTEMHHEINTOS GElIX[1] RE23ME) . Ly
UAtBHIZ A 77V T C ot DL OBUIZET 2 IRINIETH D, T 122
ZTHA T T IV BRI % IR S % Z & T, Borel D[RRI £
TRESIEDLZENELE > TWVWS. BXIZ, 81 T 7 IVEE DR
IRZ MV SRR I NE A T 7V a(l) DS, ALA FT7ITHIET 2
Hessenberg ZRAAD IR E D YV —BOFRICEHEREH 2 R2T00he
WOHHEIHOEETHS., Z0LY OARENZREEZHONZTSHZ
EMTENE, ZINSDOMEIZL D EAZETELHIHFINS.
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0. &

Lok AT FE—BIE, RED Y —REZIGET 5 720 O BRI L PR A 7203,
IS ZMBEEDSNT 220DV DOFRLD X, BoBOERETHS. =ME
T OEHE U IZ X2 RAMEE X, BB T /U 205 Verdier RTbAEAKNTH D, &
AR L THTI I EDTES. WolE D, —EDEM%E AT TEHAEIZD
WU,

T/U~U-={teT|TMU,t) =0},
EAA S

T~ U={teT|TtU) =0}
2B HEFBIERED & S5 R = AFEMEAERNL L, iz RS IEE UTIRAS Z 0T
& %. Zhd Bousfield BA{bTH 5. LT E UTERI NS Z DL VA, E
RO CRLERDH) L LUTHRASZLHTES.  Bousfield BATbOFE
BelTivansy (ks 2 20 0FER D), =ML al~< s (il TRk
K73 3 DREZR D R) D3 D, MEUZIRRED E < 72 5. [ 1.3(Boustfield @fik),
1.6 Obanr<y), K110 (ZAFLVaLT YY) ZHELTAHATHRLL.

ML aN T OAEE LT, K5 & Cohen-Macaulay 45 P& O [ il 532
IF580 5. Gorenstein B2 R _E® Cohen-Macaulay IIEEDZE B 1L, LFDAE b

2016 4 9 H 10 H % 61 BIREFE Y v RY T A
ARG, PHLME, w R — K & OILFZE [17], [18], [19] [2&D <.
1



2 Ik AELT

Y —EE L Ok (RRECIFEND) CZARMETHE I ERMOoNTVS.
(Buchweitz [7].)

(0.1) CM(R) =~ K™~ (proj R)/ K®(proj R) =~ D®(modR)/ Dperf

K>~ (proj R) DHLKETH % K> (proj R) 125 W TIABED Verdier i 2% &, R D
EEMAITHIER To(R) DR REEFMETH S Z e hbhr o7z (R 2.3).

(0.2) K> (proj R)/ K°(proj R) ~ CM(T5(R))
Zhi, otk KP(proj R) € K™ (proj R) c KP*(proj R) 2B\ T
K™ (proj R)/ K™~ (proj R) ~ K™~ (proj R)/ K" (proj R) ~ CM(R)

WKL T 5 Z 2 LBBEAH 5. K> (proj R)/KP(proj R) 12813 % =L a)l < v
ERHWS & BB AR (0.1) 225 2RDFE (0.2) 25 EHTIENTES.

SHBPZOIIBHIEEET L IEIFZONTVARP272E 5720, —fRiZn
LIV 2EHZTHIENTES. 122 21, ADE B0 @R B0 ERE 21,
75 7D T MV 2V~ U BEET 5. BIENZREEIX, Zh o 0EkE
DR Calabi-Yau ETH 5. WFNAR LA IZAGOERE L &2V
YRS DY, 98K Calabi-Yau P2 B\ T, H22 8B % BUS FEDSEIRRIIZ 22 5 D
T, ZABNVIALT B/ OND (i 3.3).

SN ANT Y ERHATZHUC=ABE UTHEB LZON N-EEROETH 5.
W H DRI B 2 B DEEAEI 2B DI U, DG4 N BOEK TEITR
%DM N-EERTH 2. BEREERIFBENEERDORED Y —FHRICHZ2 R L 28], il
2785 ThRZ B SRR L > T3 [2, 4, 8, 9, 10, 11, 16, 20, 22, 25, 26].
FERE, LR B O N-EARDKRE M- Ky(B) 2k L TAS L, 2N AL 3L
RVUEBERDIIBIENTE (EH49) .

LIATHRONTZ 2N AV IV VEBSELTAD L, BAREFEIHHL 72
MeB%N-1iR/7zM=M=-..=MIZN-EREARESL. ZZTBOD
N — 2 5DHHBEOF] My — My — - — My_1 D578 5 JIEE Mors™ | (B) %
EZ5. THL NEAEDKE N E—E Ky(B) & 1%, BHED (2-#AD) FEME—
K(Mory 1 (B)) & ZMAMETH B Z LA o7z (B 5.5). 72 AIFBELUTERR
DHFEMBEDOE % E Z X, Ky(Proj R) ~ K(Proj Ty _1(R)) £\ D5 Z &1Z7 5.

1. BoUsFIELD Jaft{t
1.1. FBERXDE.

E# 1.1 (Bousfield GTbiF). =AM T LIREBIE U IZXHL, EETFQ :
T — T/U DERERTF L T/U - T K> & &, L % Bousfield BT LEF
(Bousfield localization functor) IR, 2D & &, TIE U L T Bousfield
JBALATRETH 5 L\ 5. BT O LERER T2 % 1L, Bousfield RFATLE T &
XN 5.

& 1.2 (A K 2B 0525, T iZU 2B T Bousfield BAbAlgEE L & 5.

incy Qu

U T

T/U

L



LI O V- =B O R R 3

—VEBLE, UW) BT ARERTE LOMETE, A (F) BEEFES
5, B FORRA TS .

U mx/

(inCu,U>, (Qu,L), (F,Qy), (‘/, inCv) il&ﬁ_’ﬁ: %iff&)é

T 1.4 (CPERDMR). =ME T OFERSE (semi-orthogonal decomposition)
(£7213RE t & (stable t-structure)) &%, PAFDOZM:%E A7 Al B o
M U,V) Th5.
(a) U =SU, V=3V
(b) T(U,V) =0.
(c) T@%ﬁ%xET L, ueld,veVABREE=ZAu—z—v— Sud
EEA

M 128 T2 EREELDDEUTDLDITRD.
8 1.5 (Bousfield FAMb & BER R [29] 9.1). =MAE T OIRET B U 1T
b\’CU\Tlilﬁ.WE’C“ZF)%).

(1) T XU ZBL T Bousfield JBATLARETH 5.
(2) T iZ/lL 2B U T Bousfield RIFBATLFIRETH 5.
(3) UUY) ET DYEZHRTHS.

(1.3)

1.2. L3~ .
U, V), VW) B HIZ T OPELSREIZE LES. i 1.2 280 KT &, DT
DHADBFEEND. 127U ETF - EAOREITWTNEREE TN TH 5.

(1.6) T/V = 2%
u//// iiija§§§ T/U
T/W — V/

EROEL-AETDIA v 2R | VICHETIUERTFLEMHTLRENEN, &
BEPER T & ZERE T2 W SR> TWB 2 &b h 5.

V nc T Q T/V

DX EN IV EIELR. Bellinson-Bernstein-Deligne (2 & > TH X &
NFIVIANI VY DERIZER 1.7 DMWY THED, @ 1.8 THE LT, Vvanw
VU, S D 2 OBER SR (U, V), (VW) ERATEW.



4 Ik AELT

EF 1.7 (L a)L < v: Bellinson-Bernstein-Deligne [3]). =B & ZMAKFDORA

Jx

4 Z - % 1"
7 — = ; —) > ;
< <
i n

X, PAFRO&RM%E AT L ZIINTILT Y (recollement) &IE XN 5.
(1) i*, j! BJZUJ* ijh{%fﬁi
(2) (%), (ix,7), (Gus 57), (57, 1) IEBEAEERTT.
(3) HARZEE Imj) — Keri', Imi, — Ker j*,
Im j, — Kerd* (X RMEKT.

ZrETRT &T'oNaLTy (HEbEE) THEHEWD.

fiE 1.8 (VI v & HEER53#: Bellinson-Bernstein-Deligne [3] 1.4.17, Miyachi
24] 2.7).
(1)
7:* j*
T —ie>T —j*=T"
-~ <
i M
PVIANI Y THBHEE, U=1mj, V=Imi, W=1Imj EBTX, U,)),
(VW) T DFEXDEEES.
(2) U,YV), VW) E T OPERXDHETS. GERFL .V >T &35,
Imj, =U, Imj =W BB EIRUTOILINT UIELET S.
i J
V—ii>T —>T/V
i’ g

1.3. ZAFIILIILT V.

EE 1.9 (ALY [19]). TISEGEIRE R o fHORER SR U, Us),
(UQ,Z/[g), ) (un—hun), (un,ul) 733\3’05 & g) (u17u27"' ,Un) % nﬁﬁz}bj}b?y
(n-gon of recollements) & IFE.3%.

n WEEDOGE, n AV IV~ Ik, BIRT 0B U Ll T /U 133 XT
=AFEIZRD, @&D’Cmb\ﬁﬂﬁ’izﬁ"é ZDZ X, il 1.2 DFEmEED K
ﬁc;ﬁ‘bb%.?ti, Eﬁaﬂ%w:/vv‘/(u,v,W)%ﬁbm\é 727ZUET - EG£D
KENFBEPEERFENTH 5.

(1.10)

NS
/\

T/W

R 1.11 (ZAEN IV~ v OXFRE; [19). (U, Us, - -
Vanzred sy, LANO=MEMHEARD LD,

(1) n 73‘%%{@}: %, —é—’\"co) Z/{i, T/U, Li[ﬁ”ﬁ

(2) n PEHDOL X,

Uy) & =SB T 00 fal
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(a) ‘d‘/\’CG) L{Qi t T/u2i+1 Li[ﬁj’ﬂﬁ
(b) T’\"Co) UQH_l & T/Z/{Qz Lilﬁﬂlﬁ

WIREDRFEE UT, ZMV IV U Rd b & ZITiE, Moz 27210 cl4
ROEHRPG S NS & WD HRZRBUT > T WD,

8 1.12 ([17) 1.16, [19] 1.7). T, S Z n AL IV VA2 FDO X SR =MAEL L,
U, Uyn), Vi, V) ZZNENT, SO nHELVINLI VTS, ZMHEKTF
F:ToS8SWFU)CV, (i=1,---,n)&AhlzdLT5.
(1) n BHFEDLGE, F OEBEANDHIR F [y, Uy — Vi1 BRMETHNIE, F I
FETH 5.
(2) n 753‘4!%%5(@55':14\, F O EA~DHIR F le: Uy = V1, F uy: Us = Vo A
EThiiE, FIZFETH 5.

EE 113, MAFRIL IV 2T 5 D& UT, spherical functor 72 % BE& A3
H5. i, DG ZABEORIOEF S : D - £ THDOUBE2AZTHLDTH S
(Anno-Logvinenko [1]). 2D & &, M b & E«D IZMHAFIL 2NV U HBMFIET 5.
Wz, DG ZMBEOMAIIL 3L~ ¥ H 51X spherical functor Z KT 5 Z 23T
& % (Halpern-Leistner-Shipman[13]). spherical functor D€ I AN THIZ RZ 53,
FAAE DO RBUCBE L 7= ARG HID D B & 5 72

2. COHEN-MACAULAY fINEE & 45 5L 5]

LML L~ ORfslE LT, 5 ¥ —EL Cohen-Macaulay fI#HE D [F]
EIZDWTEIL & 5.

EFE 2.1 EE ADOFRE PE—BE KA) IZBWTIRDO XS 2 DEE2EAS.

’ [ KA KA [ KPP | K= [ KA
complex || bounded | bounded above | bounded below | unbounded | unbounded
homology || bounded bounded bounded acyclic bounded

DEVHRFO1IFBHRFERY—I22O0T, 2 BHIBEROBRIZOVWTORRT
H5.

PUR, R % Iwanaga-Gorenstein B8, 9720 5 Wil % — X —BH D R O AFHRICIE
miflle HARE T 5. ARAERSEMNEEDORE b C— K(proj R) DB EE 2 5.
D7D,  KP(proj R) %% proj R # AW LT KX % LG 5.

K(proj R) DRGEENED > &, i K"/ K" (proj R) 13452 (singularity cate-
gory) EIFEN, BROEAIMZHET 5. BollZEXEGRADOIGHEELNEED T
%73 (Orlov [30], [31]), EH L2V, RAEBIZIME T H 2D Z L7 FIRARK
R-IEE M T Extz(M,R) =0 (i > 0) 2A723 % D% Cohen-Macaulay 1N & I
. 1 Cohen-Macaulay JIEEDE CM R & Frobenius Wz, 2B CMR X =44
& 729 (Happel [14]), XD =AM FMED B %

EH 2.2 (Happel [15], Rickard [32], Buchweitz [7]).
K="/ KP(proj R) ~ CMR.

— 73, RO =MFAERH 5 Z LIZHEKDK.

K=" /K=" (proj R) ~ K= (proj R) ~ CMR.

LCohen-Macaulay M —#2IZIZERIFIZ X > TEH S NS, L3, Gorenstein B -0 Cohen-
Macaulay fll#% Gorenstein #IHIHEE U TR D T 2 METH 5.



6 Ik AELT

NS DBED S, KP/KP(proj R) 1%, Cohen-Macaulay HIEEIZ & 3 E R A TE 3
DTEBENDEHERTE B,

EIE 2.3 ([17] 4.8).
(K" K®)(proj R) =~ CM T (R)

72720 To(R) I E R L 2RO L=MA1THETH 5.
FEHH : CMTo(R) 2 WD DIEA A=Y LIZ < WA b EINZ WD, Cohen-Macaulay R-
TIEED BB D 5 5B L FAMETH 5.  Cohen-Macaulay fIFFDHG N\ : M — N IZ
LT,

GG A M0

0—+NSE' - E*—
MERFN T D & 5 WEHNBEOER G, E 25, Th oz N Tl 58 781K

FO\): G156 E g2

D&, FIZ=MEKT F: CMTy(R) —» K®P /KD 28 <. A% EERHTRT
525 AL

yiakil 2.};1%17] 2.8). FiE K> /K> = K> (proj R)/ K" (proj R) 1%, (XD =KL 2
W=V FFD.

(K—,b/ Kb7 KOO,V)7 K+,b/ Kb)
KK =0 RDTK /K =K TH 3. )

EHL 2.3 AENRE ¢ EH 2.4 TELNEZABL LT Y (KTP/KP KP KT/ KP)
WHEHUTFIZL2¥G%EE25L, RO CMTy(R) DEFEIIHIET 5 Z A0
5.

CM, ={M < P | M € CMR, P € proj R},
CM, = {M =M | M € CMR},
CMy={0— M| MeCMR}

B2, Flow, &, FISWEFAE CMR ~ K0 12z 5730, (CM,, CMy,
X CMTo(R) OZMFL ANV ERTOT, E 112 &0 F @Hrar@z’%
(EHE 2.3 FEHIAR)

EM 2.4 OFEMH : =AFIL IV VIFIER, TORERSMr6/6NE. Z
DS b5, (1)-(3) IFER R A Iwanaga-Gorenstein T/ < TH —fMITH D LD,

(1) (K™P K20) 13 KD D E 28 43 fif.

(2) (K™P/KP K=P) 13 Kb/ KD D18 52 4 i,

(3) (KTP/KP K™P/KP) 12 Ko/ KD D 52 5 fifk.
(4) (K=P KHPY 13 KD D E 52 4 iR,

(5) (K™ KTP/KP) 13 Ko/ KD D 28 53 fif.

(4), (5) I& R @ Iwanaga-Gorenstein Y5> 5 Homp(—, R) IZ &> THI &R I TN 5 LA
NOREFMEIHE-TDH 5.

K>"(proj R) ~ K" (proj R°P)
Kf’b(proj R)’:K+’b(proj R°P), KJ“b(proj R) ~ Kf’b(proj R°P), Koo‘m(proj R) ~ Koo’g(proj R°P).
H6>T (1) TS Mz KP(proj RP) DB M (K™ (proj RoP), K> (proj RP))
1%, Homp(—, R) 1= £ > T K= (proj R) D¥E & 43i# (K™ (proj R), KT (proj R)) 1
Banzd.  GEWK)
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3. 8 CALABI-YAU B
LML N VR BRIZEL MBI ORIEIZOWTEHHL X 5.
).

EF 3.1 (7% Calabi-Yau ). =AE T O OZEHIME K EARIRGER S hL2E
MeoTWnWaded5. (ZDOLET XKML =MELIFENS) . B m,n il
MU, T A 2-Calabi-Yau B & &, LT OMEZ AT HIRERT S : T — T
MHBIEEND.

o HARLFER T (x,y) ~ Homy (T (y, Sx), K) WO LD, ZDXSKRETF S X

Serre BT L FFIXN 5.

o HARZFER 5" ~ ¥ MK D LD

n=10& EX, HIZ Calabi-Yau B & X 5.

5 3.2 ( [21] Example 8.3 (2) ). R % A,, D, Es, E;, Eg B Dynkin ffi® K F&EM
e Uiz & &, Serre BiF X7 12 & 5T D’ mod R) 1% 2-2-Calabi-Yau P2 72 5.
{HU 7 & Auslander-Reiten #8)j, h 1% Coxeter L TH 5.

T % m-Calabi-Yau P & 4 5. gFMARZ =AMIE U 2 LT, BAFD 2n
Branvzrnfgond.

(U Ut SU (SUYT, - 8" 7IUL (S TU) )
T, (UL, SU) BYEERDRTH D Z L, Serre MFEDOEHENSDLMRS.  Lizdio
T ((SP1U)E, S™U) IRRE MRS, S"U=S™"U =U THD. UDHLD Fizk-
T, ED2n AL IV IE, 20 ORELIZE > TIABLV AN VIZTES.
w8 3.3 (24X Calabi-Yau D Z IRV 2L~ > ;5 [18]). 2-Calabi- Yau P8I, 2n f4
L anr<srazfEo.

KA 1Z, Kuznetsov (%, Lefschetz X 1 7D (E X 43 & spherical functor 2 & 43
% Calabi-Yau &2 LT\ 5 [23] .

4. N EEDHE

4.1. N-#EHEDE, FE ME—B, ERE.
[N-1BEDE | BN > 2128 UTIEE B EO N8Ik &1k, BB 54073

i—1 i i+1
L Xi‘d.X%XiHiX_%...
THIicZIZBPWT 4 o
AN =0
EAREZTEDEND. BHEOEMKRIX 2-EIKTH S, N EERDOFH, Foa XA ch
zohb.
dy ;o dy ; it
A SN G, Xl"rl .S
\Lfi \Lfi-kl
qi-1 . di .
R S S SN Vol
T5HL, N-EIKDOE Cy(B) #EHETDHIeMNTE 5.
[N-EEDHRENE—B] NEROH f: X Y, g: X - Y WPKREME—RE
(f~g) 21, i€ ZIZHULT, AF2AZT 4 s' € Homg(X?, YN+ M3EfET
LEZrEWNS.

i+1
dY

N—-1
(4.1) fregh =Y dytdy TSIy
j=1
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N GHEDRE h E—B Ky(B) £ 1&, FE ¥ — AN M LT 2B TH 2.
HOInKN(B)(X,Y) = HOInCN(B)(X, Y)/ ~ .

Ky (B) D =fREHEEIX, Cn(B) D Frobenius BiEN 6/F 6 N5, §70b5H, AR
D &5 B & B A TR L 5ok S R R T B S
(1) Cx(B) BT, Ho30 - X Ly Lz socgmEo—»x Ly L 70
0 BRHZERFITH D LD 74dHDEFZEEH (conflation) LIERZ LI12F 5. ZDK
SERFNIEET 2 AFRRPG RN REZATAS. M e BELU B st L, M
ZE s HP O LEMANT N AR H DIk N-EIRIZR 5.

(M) i 50 M= =M=M-=>0—

Oibu‘});[(M)i:M(s—N+1§i§s),dz;,v(M)le (s—N+1<i<s)Th
5. 358, URAHED LD,

i 4.2 ([18] 2.2). p3 (M) 1% Cn(B) DAFIHEPDHENRTH 5.
(2) fERED X € Cn(B) ICH LT, U F DL H 5.

0 — Kerpx = @,u}(,(X”_NH) XX =0,
neZ

0— X 2% @ up(X™) ™5 Cok Ax — 0.
nez
R, Cy(B) BAB S & SRS 2 F ATV 2 L 2 ERT 5. Lihis
T, A F%&HE5.

EHE 4.3 ([18] 2.1). Cn(B) & Frobenius I TH 5.

(3) —M&IZ Frobenius B F O EE F IF, ZABE2ROI VMo TWDS
[15]. ZDRA TO=fMEZRBEN = AE LIRS, 272 VEEE F i, F R
Ko7,

Homz(X,Y) =Homz(X,Y)/Z(X,Y)
LEFKT L. Z(X,Y) iF Home(X,Y) IZET2HD S b, W AFNEZ@#HT 5 E
DNSIRBZATTNTH 5.
(4) Cn(B) D& f: X — YV IZX LT, M 4.2 O 2 WSS 25IBWT I[(X) =
D,z 1t (X"), XX = CokA\x & & . UAFRDEZ2FOMANLNELSND.

0—= X 25 7(X) 2o 90X — 0

f "
0 }ifgifhzx 0,

ZZ T,
xLy % zhvx
EREZMLL, X — LX 2B THIEEWV. B4ED BRI 23R I DWW T
[18]2 fiiz SRS N7z,
[N-EHRDOERE]) 7 —~NVE A EO NEER IZHLUTE, FERY—2EHT
ZEMTESL. N-EEIK

) Jic1 Cd )
...%lelAX__)Xli(_)Xl‘Flg)....
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BEO, BHO<r <N,i€ZIZHUT, X Ok - kg r OFED Y — H, (X) %
DPTFO LS ICEHT .

2T)<X> = Ker(diXHfl T diX)a ZG)(X) = Im(di*1 . difr)’
ET)(X) = COk(dé{_l o le_T)a zr)(X) (r)( )/B(N T)(X)

EE 4.4. X € Cy(A) ¥ IR LI, EED 0 <r < NB&Ui e ZIZxLT
(X)) =0DHDILDOI LE VS,

Tz & ZNX N-BUE p5 (M) Bb B A A, R TH 5. N-EEDFER Y —I12id, Ik
BUCINA CTHRIEA D 2 D TIEA Z 5 7203, FIE, Hi,y(X) =0 (i € Z) H’H B r 12D
THALL TV, N-#k X i}FﬁAfH{'CiV)é (Kapranov [20]).

% 4.5. FWRE NARD 5755 Ky(A) OESE K (A) 1, =fAHaEE 5%,
Rl Ky (A)/ Ka (A) & A D N-E{kOBRE L ITC, Dy (A) THT.

4.2. N-BHEOBICEIT2ZARIL LT Y. (N —1)-EEIEZHS 22 N-EERTH 5.
COFEEE, SHEHFLLUTHRATALD.

[F7-E2ET I, : Ky_1(B) = Kn(B)] X € Ky_1(B), s € ZIZRLT, I,X =
TeKy(B) ZAFTD LS IZEHT 5.

[N = xsHiN=1) A5 =1y
) i . ((N—1
Is+zN+1 — Xerz(N 1)7 d;-‘er-i-l _ dis)(-i_l(N )

[N+ — xsHi(N=D+j-1 d;-&—iN—o—j _ d;{+i(N—1)+j—1 2<j<N)

I=ILX By, ZAETF I Ky_1(B) = Ky(B) EHI N,

X - '~->XS>XS+1 %XS+2%~~~>XS+(N71) Xs+N Xs+N+1 o~
I S
[SX: o> XS — X® %Xerl >.”9)(.94»N72a)(er(Nfl) :XerNfl .

[%75)'&_%) IR Js : KN(B) — KN_l(B) ] WiZY € KN(B)7 s € ZITHLT
JY=JcKy_ 1(B) ZATD XS IZEHT 5.

JeHiN=1) _ ys+iN, a5 — dy v dy esin
JEHiN-1)+1 _ ys+iN+2 ds+i(N—1)+1 — gs+iN+2
- ) J — Y%
Js+i(N71)+j _ Ys+iN+j+1, dj+z‘(N—1)+j _ diq/+iN+j+1 (2 < j <N — 1)

J=JY < t, E%@% Js : KN<B> — KNfl(B) 75‘%%%%‘%6

Y - --~>YS$YS+19Y5+2>~-~>Y‘5+N71%—Y‘S+N9Y‘S+N+19—
JY >=Y° > Y2 5 yests o syt — YystN+2 oy st NS
dy dy

[Ky(B) DIvajn=< v

6 ([19] 5.6). LA OXIEIE, ZAKRT I, : Kn_1(B) = Kn(B), J, : Kn(B) —
KN 1( ) & E %575, I 3 T, OFEFEMERFTH Y. J, & [ OFEMEMHERFTHS.
s FEERMTH 5.
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(I_S
(4.7) Kn(B)-Ls Kn_1(B)

R 4.6 225, (Im I, Ker J,), (Ker Jg,Im I 1) %% Ky (B) DHEERDRIZ > TN
52 e0bhd. £ 1.8 55 Ker J, IZZARFOBRITR>TVWEIETTHS. &
BT Ky (B) 25 Ky_1(B) -2 Ky_a(B) -+ -2 Ko(B) & JN=2: Ky (B) — Kao(B)
ERTZLITT B, FMBRIZ IN-2: Ky(B) — Ky (B) BEHKT 5.

KerJ, ={X e Ky(B) |dy =id (j=s+2,5+3,---,s+ N —1 mod N)}
£ KerJ, =ImIN,? oh 5.
8 4.8 ([19] 5.10). [EEOEH s TH LT, UTONL NI U2 H 5.

JN—Q

s+1 I,
%
N=2 J.
KQ(B) S+2} KN(B) — KNfl(B)
gN=2 Isqq
s &

Ky (B) DZFFAL AL U] I, =V, ImIN-2 =1, L 5L &, 46 &b,
EEoL s d LR DOYER SR EL .

oo (Vs,Usy2), Usta, Vsi1), Vsi1,Usyz), Ust3, Vsia), -

L, |
Ve ={X e Ky(B) | dx =id (j =s mod N)},
Us={X eKnyB)|dx=1d(j=s,s+1,---,s+ N—2 mod N)}
WAV, = Vayn, Us=Usin THB. fE>TRERS.
EIE 4.9 ([19); 5.11). Kn(B) I, LFD 2N ALV ALV V2 HT 5.
(U, Vo, Uz, V1, -+ JUN, VN -1)
5. R HSEOHE
r<N®D&E BOXH M % r fHM~<7
ue(M):-+=20->M=---=M=M-—->0—---
3 N-EERTH 5.
% 5.1. B LOHAHHOME Mo (B) U FO & > ICEHT 5.
o Mo | (B) DX &t BIeBIF 5 N — 1 ROAZEHOF C : C1 2

LS N e,
o Mo, (B) LB 5 C 45 D ~OSHE, U FOAHREIR £ H7- 3 B O8O
M= ) Ths.

2 N-2

C: o1 e gr %6 %N

ifl \Lb ifN—l
1 2 V-2

D: pt-22.p2 % . T2 pN-1
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B 5.2 ([19] 6.1). Morl (B) D& O : ¢ 285 ... %€, oN-1 5 LT, N-
Bk

1

N-2
«a «a

ERISEESZLIZED, Mo [(B) 1&, Cn(B) B LU Ky (B) DFaiiigs B & mfE
ThH5. ZORBIZE->T

Mory (B) = { [T ur"~'(B.) | B, € B}

TdH%. C,Dc Mo ((B) izxtL T,
Homc , (5)(C, £'D) = Homg , (5)(C, D) = 0(i # 0).

(FEFD) RIPEIES P THD. BYERETD. BEB 0<r < NIZHLTCn(B) D
Ki5E 24
0— uN"YB) = uN "1 (B) = uN""H(B) =0

CBWT, ko pN7H (M) 3SR AS S G0 T, SuNY(B) = uN77H(B) TH
5. INERDETE IR DY S,

N-1
=2 Moy, (B) ={ [ [ w" "N ""(B,) | B, € B},
r=1

N-1
ST —k)N—r—
S Moy (B) ={ [ [ uiv """ (B,) | B. € B}
r=1

TRbE,i#07%5 C,D e Mory (B) IZH LT, C & S'D OIFFHDOWEIZE <
HARORW., ZIhomBEOoX255. (GEHRK)

%2 T, Cn(B) % Mori® | (B) @ 2-#{ADE C(Mori® | (B)) XL TA LS.
i 5.3 ([19] 6.3). Mory" (B) < Cn(B) I&, 582 T F : C(Mory™ (B)) — Cn(B)
CHEETE . FIREMAET Fy : K(Mor™ (B)) — Ky (B) %<

FERA: AR D K S ITB BRI =M TF 2 kT 5.

(1) F: 1,24 Mory® ;(B) — Cn(B). C € Mory" (B) izt LT, F(£,0) =
YO EEHETS. 7L Ty 1E C(Mors  (B) 1251 58K (—1 IRIED A
2O ZiEL 2-8IK) BEKT.

(2) F: C*(Moriy [(B)) = Cn(B). C(Mori® ((B)) DNED 5 b, H57mE DH
57 5% CO Moy (B)) £E L. CY(Mors™ (B)) Dxi4ix, Mori™ (B)
DXEPS, BB L EGELZAGREEVELTHONS. LzAoT, k
i F L2, Moy (B) — Cn(B) Do BB L GEEEED LS, F
C*(Mor® ((B)) = Cn(B) 2% T 5.

(3) F:C™(Mori® [ (B)) = Cn(B). C(Mori | (B)) DHED > b, AR5
DH 575N EE C (Mory (B)) £EL. X € C(Mory ,(B)), n € Z
W2 LT

TonX o= 0= X" — X" X2

B, Tan S Cb(MOI‘?\rfn_l(B)) TdH D, Tan — Tzn_lX - ... =3 X =
lim7>; X TH%. 2T F(X) =lLmF (> X) ETHIXR.
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(4) F: C(Mor¥ {(B)) = Cn(B). Y € C(Mory: {(B)), n € ZiZX L T
T R e S A Y B
B, TgnY S C_(Morﬁ\l,n_l(B)) TdH D, TgnY «— T§n+1Y — =Y =
liinTgY Thb. £ZTFY)= hinrgiF(Y) ETNIXR .

(5) F: K(Mory{(B)) = Kn(B). F: C(Mory(B)) — Cn(B) D452 AS W5
R AR GITES T L e mBIE R, AR TR &, [HEHN O GH
SEQERE T2, (2) & 0, 104 O 541, HH O FEIIT 15,

(REAIR)
EE 5.4. WFEF: C(Moriy 1(B)) — Cn(B) 1%, LEioMs%#H-> TEEIZES Z
EMTES. [196.6 .
[19] DEFEHAERNRD . LAV AN UDPIZR>TND Z L IERLTEL .
EE 5.5 ([19]6.8). F : K(Mory';(B)) = Kn(B) I&, FfETH 5.
(FEFH) N ICBEd 2RMIEIC LS. N=226MHoh. N >3 &9 5.
Eil(us) :Z/{g, Eil(vs) = V; L. 95 <\-)-7
(u{av(l)vuévviv e auJ/Vavf\/'—l)
& K(Mory 1 (B)) D 2N-ffe v )< v eied. [[19]; 4.8] i 1.12 £ 0, AR %2R
i L.
(1) F |y 13 A
(2) E |y, (EIFlE.
IS, RO &S IZfliizhns.
(1) X € K(Moriy 1(B)) &, K(B) D4 D %]
X1 gXQ Oj "'QN_>_1 XnN-1
TH a; IR T L IZRHBRITR>T0WEHDERAONS. WTFOXNINERS &,
Uy ={X € KMory" 1(B)) | X1 =+ =Xn_1}
Rond. ZARFU :KB) - KMoy (B) 2 X —» X ==X LE&HTD
Y UTFORMRNAHRTH B,

—K(Mory™ (B))

K(B)
- I
K(B) ——— Ky (B)

IN72 3RWEEREPD U RAMERDT, F iy WEEEU, = ImU — Im IV 2 238 <

(2) WolES V13, Vo ={X | X1 =0} TH5B. I T, ZAKT E : K(Mory,(B)) =
K(Mor?{,n_l(B)) = E(X2 — X3 — XN—l) = (0 — XQ — X3 — XN—l) bl L/T,
Vo=ImE Th5s. LFOHABATH 5.

K(Mors™ o (B)) —2> K(Mor™ ,(B))

| |

Ky_1(B) — >~ Ky(B)
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Io I3 7%, Z2Ho K(Mory 5(B)) = Kn_1(B) &, R D51 X > T AT
H5. HoTFERBRHEEZOT, FIRAMInE - Imly 25%25. GEHK)
BRIEIZ OV T b, B ORI L O =f DD 5.

EIE 5.6 ([18]4.2, [19]6.13). A AVEMI & G R & T3 A 7= Abel P2 HLG D
EHNBHEGHTHD (AbjE) DL &, LTO=MRAENRD 5.

Dy (A) ~ D(Mory_1(A))
AU Mory_1(A) IZ AD N — 1505 (HHBH LIRS LW) DRTETHS.
% 5.7. BMRIZHLT, MTFTO=MAEMELKILT 5.

Kn(Proj R) ~ K(ProjTx_1(R)), Dn(R) =~ D(Tx_1(R)).
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R & 2 THA R

B % (EHERF R - HT)

By (WA ERZR) FAHBEOMETEELMSTH Y, AR THEITHONT
W5, #lZIE, BoIcBET 2t oMRENZRE D E LT Nowicki [57] WE#TH 5.
—7, ZHAROELIZIZZE < DERWRBEENRMBR L EEHINTED, 7710 K
BRI L A BBEGR Y L S ERERFL LS, ERBMEVERIh TS, B
T B MEZMEL < o723k e UT, #lAIX van den Essen [13] 2% 5. E5 ORI,
ZIHABRIZB T 2 MTEOME T L IFFICEE R ZE 2 B9, AR TIELHEABRFLED
Blin s, EoPEE T2 W< DLOFEBEIZ DWW THET 5.

ARIEIFEMIR 2 QEIC, ARERRY Ty Y AEb 5 L SEML THEL /2.

1 EHOE Hilbert D& 14 &

RZWHIRELTEHLE, D: R— RMPRIZBIT289n (MAERAR) THLH &L, F
D a,be RIZHU D(a+b) = D(a) + D(b) BLO

D(ab) = D(a)b + aD(b) (1.1)

BEOVDEEIZWS. ZDeE, DO RP :={ac R|D(a) =0} & RDHHNEET
H5. (1.1) &b, E5H Dizsd RP LofBEGRIZR5.

S% RDEHNEEL TS, RPWS 28502 E, D SERLIER, RP RS 2850
WOSMEE, DDV SHIEGHRTHDEVWIFMELFAMETHS. RIZEITHERERDOE
&, SEL2EKDOELEEEINTN Der R, Derg R TRYT. X CRVSKRE R ZEKT
L%, Dy, Dy Derg R Di|x = Da|x %737 51F, 85 D, — Dy DK R &
FELW. £oT, Dy =Dy Db siD. HIAWE, R= S[zy,...,x,) PEHABRD L &,
f£E®D D € Derg RIZx U

D:D(xl)aixl—k---—FD(a:n)%

MDD, RIZEITS SES DI U CIROMEIZEAKNTH 5.

1



B 1.1 SRERPAERERDL E, SHIE RP OFMRASM2HEYE L.

S WIERBO R — X -5 51X RP 3IERERTHS. EBE, R = Say,...,a,),
charS =1 &90IE, i = 1,...,n 2L D(d}) = lal ' D(a;) = 0 AKX SZ2H 5
R = S[al,...,d | lZ RP e hd, RIER LEENMS, RISHWAER R NBETH
5. R i34 —2—BLDT R MM RP 3ERERTHY, foTSRBELTH
REKRTHD. BB, SHF—KX—BTRINIE, charS >0 TH RP I3ERAERK L X
RS2, BRI, s, t ZAHE A EORETLET DL E, S = Als,st,st?,...] iFx—
A—BITH\. S L0 2 BHEEAB R = S[r,y] © 5133 S 8

g, 9,
D= s% + sta—y
2% Z%5. R=@, ,Rs ©%HAE R OBHENIEA T T, RO d > 11
UD(Rq) CRi_1 THBDT, RP =@ (RPNRy) "D, RPNRy idte—y
EEERNED, {st'(tx—y)|i> 0} TEEINDIEERAER S IBHZRS. o7,
S RECRP IFARAER TR .

AFTIE k2K, k[x]:=klzy,...,2,] & k ED n ZEEZIEAR, k(x) 2206k E
5. EED D € Dery kx| 13 k(x) 1285 kERIZ—ERIZHETE S, TNHFEL
D THRBHIE, kx]P =kx)P Nkx] 20D, k(x)P I3EK k(x)/k ORI T,
kEARE kx| OBRAERMEDOREIX, RO Hilbert O 14 MEDO KRR Z2I5 512472 5.
7B, Bl kS1Z, chark >00D& & k[x]P IXHICHERERTH 5.

FIEE 1.2 (Hilbert M 14 FI%E)  k(x)/k Ok L 23U, k AR%K LN k[x] EARE
i 2

Zariski [68] &V, trans.deg, L <272 51X LN kx| IFERAERTHS. chark =0 D
L&, fLED 0 # D € Derg k[x] I& trans.degy, k(x)P < n %723 DT, n <326k
kix|P $HBRERTH S, —F, Hilbert O 14 RIBIZKN 3 2 &Y O K FIIE, 1958 42
KH [55] IZ& > T n =32, trans.deg,, L = 4 DEEIZEZ 65Nz, £ D, Roberts [60]
RO %5272, &1> 11T,

P i=k[zy,...,xy1, .-, U1, 2

%204+ 1 2L IEAB L 5. Roberts O xHiliE chark = 0, n = 7, trans.deg, L = 6
DLGEDKEITHY, Py izBlt5 k&S
0

D =zttt
! 0y1

0 0 0
+ $§+18—y2 + .f13§+18—y3 + (1'133'21173)7:& (t Z 2) (12)

2



DL LTHRONG. BB, B [30] Xt=10¢ &, ZOEHSOELY L E12H07xT
EENEZ 2R LT

AR, HE3HiETEIIEE 0 DIkE T 5. Roberts DR %2 T8 012, Hilbert O
14 PRI T 24 B ERR X 7z, /NS - I (25 121 >3, t > 208 %, P IT
B3 k&S

D:xﬁ“ailer -+ f“a‘zl )t%

DEBHBRER TRV 2R UK. B [32) & P 2815 k[zy,...,2] B D T,
D)y, D(yi), D(2) B ay,...,2; DRIERTH B EDITH U, MOEREK TR
DOFHELWDEMEEER ., ThicknE, 1 >4,t =104 (1.3) OKITARE
BT\, 72, P llBIiT5 k&S

+ (x1-- -2y (1.3)

51 52 53 8 61 52 63 8 51 62 53 8 51 62 53 8
DI, €l =0l - @>003i§&1§j§£i%ﬁ#ﬁ
€l €2 €3
14 2,4 3,4 <1 (1.5)

min{e] 5.€; 3} min{e3 5.6} min{e3 €3}
25 BARERTR. —fi, 6 >0(1<i<3,1<j<d4,i#j)DL%, (1L5)OF
FRADPE ORI E D OKIFAERAERTH D L FRLTWED, KERERIIGES
N TV ([32, Conjecture 4.8)).
AR IT D K % 15 5 7212, Freudenburg [16] & Daigle-Freudenburg [9] %
Roberts O KHNZFZ2MA, ZHZEH n = 6,5, trans.deg;, L = 5,4 O Kl %k L
2. ZNSDOREIBEZOE L TEZ SN, FIZIE 9] 1 P 2B 2 kE5

0 0
ia_yl (x1y1 + 51?2)8—2 + Y25 5% (t>2) (1.6)

DEEVNERER TN 2R U7, BH [33], [35] & [32] DFHEEEURL, ThZh
n=4,3 DEEIT trans.deg, L = 3 DRHFIZHE L 72, ZHIZX D, Hilbert ®% 14 [
BIZETO n IZDOWTHIRE L2, £72, trans.deg, L = 3 DGHICKBINVFETE I L
MHDTH M7, [34] £ 0, n =4 OEBEOKH [33] EEHOKE LTEHTE 2D
T, k[x]P OBRAEBREOHBELETO n IZDWTHRE L. BB, n=23D5B&EDKH
TlE, k(x)/LIZBARANTREIERIZZR S, HH [36] 1Zn =3 DEAEIT, &d> 312X
U, [k(x): L] =d Z&i#7=3KH L 2L 7-.

D=z



2 Field Modification Problem

Hilbert D% 14 MBIZX 3 % Roberts DKFNZDOWTER S, Py DFikE Qs LT 5
&, (1.2) TEHLZEHOMK QP &

K =k (21,72, 23, (x12223) 'y1 — 217 2, (w12023) 2 — 25T 2, (w12073) Y3 — 2171 2)

LELWV. KB, ZOK DB QY ITEHEENDEZEIARBIIHNED, Q3 =K(z) P K E
D 1 EHEHBEBALRDT, D(2) = (112273)' #0 LADET QP = K LR TE 5.
%G, o€ Autp Q3 %

0'(.’131) =T (Z = 1727?))7 U(yl) = ($1$2$3)t?ﬁ - $§+1Z (Z = 17273)7 U(Z) =z

TEHTE, KiZolZkd k(z,22,23,91,y2,y3) DEREFELWV. TDXSIZ, k(x)/k
DAY G WA Z Auty k(x) O#E Y4750 TES Z & T, Hilbert O 14 R D K 4
BEONBZeNRHE GKHOKBNZDONWT [11] 2BH). 22T, ROMEEEZ 5.

f%E 2.1 (Field Modification Problem) k(x)/k D& M A% trans.deg,, M Nk[x] > 3
MO M # k(x) Ziiil=9 & &, kMRE A :=oc(M)Nk[x] PEREK T, trans.deg;, A
& trans.deg, M Nk[x]| BWEL WK D72 0 € Auty k(x) IFFET 207

ZZT, k(x)/k DAL &, A:=LNk[x] DK Q(A) DEARIZDOWTIHERS. H
5N, QA) C LD QA)NkX]=ATH5. UTFOHEHEDPS Q(A) X LiIZBWT
REHNZBAL TWB DT, trans.deg, L = trans.deg, A 72 51X L = Q(A) KD LD :
feL, ap...,aa € ABYL Jaifi =0, a0 # 0 ZiMHETEE, agf 13 kx| LBRDOT
kx| @9 5. £oT, agf e LNk[x]=ATHY, feQ(A) 2135.

—H, L'Nk[x] = A 7D trans.deg;, L' > trans.deg, A %723 k(x)/k DA L' 1%
— 2L BAFHET B, HlZIEX, B TR Roberts DXHIDEE, Qs = K(2) 1Z K LD
| ZHAEBBEBKRTHY, K2] Z P 260, FEDdcZizxtl, K = K(z%+ 279
T K'NK[2] = K 257355,

K'NnPs=K NK[z]nPs=KNP; =Py

MDD, 28, kD1 DFRIGdFER 2EL L E, 0,7 € Autg K(2) = Autg Q3 B
o(z) =z, 7(2) = 27 TEHEIND. ZOLE, K X Aut, Q3 DERIHEE (0,7) D
AERTH 5.



M 2.1 ORPICBE T, M OFGRIIEE L o THELTHRZNEDT, TDHIEI
& 0 Hilbert 0% 14 FIEIZN§ 2 2R KEIVG SN0 S, HIAIE, M 5 Auty k(x) O
DG ORERLESIE, o(M) & oGo™ DAEKRTHS. £72, M H» D € Dery, k(x)
DI BIE, o(M) 13385 D' :=0Do ! DTHB. fD'(11),...,[D (z,) D k[x] IZ
BT 2L57% fek(x)*1ZHL, fD' & Derg kx] DitzifEd5s. ZOL &,

k[x)'P" = k(x)"P nk[x] = k(x)? Nk[x] = o(M) N k[x]

MK O ZDODT, BIRAERTRWEZFD Dery, k[x] DiihEsh 5.

M 2.1 ZREPD UL WOT, ZOMED IZEMR] 2FZX 5. =720, AR
1>0l, kXM =k[zy,...,200] 3k EOn+1 ZBLEABE L, k(x)/k O
Mk M2 UT MW = M(zpy1,... 2040) EEBET 5.

B8 2.2 (Stable Field Modification Problem) k(x)/k OHifE{E M »* M # k(x) % i
EFrE kREA = o(MO) A kx]Y SERERTRL, o
trans.deg, A = trans.deg;, M Nk[x] +1

TH5E57%1>0% 0 Auty k(x)V 1ZFETEH?

M D% m0EE A MO IEET 5. HIRIE, M DY Auty, k(x) DEDEE G ORLEME
51, MW 1z QY oRERTHS. 22T, GO IR G oFESINS Aut,o k(x)D D
WaREE 5. [HRIZ, M A D € Dery k(x) D¥ix2 51, MO 13 DO ofTths.
2T, DY D »5EE 3 Deryoy k(x)D) ot 5.

Hilbert D% 14 [ D B D LART ORERIE & ML L, IROKR &2 BRolfs 7z [47].

EHE 23 ME22 OMIIEEWNTHS. 772U, trans.deg, M Nk(x) > 2 D& i
=1, ZNDSD & Zid | = 3 — trans.deg, M Nk(x) &3 5.

EH 23 NOSIRDRDBEBLIZMND. n=3,d=2DEEDPHLWEERTH 5.

%24 EEDn>3,d>2ZxL, Hilbert ®% 14 MEDOKHI L T [k(x) : L] = d »
D trans.deg, LN k[x] =n %723 DOMVEFET 5.

EZAT, fiflln DIEEOERHEGIE, o GE2EEG LOBEMRG> T =0T € G
EHERB LT, nIRKNFEES, DN HEEs. 512, Hoe S, % o(x;) = 2,
(i=1,...,n) TEHEIND Auty k(x) Dt FA—HTNE, G & Auty k(x) DIESHEL
728 %. Noether DRFEIX, ZDRMIZBWTAEIR E(G) := k(x)F H k ORUBHIL K
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THEHhEESHEETHS. p=47 21FUD, k2 REHp ITHL Q(Z/pZ) »* Q Dif
FEBE K TRV LA ST WS ([21], [65], [67)). —F, G BERT —~LEOL X,
Q(G) 7 Q DHFBBIEKRTH 57D DBBEADEMIL, H51>0HMEEL, Q(G)D
Q DMBBILAR L7252 THD ([12]). ZNSDOHELLTEH 23 L S5IRORVELNS.

%25 n=48DLE, Autq Q(x) DAEL 47 DKEFBAEE G BFEL, Q(x)Y 1E QD
FEBIE R T2, A= Q(x)% NQ[x] IFAMAEKTAL, trans.degq A =48 TH 5.

3 ERREFEER

D € DerR WBEFIBEEThHDLIX, TEDac RIZHLTHAEEEL > 0 BIFEIEL,
Dl(a) =0 %723 L 25, RICBIIRMAERES2KOES, RFHES SEh 4
HWoEE%EZZNZTN LND R, LNDg R T# 9. LND i locally nilpotent derivation @
Ths. LHABOMETIE, FIMESESVRICEETH L. AHCIXRMEZELES
2R B EAHIEZ fHRIZAR NS,

R=S[x] "A#HE S E0 1 ZBRSEABOL E, RIZBI5 S S D =d/de 13
FiAECHH. —FH, D :=zaDFz ZEETHDTRHMIEETRN. —IZ, RIZET
%845 D RP f 542D T,

(aD)'(b) = aD(aD(--- (aD(b))---)) =a'D'(b) (a€RP,beR, 1>0) (3.1)
MDD, £oT, DAPRIEERSIE, EED ae RP 1IN LU TESY oD FRHITHES
TH5. —F4, HRTRT LI, ROVBE0 DRKDO L &, D DRAES»E D ICH
59, D(a) #07%51F aD FRFEZETE .

EF LD, D€ Der RDVEMEETH S -DDHEA735M1F,

Nil(D) :={a € R| D'(a) =0 2ifi7=$ 1 € Z>o HMFE }

BREHELNZETHS. =FL, Zog:={acZ|a>0} &F%. (1.1) &b

l
D'(ab) = Z C) D(a)D""'(b)  (a,b€ R, 1>0) (3.2)

MEL DD S, a,b € Nil(D) 72518 ab € Nil(D) TH 5. £-T, Nil(D) & R D RP
WARETHE. SE ROWHNELL, DE RICBIIZ SHHLTE. ZoeE, SiX
Nil(D) iIz& &N 5. > T, Nil(D) »* S RE R DA R%ZEDIE, Nil(D) = R 2D
VDD T D IFREEETH 5.



D € Derg kx| "=ATH 5 i,
D(zq1) € k, D(x3) € k[x1], D(x3) € k[z1,22], ... ,D(xy,) € k[z1,...,20_1]

AT L EI2WS. Z0LE, D(x;) € Nil(D) < z; € Nil(D) IZHEEL, 21,...,3,
MNI(D) T2 &% n BT 2RNETHRTE S, £oT, ZMESIXEESE
Th5. HlziE, (1.2), (1.3), (1.4), (1.6) Z\WIFht =MAENTHS. BB, XHIZL-
TiE, D(x;) € k[xig1,...,xn] (i=1,...,n) 2T E=2HLNVWS52 1 H5. Al
T, ZOFMG2MH-TEEHFE=ALVWI LTS, fiIZIL,

1ﬂ::—2x25§I-%x35§; (3.3)
B =ZATHE. T(rizz+232)=07206 D = (v123+23)T BRMEEEN, 2O D
FEATHHEEMTHR,

D e LNDRIZHL, D(s)=1%i723 s€c REDDRATARLIER. s D DA
T4 A 51E, EED f(z) € RP[x] 12U D(f(s)) = f/(s)D(s) = f'(s) DD 7.
ZIT, fi(a) i flz) OEBBET S, koT, f(s) =045 f(z)=0THY, sk
RP tof#te 5. 4, R% QREERET 5. $5&, D(a) € RP[s] &l I4E
BOacRIZHL, s DZHEAL LTOD D(a) DFEMEBEE D € RP[s] BWFEET 5. ZDk
%, D(a)=D0) 05 a-beRP THY, ac RP[s] &5, ko,

degp a := max{n € Z>o | D"(a) # 0}
T AIRMMIEIC LD, EREDae R RP[s| BT 2Zehnns. UEXDROR
TARAEEEGS.
FHE31 R* QREELT2. DELNDRE sc RMD(s) =1 %ii-37%51E, Rix
RP LD s DZHABTHY, D=d/ds TH5.
SMDDATAADE E, RP RED 441 E
oP R =RP[s] 5 f(s) — f(0) € RP

% Dixmier B L FE.R. Taylor DA & D

: a
P@=" g wen (3.4

l!
>0
DO LD, B, ATA RE—MUTHFET D LIERS WA, FED 04D e LNDR
XL, u:=Dla)#0, D" (a) =0 257231 > 1 BBTHEETS. u ROEET
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TRIFNE, Bt R, (B 28E5M D »oiFEIN5. D(u)=0%DT, ZOES
LREETHY, s=D""Ya)/u ZFTDATAATHS. HIzE, (1.6) Z=AES%
DTRFEBETHS. ZO DIFATAARFZVH, DO Pz ~NOHIRIEA T A
A s=xyly #FD. £oT, TO# Pz P 1%, Dixmier Bf%E HWNT

Py[a7 "] = 00 (Pa[11] ™) = klo ) (21), 07 (22), 07 (1), 07 (32), 07 ()]

S Y S S
+1 1415 s s
=k |z7,22,¥2 — (x1y1 + x2)s + ] 5’2 — Y25 + (z121 —HCQ)E — T 3

YA TES. PP = PP NPy BWERERTZVE WS DA [9] DEFERTH 5.
RPQREDE E, £ED D e LNDRIZXL, RP R R DHCRA exp D A
D'(a
(exp D)(a) := Z ZE ) (a € R)

1>0

TEHINS. —f&IZ, D1,Dy e LNDRIZX U, ) Dy + Dy BEFREETH B &1
RS20, UL, DioDy = Dyo Dy %iii723 & & Dy + Dy IZREAIHEETH D, 5
8] exp(Dy + Do) = exp Dy oexp Dy DD LD. fEED a € RP (23U aD 1355
FHHTHY, aDobD =bDoaD (a,bc RP) B YD, koT,

RP 54— expaD € Autzo R

IIERE RP 225 Autpp R ~NOBMERRTH L. HlZI1E, DWATA A s DL &,
EED a € RP 12X U (expaD)(s) = s+aD(s) = s+a VD, ZDHE, expaD
ERAB RP[s] 5 f(s) — f(s+a) € RP[s] TH 3.

LZ57T, BRO¥ERM e: R — Rlz] WMEBERTH S L1E, % ac RIZHLUTIRARK
DIDEEIZWS. 2L, e(a) =D " aixt (e, €R) &L, yEHLWERKRET 5.

(E1) ag = a. (E2) Rlz,y] i2BWT Y " ela)y’ =Y ity ailz +y)'
ZDEMEE, ¥R e: R — R[x] = R ®z Z[z] WINEREA ¥ — A G, = Spec(Z[z]) D
Spec(R) ~NDIEAZED 2 -ODEMELFEMTH L. HIZAIE, RV QREDLE, £E
® D e LND RIZX U l
R3amY Dl—@xl € Rlz] (3.5)
1>0

FHEEEHRTHS. FEE, DI D(x)=D(y) =0 %#i7=3 & 52 LND R[z,y] DILIZHk
BRTE, expxDoexpyD =exp (x +y)D WD LD,

—F, BEOEHGH e 2L, (E1) &V Ac: R>a—a; € RIZRIZBI5ES,
Thbd. 561, RPQREDLE, (E2) 6 Al(a)/i' = a; (1 >0, a € R) DiES.
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koT, A RREFEETHD, A hSEE G (35) 12 e LBV, BRIT, Q
RBUZ B 1) B RN L G, A L AMSEATH S (cf. [52)).
BA1T, R B0 OBIROBE D2 RS, (L3O D € Der RITH U (3.2) &b

degp ab < degp a+ degp b (a,b € Nil(D))

D OALD. 72720, degp0=—00 & T 5. ROPEH O DEHDL &, EOAEFEAIE
WCESHE DD, TOKEE UT, RrEEEDICE T S8~ 2EREr NS,
21, FED D eDerR & ac R\ RP izxtL, D' :=aD IZRAEERETRV. EE, K
2 D' RTEER S,

degp a — 1 =degp, D'(a) = degp aD(a) = degp, a + degp, D(a) > degpy, a

LRV FENELS. £z, F£ED D € LNDRIZK L, RP I RIZBWT factorially
closed TH 5. ZIT, B R DHSEES B RITHWT factorially closed TH 5 & 13
ab€ S Z-TEED a,b € R\ {0} 2 S IZ/T 2L Ei20wS. FlRIE, R= S[z] »E
W5 LOZEABOE X, f,gc R\ {0} (kL THAHKD 1o -

fgeS=0=degfg=degf+degg=degf=degg=0= f,gecS.

£oT, S RIZBWT factorially closed Td 5. deg % degp, IZEXTH AL, RP
PN RIZHBWT factorially closed THBZ & EH7H5

—fRIZ, S H RIZBWT factorially closed THB L E, 1€ S5 &0 S =RX MO
SO, 72, RPUFD 6 SI1ZUFD THhD. ZHiE, pe SHRDFZELTHD L
E, SOETLTHLZLENDPNXEDITHERTEEH, ZOFERIEpRNS =pS 156
WS, TDd, FED D c LNDEX] 1% B = k[x]* = (k[x]P)* C k[x]P %=L T
k&L, kxP Ex—2—BTHhHErENEHOS5T UFD TH 5.

4 ZIRNBEHCHE

ZIHAROHEDZL <, ZHABROHCHEMEESERLTWS. L2, ZHAR
DHCRBIZEAHZRDL <, TNPLHEHAROMEDOH L X1 ’?Z%bfh\%. AHiT
&,k RECE[x] O ESFREEE Auty k[x] X ZDICITDWTHEET

M, kIMEEEROAE 5. —RIZ, kARBOHERR ¢ - k[x] — k[x] 1Ez1,..., 2y
DBIZE > T—BNZIRELDT, ¢ 2ZHADHM (4(x1),...,0(xn)) EFR—HETS. ¢
FEHLSIXREFNTH L. Thbb, RMBEDILD :

¢ € Auty kx| <= Ekl[p(z1),...,0(xn)] = k[X] <= x1,..., 2, € k[Pp(21),...,0(x4)].
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£oT, IFWIZEFMIZE T,

Auty k[x] = {(f1s-os fo) €KX | 21,- s an € K[f1, ..., ful}
Thsb. 272U, G

(i fa) oo, gn) = (1 (fr, - fn)s oo s gn(frs s fn))
TEHTS. HlRIL,

fi=x —2(x123 4+ 2220 — (123 + 23)%23, ¢ := 2o + (T123 + 22)23 (4.1)
KU, dn = (f.0, 23, ..., 20) 1F Auty kx| DETHB. DI LI,
T123 + a5 = frs + g° € k[f, g, x3]

CROFIEEDICHRTES. 55000050 kx| O F CRMEBREE%T 5. &
F, LD A€ GLy(k), bi,... by € K IZHL,

a=(x1,...,25)A~+ (b1,...,bn)

i Autg k[x] BT 5. ZOFROHCHMZT7 74 VEACRB LR, FEDac k* &
1<i<n,peklxy,...,z1—1,%141,...,Tp] WXL

€= (T1,...,21-1,0%] + P, Ti41,- .., Tp)

b Autg kx| IZET S, ZOROHCAMZ2EARAEBCEE LTS, kx| OEAH DR
SRTERIND Auty, k[x] DEHEE T, (k) ZIEEBDEELILR. Auty, k[x] DIEIE T, (k)
WETALEIB/THL LV, TITRVWEEHFETHL L \WS. HEAHCHR OGS
FEAHCAMZOT, HCAMAIETHEZ L, EAACHBMOEREHRTHE Z L
JEALTHE. ¢=(f1,...,[fn) € Auty k[x] IZX L,

¢W¢O€: (fh"'?fl-l?afl+p(f17'";fl—lafl-l—la"'7fn>7fl+17"'7fn)

O OE & EXER LIS, HORMAETSS 2 &Y, EAZHE#DEL CTHES
Bidyg = (21,...,7,) KEBTESZ LRABTH 5. PIZIE, n=20r%

¢ = (1 + (z2 + 113%)3,.%2 +x%) ~ (1, o + :z:f) ~ (1, x9)

B0, T0D ¢ RIETHS. [THDOHEARZERT GL, (k) DIERDIC % BALITHIIZ
BTERZeNS, 774 VHCAMDIETHZZ b 0h5. 72, chark=00D&
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&, D e LNDyk[x] =M 61F, i=1,...,n T UT g; € klay,...,x-1] PEEL
(expD)(w;) = x; +g; FHIT B, (1 +91,..., %0 + gn) BEARP 2V IR L T idyy
WA TEZ2DT, expD IFIHTH 2. D ¥ =ADY %Iﬁﬁl‘%‘f“%é

BlZIE, 3.3) DT LAEED w e klvs,...,x,] 1L, wT FHF=ARDTexpwT &
JETHB. (3.3) D FTHhBRZLDZ, h =123 + 23 J@Lb’C hT HRFIAEEFETDH 5.
(3.1) IZERE LU THETIIL,

1
(exp hT)(x1) = 21 + hT(z1) + §h2T2(a:1) - =x1 — 2hay — hlw3 = f
(exphT)(x2) =z + hT(xz2) + - =z2+hxs=g

7%, (exphT)(x;) =xz; (i >3) DT, exphT I& (4.1) THZ7z ¢, EFEL .

KH [56] 1, n =3 0L FEAHTAMAFAET S L THRL, TOREE LT ¢y %
Mk L7z, 2oL 30 FDEHZ R T, 2004 412 Shestakov-Umirbaev [62], [63] iZ
Lo Tchark = 0 DEEDAEENIZIAER I NIz, chark > 0 DHEIFMKR L U TRMRE
WTHB. 7272L, chark =2 DEEDED, ¢3 ITHELEZLDONVEHARTH 5.

chark =00t &, HORM ¢3 3 =MAELS T & he kix]T ZHVT exphT LEFIT
5. ZOKOHCRENNOEHAETH S 1PE L7 ([40, Thm. 3.2.3], [41]).

EE 41 n=3%L, DcLNDyk[x] 28 =M8%n, f%kx]Poxrds. 20
E, expfDDBPEHETHB72011E, UFWHLZINEIERBEFFTHS :

D) £0 (=12, D) =0, ¢kl o) ¢ Diwa)hfes,zs]

—J, n>4DLE ¢, \FIETHD. —HTDLHFEWEN, LARNOHETHBIZHERT
5. QRO &S24 =expz, T IFETHS. €:= (v1,...,Tn_1,7,+h) BIETH D,
A= klh,x3,..., 20 1] DEREETS. AZEXT IZEENEZDT, ¢, v B A DT
REET S, 23 € ABRDT, ¢n, ), € 13 A" = Aleg '] RBUk[x][z3!] O A A% FHE
T5. kix|[z3'] = Allwe,z,] 1& A LD 2EBSZHRBZDT, IS % 29, 1, DEBED
Me—f{TE ¢, = (z2 + has,z,), v = (20 £ 2,23, 2,), €' = (29,2, £ h) &
HF5. ZOLE,

(x2,zn — h) o (29 — xpx3, x,) © (T2, Xy + h) 0 (X2 + T3, T,) = (T2 + has, )

M OILD., Thbb, e loy locoy=¢, THD. ¢, € ZNEZDT ¢, HIHTH 5.
FIRRDEHD S, [EEDO=MES D c LNDyk[x] & f € k[x]P iU, (exp fD,2,41)
£ T (k) 1CIEF 2 ((64)).
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=T, WP O DL FRINTNS.

F48 4.2 (Stable Tameness Conjecture) fER®D ¢ € Auty k[x] (2L, 51> 0547
Eb’ ((ba Tn41y.-- 7$n+l) [E Tn—i—l(k) WZET 5.

d(r) =z (1 =3,...,n) D& EFHINEL I & A Berson-van den Essen-Wright [4]
KEL>TREINTWVEH, n=3DHETHREEBMRITITE > TR,

LRROFEHDD, n=3 DHEEICHEACFEENFLEL TS, n>4D5EIZHER
CRBPEFET S LIEBES RV, XOMEIK, n >4 D& n =3 7D chark > 0D
GEIRBRTH 5.

%8 4.3 (Tame Generators Problem) Auty k[x] = T, (k) (& D 2D ?

—Ji, n=2»Dchark =0 DEEIE Jung [22] IZ&>T, n=2»D chark > 0D
%63 van der Kulk [29] 12X > T, ENENEENICHR I NIz,
Ml 4.3 & D BERLUTOMES H 257, KESLERIZLWV.

78 4.4 (1) Auty, k‘[X] & U?:l Autk[xi] k’[X] THERINEN?
(2) Auty k[x] 12 exp D (D € LNDy k[x]) £ 7 7 4 ¥ EH CRBCABRE NS5 2

R 4.3 ORI T, T TR 2 EAMHOMANEETH 2. ¢ = (fi,....f,) €
Auty k[x] DRE %
deg ¢ :=deg f1 + -+ deg fp

TEHTD. fi,...,[n TERTHRVDT, HiZdegop > n DK DILD. degp =n TH
Ly, oNT 74 HCHBMTH S I LIZAMETH 5. degop > deg ¢ %Ml HA
I ¢~ ¢ & BARREH L ITES.

MOEHED, kw1, 2] DT 7 4 > TR CRBIEH A2 5T 5.

EIB 45 (cf. [56]) (fi, fo) € Auty Kz, zs] BT 7 4 Y EHCABTRNESIE, 55
(i,5) € {(1,2), (2, 1)}, a € KX, 1 > 1 BMFHEL, deg(fi —af}) < deg fi WD L.

¢ € Autpklzy,z0]) 7 74 VHOHE TR VWE &, AN EKEOVELT o 27
T4 VHCRBIZZERTES. 77«1« VHCHBIFIEZDT ¢ $IEHTHD. T XD
Autk k[l‘l,l‘g] = Tg(kl) 75:%5

12



5 Shestakov-Umirbaev B

AHEITIE kIR0 DIk L U, Shestakov-Umirbaev #ia* Z O — LIz DWW TR 3,

HORE @3 BEAEHNZHFBELU RNV LIXBHIZHERTE 2D, TNIZL>T g3 B
BETH D EIEFmTE . £, n =3 DEAIZ Shestakov-Umirbaev 1, 77 1 >~
HaFBE TR, BABRNEHFALRVWEE CRBEOFIEIZA DI W, 22T, Holds
AR Oz 4 T O T (12 S IV BfEN) 2 @& L, ¢ € Ts(k) BT 7+
VHOEBETRWE &, BRI E 213 4 EO i) onwdhrzudfasdsle
2R U7z ([63]). Z DFERDOFEIIIIEE ICEHMETH L WA, o3 DEDRHNBEFARL MWW
CEEPOLZDIZIIFEHL 2w, Ay, 18, I8, TV MK O IZ R Lo
HCEAINZEDT, NS %2HET 5 HCHEPEBRIZGFEET 20IAHTH 5.

Shestakov-Umirbaev BEnCTH M50 ] OBV EE L& E 2R, f1,..., fr € k[x]
(1<r<n)iZXU, dhiAN---Ndf, &

Ofr,---s fr
dfy N+ Ndfr = Z Jiv, i dxg, N Ndzg, Ty = (1,0 fr)

1<ip <<, <n ‘8(337317"'537%)

L&RL, TOWE%E

degdfy N --- Ndfy :=max{deg J;, i Ti, - |1 <i3 <o <ip <n}

TEHT 5. HAMRBMOEHIZE T % Shestakov-Umirbaev O HiGw [63] 1%, ZIHADIX
BIZET 2T OAER [62, Thm. 3] ZEBEICHEI N f g € k[x] 1F b EAREHHH
VTHBEU, a:=degf, b:=degg &B<. ZHAP € k[z,y]\ {0} iIZHU, deg, P
% a/ged(a,b) TEIS7ZREERDEZENEFN ¢, r LT D5 L E, ROREFEXDED LD,

EH 5.1 (Shestakov-Umirbaev) deg P(f,g) > q(a’b—a — b+ degdf A dg) + rb.

EEEBDGE I Z DARERDE D 72700728, Shestakov-Umirbaev B Tl 0
BT BTN BB, 755, HE .1 [62, Thi, 3] 55 REAEE B NS DTH
D, [62, Thm. 3] & FE T %5, Shestakov-Umirbaev [62] i Z DAEXZ v, EHE
4.5 OFERZLRGEESD 5 2 7-.

B 5.1 O— AL RIGEAY, FH [37], Makar-Limanov—Yu [49], Vénéreau [66] 5512
Lo THEA LGN, I T [37 OFREMNT 5. kx| EOZHRX P(y) = 3,5 opit)
gekx]\{0}exl, P(g) DRMFDRE%E deg? P := max{degp;g’ | i > 0} TE
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#T D, T, degP(g) < deg? P AV irD. PO % P(y) @y 2T 5 i BRI
3L, FOKRER D> 0ITHLU deg PO (g) = deg? PY kv iD. I T,

m9(P) := min{i € Z>q | deg PV (g) = deg? PV}

CEFRT D, TDEE, k ERBUNMSLZR f1,..., fr € k[x] & P(y) € k[f1,--., fr][y] IZ
B UTIRAEE D S22 ([37, Thm. 2.1)). 272U, w:=dfi A---ANdf, £ T 5.

EHE 52 degP(g) > deg? P+ m9(P)(degw A dg — degw — deg g).

ZOEHEIE mI(P) (2B 2 IENE TR FICEEIH T E 5. B [39] IZEH 5.2 & FAE
2, HOARBOERIZEST % Shestakov-Umirbaev O LG %2 FHMEE L, IV BUHEK %2 74
TAHEEHCOHEMAFEL RN 2R Uz, Thickd, ACRBOBENEZHET S L
g, IVEEHNZEZERT 2 HEN R R o7z,

Jof B, EAREN R CIEEMIERBUCHG U TEZ L LM TH S, T %2 2EF»EH
INIEREE L, FED a,B,yeTIZH L a=XB=a+y =B+ DEDLDERE
5. HAW=(w,...,w,) € ITKL, BEHAD w RE%

degw x1' - ) = dqwy + -+ F ipwy,

TED, feklx]\{0} BN BIEAD wiREBORKIA%E degy [ LEHRT D, £z, f
WWHNDBIHADS B, wikBi degy f LEFELWVWEDOEKOMZ fY RT. HlIXIE,
I=72" ZEENEFE2EZ, w=(e1,...,e,) T2 &, fVWIxHENEFIZETS f
DRFHECHSB. 12701, e1,...,en X Z" OEMELEL T2, ZOL51Z, wi,...,w,
MZ E 1M 513 fY I MR TH B, LT [37), [39] DML w i E
AWTHEINTEY, Zolke UTHE2 0EMANZEEEEEIESNTHS. H#
ZIE, WS wel?BFHETELEE, ¢ = (f1,f, f3) € Auty k[x] IZBETH S :
(1) wy, wo, w3 120 LHKREL, Z ETIKMITHS.
(2) [ F, ik EREIREIEEDS, YD 220% k EARBIMNITH 5.
(3) (1,5,1) = (1,2,3), (2,3,1), (3,1,2) XL £ ¢ kF¥, £
BB, wiIRBEMEZIE (2), Q) ENENUATOLI TS VI S5ND ¢
(2') degw f1, degw f2, degw f3 (& Z E 1 IRWEIEZD, ED 228 Z L1 M TH 5.
(3) (4,5,0) = (1,2,3),(2,3,1), (3,1,2) IZX L degu f; & Z degy fj + Z degw fi.
ZOYIEEOR SIE, ) BT 28EmE T 7Y, £, ¥ OF®RAZITT o DEAE
MWEIATE D 5. BRI, ¢3 = (f,9,23) DEE, ERORERNEHE»SEE S
w IRBUZBI L T degw f = (2,0,3), degw g = (1,0,2), degyw 3 = (0,0,1) THB. Zh
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SN (2), (3) 27T ZEIFBBIZaNSE. UL, fi1, fo, f3s ZEENIZERT L
NREELRGEHE L, ZOHKBCHERAVDH L. HlZIEX, 207 D € LNDy k[x]
T% (exp D)(z;) = w; + D(x;) + D*(2;) /2 + -+ BED XS BREZEHAN IS A0S HW
2B, KORHILEHCARMOE ENEZFHRS DI, UTOLHEPEMNTHS. —
Bz, k[x] @ kAaRECAITHL, AR Ex] OBECHEREE Autg k[x] 1, Auty k[x]
DEREETHD. ¢ D Autp kx| ITETELE, FED pe AITHU ¢(p) = p DED 37
DDT, fi1, fo, f3, p DEDOEARRPRENE. ENSZMEH LT f1, fo, f3 DIFHRE &
DL, BAEVEHEEREZEM TS 28T, IHERX Auty k(x| N Ts(k) DbkF 2812 Z & A
T&%. HIRX, D D € LNDy k[x] (23X U exp D & Autypgo k(x| IZET 5D T,
exp D OEFEMEDWIRIFNMELZ X Auty o k[x] N T3(k) DRI ES NS, TOHIKT
FEERIZE L BRFERPFEONT VWS, FHEITRES[ELT, Z2L05E, HEXXIZEEND
HORMIERHRR D DICRETI NG Z DT o5N5.

Shestakov-Umirbaev (2 & 2 K H PRI, T DOROERIZDOWT, [42] (2B M
b5,

6 EEARAE#

AHfiz @ L kTR0 DKL TS, D e LNDgk[x] BW=M7561F ¢:= D(xy) I3EKT
Hb. HoT, c£ 085 s:=c o1 I DDATAIATHS. (34) &b, i=2,...,n
X UT g; € k[ry, .., 2] PEEL 0P (1) =25 +9; £EI B, ZDLE,

¢ = (c_lscl,xg + 92,y Tn + gn)

3 k[x] QIEEEAMTH Y, ¢~1D¢ = 9/0x1 HH D 3.

—#%IZ, D € Dery k[x] ZHEE L7z &, %0 ¢c Auty k[x] IZH LT r(0) € {0,...,n}
e f971,. .. ,f,g’r(g) € ]C[X] ﬁ‘ﬁﬁby

0
(91}(9)

0
D’ :=07'D0 = for15—+ -+ for0)
6$1
LHEITL., oL E,
rank D := min{r(6) | 6 € Auty, k[x]}

% D OB LIS, PlAE, ETRAEESIC, D) £0 23 =fis D ok
1 TH%. D(z1) =0%61Erank D < n RO T, k[x] 2B 5 =AESOBEBULEIZ n
KWTHB. D DBEfTHSHE D% 0 € Auty kx| BAET 52 %, D B=RAILTET
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HBHLVS. EED 0 € Auty k[x] 125 U rank DY = rank D 238 b sio DT, =fifbn]
RERED DR L n RiTH 5.

rank D = 1 %2 51E DY = f0/0x,, %i7=3 0 € Auty k[x], f € k[x]\ {0} D FET 5.
Db E, kxP = kx| = klxy, ..., 2n_1] DT, kRBEXD = 0(k[x]P") b
n—1HDOTTHEKRING., 512, DVEFEERSIE DY LRFEZELZDOT, fiX
kx]0/0m BT 5. koT, Bl ORFTEEENIHI SATETH S,

Rentschler [59] i, fEE® 0 # D € LNDy k[z1,72] A rank D = 1 2729 Z & %
AU #->T, DB=ALTERTHS. —FH, n=30&E, =AMIARTR\VEHR
HEES ORI OHIH Bass [3] IZ& > TH A SN 7. Bass DFlIE (3.3) D FIZZEIT 7
D = (123 + 23)T TH 3. ZTD, Popov [58] IIEED n > 3K LTID D H=
fALARECRWI L 2R L7z, n >3 DL E, BB n OREFESIE =MALARE TR
W, Daigle 8] ldn=30D& &, B2 ORMEZTESVEZMIATRETHD7-ODHE
TR EEZ 2. B, P 2 LNORMEFES DX, #4760 € Auty, kx] &
fi, fo € k[x] 2T DY = f10/0x1 + f20/0xy L E 5. kK = k(x3,...,2,) & L,
D? % LNDy/ k'[xq, 25] D7t & 72 1F Rentschler OFERZEZ 5D T, n >3 THKK
DEFIE D25, UL, B 3D EDORFESEFIZOVTREAHLADRE L, —fik
HRRBIEB RSN TV,

¥ Z AT, D€ Dery k[x] D rank D < n %723 72D OBEA5RM1E, kix]P 2 k[x]
DEEEEL L THD. ZIZT, fekix]|Wklx| DERTHD LI, = ¢(x;) %
23 e Autpkx], 1 <i<nDBFETHLEIZNVD. DY IALT U EX IZET 57
B, BENZIE 1RO BIERABBTEHND. ¢ % To(k) o b &, [ ZIEEELITER,
BIZIE, o1 Rz + 23 L k(x| DIEERETH D, £z, =MAHESORKITH ICNEEERE %2
BL. [ kx| DEETHDZ L&, Kk[f, fo,..., fn] = k[X] ZWi72T fo,..., fn € k[X]
DEETHILEFAMETHS. - T, f € kx| kx| DFEZERSIE, FEDI> 112
NUT fidklxr,...,cop] DEBETHS. HIZ, fekx] D klx,..., o] DEBETDH
5L >1IPFETHEE, [ kx| DEBETHLNEIRMETDH S ([48]). k MK
DIGEDRBNE R D> TWRWA, |k DPIEMTRWEBIE D6 O KBNIIAFET 5 ([5]).

Freudenburg [15] %, k[x] 2B T2 n ORFIEZESORYDOHEI%Z, % n > 31
HUTHEZRZ. HIRAEn=30D& &, BEI>1I1ZHL

f = 2123 — 3, r= flag + x%lﬂ
204+1 4 2 2 (g1 mg — 22) + (flag + 2212
_f . _ 2)33 (f 1) — Pl + 2f %y + 22
1 1
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c\_'_jb\%, D(f’g) : k[X] — k[X] %

o(f.g,h)

s 1. 73) (h € k[x])

Dmm@%z‘

TEHTD. ZOLE, Dy FRAFEEESTHY, 35612 kx]Puo =k[f,g] Zifitz
T (cf. [14, §4.1])). f, g 1T 1 ROTZE K2RV DT, 1 IROEEFFOZHENL k[f, 9] 128
V. &koT, kx|Puo =k[f,g] THD I LHS rank Dy gy =3 BEBITHES .
M [43] &0, EREDO0#h e k[f,g] CHU exphDsq FHETHE. n=3D&
&, B3 ORFEEESOMDL K DFNZH L, HERORERZE TS ([40, §7], [41]).
n=30D& %, expD MWIEAS X rank D < 2 & FT 2DHEHRZH, Rl X DiEVIR
DFELTTVS, BFD 3OO FMTlEn=3, D e LND,k[x] £ ¥ 5.

F1 6.1 expD MMEESIE, k[x]P @ddm Ly 1D kx| OIEEEL &,

¢ 'D MW=L D L 57 ¢ € Ty(k) MHET DL X, expod Do EIEHARDT
expD = ¢o(exp¢p ' Dg)og™"

LIETHS. ZOHEIED LD FHELTWS.

F48 6.2 expD MERSIE, ¢ Do BEATHD & 574 ¢ € Ty(k) BELET 5.

kx)P 8 k[x] OIEfEZEZ D3 s 1288 E, FHRE62EFELVWIEERLUE
([40, Thm. 3.1.3 (i)], [41]). #->T, PHEE6IAELFNFEFHE62BELV. —F, =
MEBEHORIIBTNEEE 2 ZH DT, ¢ Do BEMTHB K% ¢ € Ta(k) BIFET 5
Y, kX X kx] OIEEREE DL D 1088, £oT, P62 ELITNIE T
6.1BIELL, TS 200 FRIZAMTHS. FA6.2 BELITNUTIROFELIEL .

$163 55 fckx]P\ {0} BEELT exp fD MEE 512, exp D ZIETH 3.

£ D IEREIZ, ¥ C LNDy k[x] 2RD 2 DD5M2j-T L&, AEDO D e X IZHLT
FAL6.3 IXE L.
) EED feklx]P, DeSIHLT fDIX T ITET 5.
(ii) fEED D € S IZH U TP 6.2 1IFIEL .

KBS, DeX, fekx]P\{0} Vexp fD € T3(k) 2ii7z32 &, FH62L0, 5
¢ € Ts(k) BFAELT (fD)? = ¢~ (f)- ¢ 'Dp =M1k 7%, ZDLE, ¢71Dg 1E=
MTHD. ¢ RIEZDT, FH62D ETHRREZESITexpD FIHTHS. HlIZIE, B2
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NHpERR 2 &0 & 5 AR EDEROEAIZHS 2T (1) 2L, EdRo k51T (i)
blirz3. £oT, ZOLIRREFAAERENCHUTTREE3IXELW.

£ 25T, HEAEDNEEDOBERIE, BERD LD HITEKET 2. HIZXIE, yi,...,yn €
k[x] 2 klyr,...,yn] = k[x]| 2729 & &, ¢ € Auty k[x] 2

§b(yi):yi (i:1,...,n—1), ¢(yn):yn+1

TEHRIND. y1,...,y, ZEEIIEZNIL ¢ 1ZIAS DITNEZD, q,..., 2, ZREHEIZE
21256, ¢ BIETHEDENE yi, ...,y DECHIZELS. EEE, n=3 DEEIZIRD
& 5 BHHFEAET B ([40, Thm. 6.1.1], [41]):

(1) d(y1) = y1 ZHE7=THIED idypg # 6 € Auty, k[x] IZHETH .

ZDHID (y1,y2,y3) 1, d2FED D € LNDy k[x] TS expD & LTHEZ SN, 74
B, S (1) 1F Autypy, kx| N Ts(k) = {idyx} EEETHH, B ETHIR TR
RXIZETBHERD 1 DTH 5.

Eef%12 0 # D € LNDy k[x] D% k[x]P DEBRICOWTHING. ERDOLS1Z, n=2
72 5 1% Rentschler [59] £ rank D =1 2D T, kx| X1 20O TEBEINS. n=3
DEE, HI6 (54 £V kx]P 13k E2HORTERI NS, TS ORERIZIER ITEH
Thb. —H, FE1HTRZEIIZ, n>5TE DDBEZATS kx]P IERERE X
572\, Daigle-Freudenburg [10] 1&, n =4 T D B =AD& & kx| BWEREKRTH 5
Z & %m” U7z, Bhatwadekar-Daigle [6] 1 Z DfER%Z —{LL, n =4, rankD <3725
B kx]P ZERERTHEZ L ERU. ROMBIIMKRE UTRIBRTH 5.

BIZE 6.4 n=40r%, kx| IC5 24 QRITESE ORIZHIC AR, ?

7 SBEERRE &R CREE

AHITIE, FHZHSBVIRD kI3EB 0 DkE T 5. D€ LNDLk[x] AT A 2 %
Ror &, AFAAEHEY D=d/dz TH%B. ZOrErankD =1ThH5H»?EIZ
ZOMBEIXA T TRRZ EEBMBLFAHTH 5.

A% E[x] D kORI ET B, kx| = Alz] 21729 A EOBEIT 2 € k[x] AMFET
prEkx]=All e £, ZorE, m:kx]=Al2] 3 f(2) — f(0) € Ak RED%
PHERM 2 DT, A=n(k[x]) 13k B~ nlOTTEREINS.
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PIRE 7.1 CHERIE) kx| Dk HORBAD k[x] = AN 2fizd2 &, Alxk En—1
ADOTTERENE D ?

KB, ME 7.1 ODIREDT, k(x| = Al2] KB U 2 REATEEES D =d/dz 1Z k[x]P = A
XU D(z) =1%i729. #->T,“D € LNDyk[x] AT A ZA%FfDL Erank D =17
LW EENELSIE, A=kx|P dn—1HoxTERIND. —F, D e LNDyk[x]
MATAA 2 2oL &, EH 31 &V kx| = (kx]P)HN Tths. ft->T, MET1OD
FREEN 7 51, kXD =kly1, ..., yn_1] B2 y1,. .., yn_1 € k[x]P DEIET 5.
ZDEE, 0= (2,91, .. Yn_1) WX kix] DHCHEABTH Y, D’ =0/0x, ZiHi7.

M 7.1 1% 2 28 k[x] OEIEOBEIEH U\, EB, kx| =klz1,..., 201, 2] 2727
21y-vns2n_1 € k[X] BPFHET ZDT

A~ Alz)/(z) = kl[z1,. ..y 2n-1,2]/(2) = klz1,. .., 2Zn—1]

RO D, BIficTR~ZL51Z, n=230D&E, {LED 0 # D € LND, k[x] i3 L
KD Wk En— 1 HOETHERE NS, BET1EEWT AR d/d: OBEELVO
T, ZOHELEENTH S (cf. [1], [18], [53]). Crachiola-Makar-Limanov [7] %, &
B K % A 124 L, LNDy A = {0} = LNDy A[2] = LND 4 Afz] #9% 0 iD = &2
HHU, n=3086D0 L V¥ LIHEZ S 272, &b, chark>0DHEH n=2,3D
L EEERNED, 1> 4 CERAIBEET 5 (cf [2], [19], [20]).

WIZ, ¢ & Autg kx| DILET S, ¢ = (21,...,2,)A %2723 A € GL, (k) PMFIET
L&, QI THDL LS. 0 logol = (11,...,2,)A %72 F 0 € Auty k[x] &
A€ GL(k) BT B L &, ¢ JIGRALTRETH S 2105, HIZ, A ZHAEHIIC L
5LE, ¢ IIWALAIRETHD LV D . ¢ BWAMLATRETH 2 72D DBE+ 7M1,

k[fl,,,.,fn]:k:[x], ¢(fl):a2fz (i:l,...,n)

W29 fi, f€RX] L ar, ., a € B BIETEIETHS. o T, ¢ #idyy
DXL REZ S IX, k[x] DHERE f & a e k\{1,0} BFLEL, ¢(f) =af Zh/z7.

A€ GL,(C) M, 51>1 1L Al =F 2iirz3 &, AoR/NZEANL 2 —1
DT D TEMER -2V, KoT, 174 A ZNALTTEETH S, #E-T, Clx] DH
BN, BRE» DOE R 22 5 I MEFTRETH 5. IRDORTEIZ Kraft [27] @ “eight
challenging open problems in affine spaces”® 1 D2 TH D, n > 3 DEEIERMBRTH
% (cf. [26]). EOEEELD, XALARE] 2 TR LATEE] (222 THMEDEIKIZZE
ZoXCRANN
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B 7.2 (BRI EEE) Clx| DA CFEIIE, AR S IFH I Al Tags ?

ZOMBED FRIFFIFFEITHELS, RIZHD d > 2 PMMFEL, Clx] DN d DEEDH
CRBA AR 51, k= C DG OME 7.1 PEREMIZIIRT 5. FEE, (%
1 DM d Bl T2 L&, kx| = Alz] D8 d DECRE ¢ 7 ¢(p(2)) = p(Cz) T
EHZIND. KELD ¢ T AITERD T, BEp(z) £ a e C\ {1,0} BFEL,
p(C2) = o(p(2)) = ap(z) Zi#i7=9. ZDLE, (a—1)p(z) =p((z) —p(z) 1& z TEID
tIngd 5, p(z) IZEEZDOT kx| OBERTTHS. /-T, 2z & pz) ZAMETHD, 2
b k[x] DHEETH 5.

M 7.2 1%, ERRBEEDT 7 « VZEBEANOIEHOIALATREMEZ S [ EMR DAL
] OFBIRIGAETH S (cf. [23]). n =2 DHED EAROBBEIZEERIZHRL TH
D, %Z Tl Aute Cla, 2] = To(C) Th 3 T & HATINAREE 2 BT, BIRIETIE
KBIDBESD>THED, ARMOEEDKBIEFIET S (cf. [24], [50], [61]). L2 L, A
R 7 — ~OVEEIZ AT 5 KANE R D2 > TWZR W, 723, chark = p > 0 DG&, #HIAK
(r1 + 1,22) € Auty, k[zy, 2] OREUL p 7205, k2 3 (a1,a2) — (a1 + 1,a2) € k? D3EE
REFT2 20D TRIPALATRE T2, EEE, MIPHECEE R S IERAPEES LD T,
MICALFTRE 2 O I EE R BTHIET 5. KB 2] 1dn>4 DL &, [ p TEID Y
RNE D IRART — ROVERIZN U TR LB D sl &2 5- 2 7=

REEREVPAR TR VWGEOILNEEZZE Z 5. kF OFFIIMEEL L, kPREBRTH
BIEBIELAV. REKBIRE L, G % Autg Rjx| OBATEET 5. 071G

D, (k) :={(a121,...,anxy) | a1,...,a, € K}

CEENDE57% 0 € Autg Rix] WHET 5L %, G RNALTETHL LS. RO
Bk K & 3NIE, Autp R[x] 13 Autx K[x] OEOREE Rt 2. 07160 C Do(k) %
Wir=d 0 € Auty K[x] EELTH, ZDE57%0 % Autp Rjx] 75 E N5 L IZRS 7%
V. 20D, Gk K ETHALTRETS, R ETHALTETSS L IFES 2. K
OFEFIZ R [44, Thm. 1.1 ()] 12 & 3.

EE 73 RMPPID DL E, Autg R[xy, x0) DEIHE G H K ETHA{AERSIX, G
3 R ECTHAILATRETH 5.

EH 7.3 I3MEREOEK EIZHUTHEDSEDD, k=C TRM¥C EARERZ PID 0%
&1 Kraft-Russell [28, Thm. 3.2] IZ& N 5.
EHL 7.3 D SIRDBDHED
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% 7.4 R% PID, G % AutR R[xl,.flig] @ﬁﬁEY——/\Jl/%Bﬁﬁ&?%) k 7b§ 1 @}Eﬁﬁ dﬁ
WEELZHIE, GIE R ETHM{EARETH S, 7272, d:=max{ord¢ | ¢ € G} &
5.

EDORIZBWT R = klzz] £ 70K, Auty k[xy, 22, 23] DHERT — ROVE S FEOKRIE
LIZB S B RS R F o 5.

PAFTIE k OfEBUE 0 &35, 046 € LNDg kx| Z2ERIZE D, Auty k[x] OEBSHE
Autypgs k[x] 2E 895, ZOMARE, 5 HITERNZIEZ X OB 5 BILZE .
fEED D € LNDy s k[x] 1 k[x]P D k[x]° #7325,

exp D € Autypgp k[x] C Autygs k[x]

DD LD, koT,
N5 :={exp D | D € LNDy s k[x]}

I Autypgs k[x] IE@END. FHIZ, Ny 1& Autypgs k(x| OERHBABHTHS. UTFTE
Autygs k[x] PRIREE (Autygs k[x]) /N5 ICBLTRLNTWBFERERAS (cf. [46]).

TR 75 kx| # (kx]°)M 518, BIAREE (Autypgs k[x]) /N & k> OF B EH 5 #E
LRBTH Y, (Autypgs k[x]) \Ns (8T 5 HARBOMBIEHEIZERTH 5.

B, EED0#£D e LNDyk[x] & 1> 112U T (exp D) = explD # idypq A3
MDODT, Ns\{idg} (CET 2 HCABOMBIIH ICERTH L. 7, Az A*U{0}
PMETHE L5 Q EOUFD & 35L&, EH 75T k[x], k* 22T A AX IZH
ZTHHD LD,

UFTIEkE2REEAKE TS, RO 2 DOEEDOFEHIZ, HIRAZED B A O
2B % [44] DFERPMEDNS.

EE 76 n>3 rankd =2 LIRET 5.
(1) (Autypgs k[x]) \ Ns OIERED TEIZA R ORIEALTTRE T H 5.
(2 )673E5E%’]@&% Auty s k[x | £ Ns 20X 5 I3 =MA(brgETdh 5.

C 2T, SDBEMTHD I, (x1),. .., 0(x) BIHGBERTE LAV E ZIT0S.

FE 77 n=rankd=3D&E, (Autyys k[x]) \ N5 DEEDOTIIARMETH D, »
DFUBALTTRE TR (Autypqs k[x] = N5 O RENES H5).
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Almost Ring Theory DB 6 DRET VIV
RS

FRBUS (HAKRT)

DR THSBRIIETHHIRTH S LIRET S, FET VLT L X Hochster
SWEALUZF—X—FMRIZET 2RO O THEMN, FTHEERLLAS
NTVWBEONPEMAFFELIEEINEHDTH S,

Conjecture 1 (EFIKTFM). R— SEAr— X —EROEILK, RIFEATH-T
SITABRAER R-MEETHE L35, ZOLE, RIFRIFEL LTS OEFMKATT
»Hb,

Z DFRIE [12] T Hochster IZ & > TR I N, HE ST ELEB DL E % ik
U7zo BEBROGEIFEKZ LWV, ULPLARS RBREZEZRVER, D%
BAEEROT — X?)‘?E@@H%O) FEHRINT Wz, 2002 FiZ R. Heitmann 75l 3 kot
DG ZEMHRL ([11] Z28), 2016 F2IX Y. André 12 £ D Almost ring theory &
Perfectoid 3% D BLE & AW ToE R RS 72 o T vz ([1),]2] 727"%5‘73)

Almost ring theory & 1%, 1980 4EfR1Z G. Faltings 7 p-i Hodge HiimiZ & 1) 5 5
K%Eﬁ%%%&?ét@ﬂﬁlbtﬂ@%@?&@:KT%%q]%ﬁ%) [ELA
K7 7481 B. Bhatt([4] 2 S) (2 & o THEIZHEHAGIEADAT Sz, FEEICE
André 12 & > TIRDFERWFER ARSI N7 (AHEEIZEL TIIA RSO Z &),

Theorem 2 (André; [1], [2]). k IZEEE p > 0 DIBRE. V = W(k) IX Witt Bz &
TEI5, I

Ri= Vo zd] = S
& d YT 5 BN S ~O AR ARR, 42 2 THB LR
¥ B, COLE BBige R\pRIEELT R[—] - 5[pig] PRI R — LA Y

1B, HIT RAUET T FOME 2 7 6 DATFES 5.
1. T % integral almost perfectoid (I TH %,
2. pgeTRIFERTTH Y, LEDEREn > 012 LT (pg)™ € T L7253,
3. T/mT & T-MEEE U T almost zero TIE7R <, HIZ

((p7 Xy ... axz)T T mi—l—l)
(p, oy ..., x)T

METOHERE 2N U TKLT 5,

=0

(pg)7™ -

1



Theorem 2 12 & D{ERED & — & — 5T ER 1% big Cohen-Macaulay fR%E (BAF., big
CMREELIER) 2RO LRI N, FIHEMATFREEEZIMKES, M. &
BT/ oz S-RECT 13X almost Cohen-Macaulay REE FEIENTWEHDTH 5,
Heitmann DFEEHD & & > b %243 T, Hochster & almost CM A& A & big CM %K
Z BN 5 1% (partial algebra modification ; [13] Z SO Z &) ZRH L TW
72o 2O TIXHRET VAN T, Almost ring theory EADEEE, £ & EFIA
FFROFEHDT A TTIZDOWTHREINL G G0 %ZAAS, M, André D
i [1] Ti&. Almost purity & % B IZHEGRE U 72 Perfectoid Abhyankar fifid & (3
N5, EFITHEWNEHZGE LU TH S Theorem 2 Z2EWT WA Z EIZIERLZW,
REQ VIV FREDETIZDOWTIE [20] 1IZfliic UTEZE-MHNH b 2D Z &,

HEE: R VARV LB VWGEHOE 22 5EA TN 0, #EIZELS N
TeERRGITR S EH Lo e v £,

1 Big Cohen-Macaulay {t£X

BUI R THA OB RO L HET 5, X — X — Rk (Rm) 12/ LTd =
dmR & B, GAoN2—R—EBREERT L. [Z£DERIF Cohen-Macaulay T
HEM?] EWOHMEERZEZSZEVUIEVIEEETH S, - CMMEDBETH
FANEBEZR T BRBIENHDB, RIZEICM TR THROMEEZE 25 Z &Ik
HARTH 5,

Problem 3. (R,m) ld*—X—FiERE 5, A NOWEZH29 RV B 2'#
ET 2725507

®1,...,. 0 RDNITA—RRELT D, ZORF, BEmBM»Duay,...,1q1EB
WIZBWTIERF & 72 5,

EDESHMEERD B % —#&IZbig CMARBEIFATWS, ZZTBIEKT
Lbr—Z =M IIMKE L TWARWIZ L IZIEET S, 20 &5 2REOEEIR. R
PME%Z GO GE (FFREE) 1213 Hochster-Huneke DEFHIZ Ko THIo N T W2, &b
LU WDIE RPMEEZ S FRWGE (BEEE) THSH, Theorem 2 7> 5IRDEHH
ELWZ EAURI N7 REFIZBE L T 2] 228,

Theorem 4. {LED x — X —J@ATERIX big CM AR Z KD,
{XIZ big CM fER & EFAFFAE L DRARIZ DO W TR R 20,

Lemma 5. (R, m) & KrulliIR7tHd TH 5 CM x— X —JFFiER EIRET 5, R DAL
BHDASA— AR ... o BT

(1‘1 o xd)n é (:leH_la ce 7$7dl+1)

NETDn >0 U THKILT 5,



Lemma 5 1Z/NT A =X RN EHISTHE L VWS ZEDRLRBBIZHDS, [—HD
(CM & PR 57220 AR TH Lemma 5 DFEFRIIKRALT 572565071 L5 OH
Monomial L IEXNT WA RET VI FHRD—ETH D, Theorem 4 ZFRD
TULTIE L W,

Theorem 6. Monomial PN KT 5,

Proof. (R,m) & Krull ¥XJtA d TH % r — X —JFFTER. 11,...,04 Z R D/XNT A —
RREL. DEIEHARBEnIZHLT

DAL U7z EARE T B, Theorem 4 12 K 5T big CMAAE R — B FHET S, T
5

(z1---2g)" € (27T, 20™)B
b, UhUay,... 20l BIZBWTIERFIRDOTINIEFETH 5, O

[12] 128 T Hochster 1& Monomial T8 & EMKFFEAIMRKE S Z & 2R U7z,
#€ > T Theorem 4 DFEHDHE L 722 T A T 7 # BT NWIER W L2300 o7, E
MR 7 P2 DH DiF big CMAREDIFEZMRE LR THIFRAIXARETH 208, Z
DD EETH 5 Almost ring theory & Theorem 4 & BESERLTWE I & %
AL THEEZ\0,

2 Almost ring theory

WEILHEZERTH I L HIED 7\, Almost ring theory DFEARMCHER & U T
9] 2T THL,

Definition 7. A lXA[#iE:, 71X ADIBRTFTHE LTS, Him, =7 € A
MO =1, THBERET Do T, {7 buso ZEET 5.,

1. A-J0#E M %3 almost zero TH B L 1E, 71, - M =023 TD n I LU THALT
BLEILED, ITNEM~0LWVWIRBTKT,

2. A-MMEDER f: M — N H almost isomorphism TH 5 & 1%, Ker (f) ~ 0
PO Im(f) =0 THDEEITE D,

IR (%) == U,=0 AL BWT, #M (A, (%)) 2 EARERTE (basic setup) & I
R EIZT B, 4T TV (7)) \FHIHS 7 7OV ONEMR DT, A-flfEE U CTFE
ThHb,

Remark 8. 1. BRHIZOWTidRZ, A =17, % p#EBBIRZ, D Q, TDHE
ards, m =pm £ 8, (A (1) REABEEZESZ TV, £/
A/(7%) IZHH TN almost zero 78 A-IIBEEL 725,

3



2. Talmost zero & 72 B IEEIE. WA B &MD N TR MBHZZR 5007 ] (2R
UTIHROFEEIFSNT WD (B ~NOMEMEEL T 5),

o A-NEEM 233 5 AMRFRILE KD A-MBEOH DI TH > T, BIZM ~
075X M=0%,7%2%,

Definition 9. (R, m) {Z Krull iIXJt ¥ d D — X —FER, 1,..., 20 /3T A —X
RET D, BARE (A, (7)) 2EEL. T iRﬁiﬁbﬁﬁAﬁﬁ’C‘%é CARET B,
T 7*almost CM TH 5 &1, ATNDOSFRMED I ND L SITE D,

1. fFBDOn >0 LT

(($1, e ,ZL’Z)T T xi—i—l)
(xh B axl)T

Tp *

=0

ANDAYAS A
2. T/mT 1% almost zero TR,

XD ERLE Hochster 12 & % partial algebra modification Z FWTRI N5,

Theorem 10. (R, m) I3MEEMEHD* — & — @B L $ 5, R LD almost CM I
PFAET UL R big OM REUE D,

Theorem 10 (Z & > T big CM A& & ki3 5 M 1X almost CM REXZ FEK T 5
MEICRE I Nz, £THLVWIEETH D ELEED SHDT-V,

Theorem 11. (R, m) I35+ — X — R TH > T, ARETF, zE5L L7 5,

:Uan

n>0

35, ZOEE, RiLalmost CM R-RETH 5,

Ry 1& R OLBE (perfect closure) & &IN5 HD T, 7ENR=T RAELH 2
BN CIEAT %, $72 RPVERTEITINIX Ry 32— X —EBREERDELRWI &2
79 %, Theorem 11 OFEHHIZEA L TiE [16] 2 2,

Remark 12. R, 149 UH big CM A TR W LIZIERE LW, BIZIX. R
ELUTFHMnrDCM TRVWEDEII>TL %L, Ry ldbig CM A TRV, Z
CTEBp>0Dr—X—BE RV F-MTHD LI, RA RF-IIFEE U THE (pure)
EWOEKTH B, 2L, RP={aP |z € R} LT 5,

Scholze D3 [17] & André D& [1] (248> THEEZE AT 5,

Definition 13. BAKIE (A, (1)) ZEET 5, Al Z, LESEFEHA AR, £E
DHEARE > 01T L T, .:pfn EALBWCTH,, =t, THBLET 5.
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1. AN p- AT DR, 7R REMRF : A/pA — A/pAIZEL
T Ker (F) = t;A D 7, - Coker(F) = 0 "2 TOHREn T DOWTHEHILT S
& &, Aldintegral almost perfectoid A& LS,

2. A7Vintegral perfectoid fR\E{TH % & 1%, A »¥integral almost perfectoid T
B> THIZ Coker(F) =0, D0 70Xy REMBRORHMENKLT D L &

- =

o‘l:ljo

FIZELUTERLTCEL L, WHLEREELRHEDIE, HB1tgec ADEZS
7]’L"C\/\“C T=pg LWVWIEAREHZLTWVWBIEETH S, BEIZ Theorem 2 125\ T
WAz X512, André DFRSC[1] 2B W T, FEi & — X — R ER O BRAE R AR B hE K
R=V][[zg,...,z4q] = S DAIEES V(pg) C Spec REFZEAZ TS, g=1D5HEIX
Faltings IZ & 5 Almost purity B2 ¢ L TELFHONTWAHERTH S, £/ 11K
TEDHEIE, T Tate 12X 5T 1960 FRUITHAR SN T Wz, 21 5 Tate [FFHTER
LD Abel ZRRIED 5 IRAET % Tate . p-divisible BEIZ DWW THE DO DFER %2
W7z, Faltings (Z & % Almost purity EHIZDWTIE, IREBELABIZBWTHEMMKFF
ADFEIH & B U TRl 2 il A 5,

BAEEBOGEIZIXIRPMEEE 75,

Problem 14. (R, m) [XEGEHZ R D5 A — X —Riig e $5, Z0& &, 5%
EHTIZHY T 2 R ZESIEBTEME TSNS 55 7 HIZ CM M%7
TEDRENIRNZA D ?

SER P OR ARSI B 1 5 B LAY integral perfectoid M % 7236 D72 L D
X, Theorem 2 DFGHHIZ & > T EDOERRIZEZ 2 TEWVE DDBRR I N T VWD
e ns, IDFHEULLKED LU TOMENKRMERTD S,

Problem 15 (Fit). (R,m) FE&GFEAZR O —X—RRERL 5, ZO& &,
big CM R-fR¥{ T integral perfectoid [REDIEE Z KDL DBFET B725 507

FROMBEIZN T H AT o NTWRWE S THD, 272U, r=pThd
BROIEELWI EDREIND, ZHNIZDWTIEE[1] 22O Z &,

Problem 16 (André). £ D integral almost perfectoid fR#IE integral perfectoid
THoEM?

3 ENMAFFEDIMR (Frlsma

A Almost purity EEEZFHHT 2, TDO/OICHEZEAT S, kITEHp >0
DK THHEL, V=WE) EWitt BET 5, R=Vlzs,. ..,z 13 dIRTE5
i EHIRATERE 5, 72

1

L
n

Ry :=V[pr[af’,...,a]]

5



TR = U g R &5 <0 BSOS SIS 7078 £ 512, Ro IXISH4ECH b
TURZTAEMRF : Ry /pRoo — Roo/pRoo IF2HTH 2,

Theorem 17 (Faltings; [8]). R := V{[za, ..., x4]] — S (Z57EH L — X —HAEBRDOAH
A K S VA R[%] N S[%] BT & — VA TH S LT 5. F

72 S, 1 d R, ®p S DEMETD R, ®p S DEMHEAERTED LU, S =205
B, Znkez
Ry — Sx

1% almost étale VLR & 725,

Remark 18. Almost purity & (3 K 72 Nagata-Zariski D& B & EWELRIC
Hb, £72 8] TIZ. RAPV EAREBARMALZA L — AR ERE S T W7D,
Scholze[17] 12 & D —fALI LRI TRINZZ L IZF KL TE LK, Almost purity
EHIIEODPDELLZN—Va U HoNTWS, Kedlaya-LiulZ X550 [14]. %
7z Davis-Kedlaya (2 £ 2 £ D [6] RIS N T W5, KT Davis-Kedlaya (12 & % & A Ak
W p- S L Z ISR THE KRV E WS FIEAD O, FRIWIZIZZ =D Hodge Hiim
DEFI NS Z BRI 5,

A ZRBLCBE L TEE T 5,

Definition 19. AF¥ —A X L ZETHRWFHEEG U C X SRS (X, U) & X 5,
Et(X) % X FPAERZXR—LVERAZ—LDE2EET S, ZOL ZHF

Et(X) 5 Et(U); Y =Y =Y xx U
NEFAME 525 & Z, (X,U) Z#7Aaxt (pure pair) & IS,
TR ORERZ W U720,

Theorem 20. (R,m) % *— X —[@fiE & U, X :=Spec R, U :=Spec R\ {m} &
B ANOREENHLT 5,

1. RVIERIRAERT® O KrulliRouh 2P EThX, (X, U) 13#,
2. RMFERZXXTH D KrulliRTt LA ETHIIE, (X,U) 13H,

RIZHE 7 & WS &%, Almost ring theory Dt ANE FLIRT 5, EHEPH
BBl IS b D LT B,

Definition 21. (A, (7)) IZFARKE, RIFARE M & N Z& 5T R-NEEE
ER

1. M 7% almost flat TH 5 & 1%, Tor®(M,N) =~ 0DMEED i >0& NIZHLT
OO ZERE D,



2. M 7% almost projective TH 5 &1, Exth(M,N) =~ 0 BMERED i >0& N
IZNUTHYIDOZ &2 E D,

3. M 7" almost faithfully flat TH 5 &%, 3 M ¥ almost flat TH D HIZ(E
B R-IFEN, & Ny iZxt U T, BRLRE A

HOIHR(Nl,NQ) — HOH]R(N1 XRpr M, Ny ®p M)
D% almost zero £7225 Z & TH 5,

4. M 77 almost finitely generated TH 5 & ik, LRIZHGEZ5NHARn e N
WX U T, &5 A0RAERNZ R-INEE M, & R-YERBL f, - M, — M. g, : M — M,

PFLELT, froogn =mpoldy & gno fn=mn olIdyy, MR T B L EIZE D,
PA_EDH¥ERFD TIZ almost étale IkRKDEFHEE 5 X 5,

Definition 22. (4, (7)) I3HEAKE LT 5, ARBOUERRL f: B — C »¥almost
étale ILRKTH 5 &1, PANDOEENH S NE L ZITF D,

1. C & B-ff¥ & U T almost finitely generated. almost faithfully flat, almost
projective T 5,

2. 4:CRpC —C% ulb®c)=bc CEHKT 5, ZOEHZHELTC % CpC-
gL ALY, T Z, ClECepC-MEEL LT almost projective TH 5,

EDEFE%E Spec A EOAF—LFTHIRT 5 Z L WH[RETH 503, FHMIIZ DO W
TIX[10] (238D, F 7z almost étale LRIZE U TIEXCHERIZ K > TR B HTE
WAERBPEREAINTWSE LS TH S,

Remark 23. B¥ERE f: B - CHRTX =)L ThH s Lld, fHAERFRE, SFiHD
DRRIETHZZ 2B VT, EOEZRTEH LN 1C ®p C-MEEC A (almost)
projective TH 5 | L\ I RMIEH £ 0 RIENZ VDD LNV, BRERTLD A5
M e BAR L CT\WB, ZHUZDWTIX[9] % [15] 2B D Z &,

—fIZ f B> CHEHTODW O C-HIlEE UTHEHTH25E5I1T1E. [
B — C ¥ weaky étale #hK & IFIX T\ 5%, Bhatt-Scholze D@L [5] TlEL & —
V- AFREVY—ADIGHPEASNT WS,

Problem 24. i3 [5] (2B W TIROAERIPEL 7525,
o [:B— ClIweakly étale TH D& T 5, ZTD& X, faithfully flat 7 ind-étale
RHERMNE g . C - D THo>THEKGH go f: B— D Hind-étale £72 5
L DDPFEIET B,
Z OREROFEIAZ MR BRI AW TRT ZEEARETH A I 0?5 THZ S

NTWABEEIHIK, BEinAAMZ B EE - MM R & 2R ET 56 O THMMWIZSH
MR DLW,



i OME& % Almost ring theory DPEMHA F THLIRT 5,

Definition 25 (Gabber-Ramero; [10]). (A, (7)) I&FEAZRE L T5, £72 R % A-
RELITCREZATTIVET S, X :=Spec R, U:=Spec R\V(I) 2B, Et*(X)
% almost étale 78 X-AF¥F — LAEDELE L $T5, ZO& SHEF

Et*(X) = EtU):; Y = Y = Y xx U
NEEME 525 L &, (X,U) 28R (almost pure pair) & I,
ZDEENOERD BEEREZEL 720121, R IV & Hi 2 &0 0350
BLTHEH, EEDEDZIFMIZOVTIZ[10) 23D Z &, HE TR/ Faltings
1
DEHIX X = Spec Ro. U = Spec Roo[]—)] DLEITHY T 5,

PLED¥EfFD T, BN FHE%Z, Almost purity €3 & [A UAE D F THEH
2525, UTNOIEHIEB]I2LKBEDTHEH, —BOGEDEMK T FEDIEH
[4] ZBFEST B 72D DEERT Yy L VU ABREENT WS, D RO D HE R G L
OB DORBIZI D O L TR DEERPEZANEENTVE I L 2L T
BE72\,

Theorem 26 (Bhatt; [3]). k (3B p > 0 DFERIK, V =W(k) I Witt IR TH B &
35, £7=-

f:R=V][zo,...,z4q)] = S
AT AR ALK, S AR, i R%} R 5[]19] TR — VR T BB L IR
ETH, ZOLE, RIEFR-IMMEEL LTS DEMNMKNTTH S,

Proof. £3 Q := Coker(f) £ 8L, T 5 L5524
0sRLS Q=0
LV IROEFERIIPFEI NS,
0 — Homp(Q, R) — Homg(S, R) — Hompg(R, R) — Exth(Q, R) — ---

Z ZTob(f) € Exth(Q,R) % Idg € Homg(R, R) D2 T 5, 7=

L
n

Re = JVIprllay",....z]"]]
n>0
EBVWTEAREZ (R, (p™)) 2L TEL, HLob(f) =0DIELIFNIE, R-H¥EF
Blg:S—-RTgof=1dg 2lizTHDDEFMENEZ D, TDOIZUTFTOHER
KT,

(F5E): ob(f)®1 € Exth(Q, R) ®r Ro THER S 11723\ Ro-IIAIE almost zero T
5, BWVWHIZ DL, prm-ob(f)®@1=02MERED n > 01T U THILT b,

8



EHER So 13 Theorem 17 IZBEWVWTEHRINZDDET D, Qn = Ker (fx -
Ro — Sa) £ B, EEHABRKIZLUTob(fx) € Exty_(Qu, Roo) ZEHET B, IRDH]
X EZ 2720,

0 — R, ~dre®/ R @S — R ®@rQ —— 0
0 —— Ry —li+ Soo e Qo — 0

3 % & almost purity BHUZ & o T Ry — So A almost étale LK TH S Z & D6,
Qoo & almost projective 78 Ry -MMEETH 2 Z EWRI NS (ZDFEFEDFEHIZ DOV
T3] 2. 2%V

Extp (Qoo, Roo) & 0

L%, TNIE Ry -ob(fo) ® 0 Z2EKT 5, E/MENPSAD2 K512 R — Ry
FRFE LD T, Roo- MDA Ext, (Roo ®r Q, Roo) = Extp(Q, R) ®p Roo H°
WD Roo ®rQ — Qoo 5 ARIZFE I N5 B4

Extp (Qoo, Roo) = Exty_(Roo ®r Q, Reo) = Ext(Q, R) ®r Reo
#FEZ25%, ob(f)@1=m(ob(fs)) &5 I EHENDSNEDT,
Rs - (ob(f)®1) = 0

MHiB, THT(HE) BRI N,
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Remark 27. @3¢ [18] TIEXFEBRD T A 77 Z W T, Theorem 26 £ [[ USMFD T
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BRI NTWAHEGRNIE OO TIEARWAEES, FEO VALV PHEZBITLY
ERLRIEREED BT 5720121, big CM RO EZFEL S EFd 5 Z 223K
HRTHS D,

ROMBEZEEGEBDOLGENRIERTD 5,

Problem 28. (R,m) — (S, n) 560+ — X — RSO /RN E 35, 0D
& . big CM R-REB(R) & big CM S-fRE B(S) T, MOKAZ AT 5D
FFETDTHAIN?
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1. INTRODUCTION

This article is based on the works jointly with Shiro Goto, Ryo Takahashi, Naoyuki
Matsuoka, and Ken-ichi Yoshida ([8, 9, 10, 11, 15]).

There are known numerous examples of Cohen-Macaulay rings and among the
progress of the theory of Cohen-Macaulay rings, we often encounter non-Gorenstein
Cohen-Macaulay rings in the field of not only commutative algebra, but also algebraic
geometry, representation theory, invariant theory, and combinatorics. On all such occa-
sions, we have a natural query of why there are so many Cohen-Macaulay rings which
are not Gorenstein.

The goal of this research is to find a new class of Cohen-Macaulay rings, which may
not be Gorenstein, but sufficiently good next to the Gorenstein rings. One of the
candidates for such a class is almost Gorenstein rings, which was originally studied by
V. Barucci and R. Fréberg [2] in 1997. One can refer to [2] for a beautiful theory of
almost symmetric numerical semigroups. Nevertheless, since the notion given by [2] was
not flexible for the analysis of analytically ramified case, in 2013 S. Goto, N. Matsuoka
and T. T. Phuong [7] extended the notion over one-dimensional Cohen-Macaulay local
rings, using the first Hilbert coefficients of canonical ideals. More recently, in 2015 S.
Goto, R. Takahashi and the author [15] finally gave the definition of almost Gorenstein
graded/local rings of higher dimension.

Let us start on the definition of almost Gorenstein ring in the sense of [15].

The author was partially supported by JSPS Grant-in-Aid for Scientific Research 26400054.
1



2 NAOKI TANIGUCHI

Definition 1.1. Let R be a Noetherian local ring with maximal ideal m. Then R is
said to be an almost Gorenstein local ring, if the following conditions are satisfied.

(1) R is a Cohen-Macaulay local ring, which possesses the canonical module Kz and
(2) there exists an exact sequence

0—-R—->Kr—>C—=0
of R-modules such that pur(C) = €2(C).

Here ugr(C) denotes the number of elements in a minimal system of generators for C,

. LR(C/m L0
0 . R

(€)= Jim @)
is the multiplicity of C' with respect to m, and d = dim R.

Notice that every Gorenstein local ring is almost Gorenstein (take C' = (0)) and the
converse is also true, if R is Artinian. In the exact sequence quoted in Definition 1.1
(2), if C' # (0), then C' is a Cohen-Macaulay R-module with dimgrC' = d — 1 and one
has the equality

mc = (f2af3> .. 'afd)c

for some elements fs, fs, ..., fo € m, provided the residue class field R/m of R is infinite.
Hence C' is a mazimally generated Cohen-Macaulay R-module in the sense of [3], which
is called in the present article an Ulrich R-module. Roughly speaking, Definition 1.1
requires that if R is an almost Gorenstein local ring, then R might be a non-Gorenstein
local ring but the ring R can be embedded into its canonical module Ky so that the
difference Kg/R should be tame and well-behaved.

In the case where d = 1, if R is an almost Gorenstein local ring, then mC' = (0) and
R is an almost Gorenstein local ring exactly in the sense of [7, Definition 3.1]. The
converse is also true, if R/m is infinite. We will later show that many results of [7] of
dimension one are extendable over higher-dimensional local rings, which supports the
appropriateness of our definition.

In what follows, unless otherwise specified, let R denote a Noetherian local ring with
maximal ideal m. For each finitely generated R-module M, let pug(M) (resp. ¢r(M))
denote the number of elements in a minimal system of generators for M (resp. the
length of M). We denote by €% (M) the multiplicity of M with respect to m.

2. SURVEY ON ONE-DIMENSIONAL ALMOST (GORENSTEIN RINGS

Throughout this section, let R be a Cohen-Macaulay local ring with maximal ideal
m and dim R = 1. Let Ky stand for the canonical module of R. Then an ideal I of R
is called canonical, if I # R and I = Kp as an R-module. Notice that this definition
implicitly assume the existence of the canonical module. By the result [16, Satz 6.21]
of J. Herzog and E. Kunz, R possesses a canonical ideal if and only if the total ring of
fractions Q(ﬁ) of R is Gorenstein, where we denote by R the m-adic completion of R.
Hence the ring R contains a canonical ideal I if it is analytically unramified. Since [
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is faithful and dim R = 1, I is an m-primary ideal of R. Therefore there exist integers
eo(/) > 0 and e, (/) such that

tatr/r+) =) ("7 et

for all integers n > 0. The integers e;(1)’s are called the Hilbert coefficients of R with
respect to I. These integers describe the complexity of given local rings, and there are
a huge number of preceding researches about them, e.g., [5, 6, 7, 12, 13]. In particular,
the integer eg(I) > 0 is called the multiplicity of R with respect to I and has been
explored very intensively.

Let r(R) stand for the Cohen-Macaulay type of R ([16, Definition 1.20]). Then the
almost Gorenstein ring is defined as follows.

Definition 2.1 ([7]). We say that R is an almost Gorenstein local ring, if R possesses
a canonical ideal I of R such that e;(I) < r(R).

Remember that if R is Gorenstein, then any parameter ideal ) of R is canonical and
hence €;(Q) < r(R) = 1, which implies that every Gorenstein local ring is an almost
Gorenstien ring.

We now assume that I contains a parameter ideal @) = (a) as a reduction, namely
I™ = QI" for some integer r > 0. Note that this assumption is automatically satisfied,
if the residue class field R/m of R is infinite. We set

K:£:{§\er}QQ(R).

a
Notice that K is a fractional ideal of R such that

RCKCR and K 2 Kg

where R denotes the integral closure of R in Q(R). Then the result [7, Theorem 3.11]
says that R is an almost Gorenstein ring if and only if mK C R, or equivalently
m/ = mQ). The latter condition is the original definition of almost Gorenstein ring in
the sense of [2]. Therefore if R is analytically unramified, that is R is reduced, then
the these two definitions of almost Gorenstein ring coincides, provided the residue class
field R/m of R is infinite.

Before entering the higher dimensional case, let us give examples of almost Gorenstein
local rings of dimension one.

Example 2.2. Let k& be an infinite field. The following are almost Gorenstein rings.
(1) K[, 4, 2]
2) k[[ta, ot .. 23 4207 (g > 4)
) KX, Y, Z]] /(X Y)n (Y, Z)N(Z,X)
) K[[X,Y,Z, U, V,W]]|/I, where
I = (X3-2Z2Y2-ZX)+ (U, V,W)?
+ (YU—XV,ZU—XW,ZU—YV,ZV—YVV,X2U—ZW).

(
(3
(4



4 NAOKI TANIGUCHI

3. ALMOST (GORENSTEIN LOCAL RINGS OF HIGHER DIMENSION

In this section we summarize some basic results on almost Gorenstein rings of arbi-
trary dimension. Almost all the results are proved in [15].

In what follows, let (R, m) be a Cohen-Macaulay local ring with d = dim R possessing
the canonical module Kg. For simplicity we assume that the residue class field R/m of
R is infinite.

Definition 3.1 ([15]). We say that R is an almost Gorenstein local ring, if there exists
an exact sequence
0—>R—>Kr—>C—0

of R-modules such that pr(C) = €2 (C), where ur(C) (resp. €%(C)) stands for the
number of elements in a minimal system of generators for C' (resp. the multiplicity of

C' with respect to m).

We look at an exact sequence
0—-R—->Kr—-C—0

of R-modules. Here we do not need to assume that R is almost Gorenstein. If C' # (0),
then C' is a Cohen-Macaulay R-module of dimension d — 1. Set R = R/[(0) :x C] and
let m denote the maximal ideal of R. Choose elements fi, fa, ..., fa_1 € m such that
(f1, fa» ..., fa_1)R forms a minimal reduction of m. Then we have

en(C) = ex(C) = (r(C/(fi, for -+ fa-1)C) 2 Lr(C/mC) = pp(C).
Therefore € (C') > ur(C) and we say that C' is an Ulrich R-module if €2 (C) = ur(C),

since C is a maximally generated mazimal Cohen-Macaulay R-module in the sense of
B. Ulrich ([3]). Thus C' is an Ulrich R-module if and only if

mC’ = (fl, fg, ey fd,l)C.

Therefore if dim R = 1, then the Ulrich property for C' is equivalent to saying that
C' is a vector space over R/m. Therefore we have the following, which ensures that
Definition 3.1 is a natural generalization of the definition of almost Gorenstein rings
given by S. Goto, N. Matsuoka, and T. T. Phuong [7].

Remark 3.2. Let (R, m) be a one-dimensional Cohen-Macaulay local ring. Then the
following conditions are equivalent.

(1) R is an almost Gorenstein local ring in the sense of Definition 3.1
(2) R is an almost Gorenstein local ring in the sense of [7, Definition 3.1].

One can construct many examples of almost Gorenstein rings of higher dimen-
sion. The significant examples of almost Gorenstein rings are one-dimensional Cohen-
Macaulay local rings of finite Cohen-Macaulay representation type and two-dimensional
rational singularity. Therefore every two-dimensional finite Cohen-Macaulay represen-
tation type is almost Gorenstein. Furthermore, for all the known examples of finite
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Cohen-Macaulay representation type are almost Gorenstein. Thus, it might be true
that for any finite Cohen-Macaulay representation type is almost Gorenstein for arbi-
trary dimension, which we leave as an open question.

Let us recall the fundamental results on almost Gorenstein rings. We begin with the
following, which is called non-zerodivisor characterization.

Theorem 3.3. Let f € m and assume that f is R-reqular.

(1) If R/(f) is an almost Gorenstein local ring, then R is an almost Gorenstein local
ring. Moreover if R is not a Gorenstein ring, then f & m2.

(2) Conversely, suppose that R is a non-Gorenstein almost Gorenstein local ring. Con-
sider the exact sequence

0—-R—->Kr—>C—=0

of R-modules such that pur(C) = e2(C). If f is superficial for C with respect to m
and d > 2, then R/(f) is an almost Gorenstein local ring.

Proof. We set R = R/(f). Remember that K/fKgr = K5, since f is R-regular.
(1) We take an exact sequence

05R -5 Kg—=D—0

of R-modules so that D is an Ulrich R-module of dimension d — 2. Let ¢ € K such
that 1(1) = &, where £ denotes the image of ¢ in K = Kz/fKgr. We now consider the
exact sequence
R Kr—C—0

of R-modules with (1) = &. Then, because ¢ = R ®g ¢, we get D = C/fC, whence
dimp C' < d, because dimg D = d — 2. Consequently, the homomorphism ¢ must be
injective, and hence C' is a Cohen-Macaulay R-module of dimension d — 1. Therefore,
f is C-regular, so that C' is an Ulrich R-module and f ¢ m?. Hence R is almost
Gorenstein.

(2) Notice that f is a C-regular element, because f is superficial for C' with respect
to m and dimgr C' = d — 1 > 0. Therefore the exact sequence 0 - R — Kz — C — 0
gives rise to the exact sequence of R-modules

0= R—Kz— C/fC =0
where C'//fC' is an Ulrich R-module. Hence R is an almost Gorenstein local ring. [
We apply Theorem 3.3 (1) to get the following.

Corollary 3.4. Suppose that d > 0. If R/(f) is an almost Gorenstein local ring for
every non-zerodivisor [ € m, then R is a Gorenstein local ring.

Let us note one example of almost Gorenstein local rings.
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Example 3.5 (cf. [18]). Let S = k[[X1, Xo,..., X,,, Y1, Yo, ..., Y,]] (n > 2) be the
formal power series ring over a field k and put
R = S/1,(M)

where I,(M) denotes the ideal of S generated by 2 x 2 minors of the matrix
M= (350 3)
Then R is an almost Gorenstein local ring with dim R =n + 1 and r(R) =n — 1.

Proof. 1t is well-known that R is a Cohen-Macaulay normal local ring with dim R = n+1
and r(R) = n — 1. The sequence {X; — Y;_1}1<i<n (here Yy =Y, for convention) forms
a regular sequence in R and

where
N= (AR

Then T is a Cohen-Macaulay local ring with dim7 = 1, such that n? = z;n and Ky &

(1,22, ...,2,_1), where n stands for the maximal ideal of T and z; denotes the image of
X; in T. Hence T is an almost Gorenstein local ring, because n(x1, za, ..., 2,_1) C (271).
Thus R is an almost Gorenstein local ring by Theorem 3.3 (1). i

We are now interested in the question of how the almost Gorenstein property is
inherited under flat local homomorphisms of Noetherian local rings. Let us begin with
the following.

Theorem 3.6. Let (S,n) be a Noetherian local ring and let ¢ : R — S be a flat local
homomorphism such that S/mS is a regular local ring. Then R is an almost Gorenstein
local ring if and only if so is S.

Proof. Suppose that R is an almost Gorenstein local ring and consider an exact sequence
0—>R—>Kr—>C—0

of R-modules such that pur(C) = &% (C). If C = (0), then R is a Gorenstein ring, so
is S. Suppose C' # (0). Then S ®g C' is an Ulrich S-module, because C' is an Ulrich
R-module. Note that Kg = S @ Kg as S-modules, since S/mS is a Gorenstein local
ring. Thus S is almost Gorenstein, thanks to the exact sequence of S-modules

0—-S5S—>Ksg—S®rC —0.

Suppose now that S is an almost Gorenstein local ring. Let n = dim S/mS. We have
to show that R is an almost Gorenstein local ring. Assume the contrary and choose
a counterexample S so that dimS = n + d is as small as possible. Then S is not a
Gorenstein ring, so that dim.S =n +d > 0. We take an exact sequence

0—-S—-Kg—D—=0
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of S-modules with pg(D) = €2(D). Suppose n > 0. If d > 0, then choose an element
g € nso that ¢ is superficial for D with respect to n and g is a part of a regular system
of parameters of S/mS, where § denotes the image of g in S/mS. Then g is S-regular
and the composite homomorphism R % S — S /¢S is flat. Therefore the minimality
of n 4 d forces R to be an almost Gorenstein local ring, because S/gS is an almost
Gorenstein local ring by Theorem 3.3 (2). Thus d = 0 and p = mS is a minimal prime
ideal of S. Hence the induced flat local homomorphism R % S — Sy shows that R is
a Gorenstein ring, because S, is a Gorenstein ring. Thus n = 0 and n = mS.

Suppose now that d > 2. Then because n = mS, we may choose an element f € m so
that fis R-regular and ¢(f) is superficial for D with respect to n. Then by Theorem 3.3
(2) S/fS is an almost Gorenstein local ring, while the homomorphism R/fR—S/fS is
flat. Consequently, R/fR is an almost Gorenstein local ring, so that by Theorem 3.3
(1) R is an almost Gorenstein local ring.

Thus d = 1 and n = mS, so that R is an almost Gorenstein local ring by [7, Propo-
sition 3.3], which is the required contradiction. O

The following plays an important role when we consider the almost Gorenstein prop-
erty of the Rees algebras.

Lemma 3.7. Let R be an almost Gorenstein local ring and choose an exact sequence
0>>R-S5Kp—>C—0

of R-modules such that ur(C) = €2 (C). If p(1) € mKg, then R is a reqular local ring.
Therefore ur(C) = r(R) — 1, provided R is not reqular.

Proof. Suppose ¢(1) € mKg. Then C' # (0) and therefore d > 0. Assume d = 1. Then
Q(R) is a Gorenstein ring. Therefore we get an exact sequence

0R-5ST50C=0

of R-modules with (1) € mI, where I (C R) is an ideal of R such that I = Kg as
an R-module. Let a = ¢(1). Then mI = (a), because mC = (0) and a € mI. Hence
R is a discrete valuation ring. Let d > 1 and assume that our assertion holds true for
d—1. Let f € m be a non-zerodivisor of R such that f is superficial for C' with respect
tom. We set R = R/(f) and C = C/fC. Then by Theorem 3.3 (2) R is an almost

Gorenstein local ring with the exact sequence
05R-5Kp—C—0
of R-modules, where p = R®p ¢ and Kz = K/ fKg. Therefore, because (1) € mKg,

the induction argument on d shows R is regular and hence so is R.
The second assertion follows from the fact that

#r(C) = pr(Kp) — 1 =1(R) — 1
since p(1) € mKg. O
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When R contains a prime ideal p such that R/p is a regular local ring of dimension
d — 1, we have the following characterization for A = R x p to be an almost Gorenstein
local ring, which is a generalization of [7, Theorem 6.5].

Theorem 3.8. Suppose that d = dim R > 0. Let p € SpecR and suppose that R/p is a
reqular local ring of dimension d — 1. Then the following conditions are equivalent.

(1) A= R x p is an almost Gorenstein local ring.
(2) R is an almost Gorenstein local ring.

The following example extends [7, Example 6.10].

Example 3.9. Suppose that R is a Gorenstein local ring of positive dimension. Let
p € SpecR and assume that R/p is a regular local ring of dimension d — 1. We set
A = R x p. Then, thanks to Theorem 3.8, A is an almost Gorenstein local ring.
Therefore because p X p € Spec A with A/[p X p] = R/p, setting

R (n=0) p (n=0)
R, = ’ Pn = )
Rn,1 X Pp—1 (n > O) Pr—1 X Pp_1 (n > 0)

we get an infinite family { R, },>¢ of almost Gorenstein local rings. Note that R, is not
a Gorenstein ring, if n > 2 (see [7, Lemma 6.6]).

Example 3.10. Let k be an infinite field and S = k[[X,Y, Z, U, V, W]] a formal power
series ring over k. Set

A=k[X,Y,Z, UV, WI||/I
where
I=(X*-Z°Y*—ZX)+ (U, VW) + (YU = XV, ZU — XW, ZU —= YV, ZV — YW, XU — ZW).
Then it is routine to check that the isomorphism
A Rt 0,19 x (¢4, 10, 1°)
and hence A is an almost Gorenstein local ring.

Let us note a characterization of almost Gorenstein property in terms of canonical
ideals, which is a generalization of [7, Theorem 3.11].

Theorem 3.11. Suppose that d = dim R > 0 and Q(R) is a Gorenstein ring. Let
I (€ R) be an ideal of R such that [ =2 Kg. Then the following conditions are equivalent.

(1) R is an almost Gorenstein local ring.
(2) R contains a parameter ideal Q = (f1, fa, ..., fa) such that fi € I and m({ +
Q) = mQ.
When this is the case, if d > 2 and R is not a Gorenstein ring, we have the following,
where J =1+ Q.

(a) redg(J) = 2.
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(b) La(R/J™") = Lr(R/Q)-("}") — x(R)-("4%1") + ("457) for Vn > 0.
Hence e1(J) =r(R).

(¢) Let G = gr;(R). Then fa, fs,..., fa is a super-reqular sequence with respect to
J and depthG =d — 1.

Theorem 3.12 (S. Goto). Suppose that R is a non-Gorenstein almost Gorenstein local
ring with dim R > 1. Let M be a finitely generated R-module. If

Extiy(M, R) = (0)
for all i >0, then pdpM < co.

As a direct consequence of Theorem 3.12, we have the following.

Corollary 3.13. Suppose that R is an almost Gorenstein local ring with dim R > 1. If
R is not a Gorenstein ring, then R is G-reqular in the sense of [17], that is
Gdimg M = pdy;M

for every finitely generated R-module M.

4. SEMI-GORENSTEIN LOCAL RINGS

In this section we maintain the notation as in Section 3. Let F = {I,, },z denote a
filtration of ideals of R such that Iy = R, I; # R. We now consider the R-algebras

R=> Lt"CRt, R'=Y Lt"CR[tt"], and G=R/t"'R
n>0 neL
associated to F, where t is an indeterminate. Notice that R’ = R[t™!] and that G =

®n>0ln/In1. Let N denote the graded maximal ideal of R'.
Let us begin with the following.

Theorem 4.1. Suppose that R is a Noetherian ring. If Gy is an almost Gorenstein
local ring and r(Gn) < 2, then R is an almost Gorenstein local ring.

Proof. We may assume r(Gy) = 2. Since R'y is an almost Gorenstein local ring with
r(R'n) = 2, we have

0—=Rny—=>Kgry—=>C—0
where C' is isomorphic to a regular local ring of dimension d. Let p = mR[t,¢™!] and set
P=pNR'. Then P C N, so that R[t,t~!], is an almost Gorenstein local ring, because

Rlt,t™"], =R'p = (R'N)Prry-
Hence R is an almost Gorenstein local ring, since R — R[t,t™'] — R[t,t ], is a flat

homomorphism. O

Example 4.2 (Barucci-Dobbs-Fontana). Let R = k[[z*, 2% + 27, 2'°]] C V, where
V' = k[[z]] denotes the formal power series ring over an infinite field k& of chk # 2.
Let H = {v(a) | 0 # a € R} be the value semigroup of R. We consider the filtration
F ={(2V)" N R},ez of ideals of R. We then have the following.
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(1) H = (4,6,11,13).
(2) G = K[z, 25 2! 23] (C k[z]) and G is an almost Gorenstein local ring with
I‘(GN) =3

(3) R is not an almost Gorenstein local ring and r(R) = 2.

Therefore (R'n)prs, is not an almost Gorenstein local ring. Hence local rings R, (p €
SpecR) of an almost Gorenstein local ring R are not necessarily almost Gorenstein in
general. Now we deal with the special class of almost Gorenstein rings which preserves
under localization.

Definition 4.3. We say that R is a semi-Gorenstein local ring, if R is an almost
Gorenstein local ring which possesses an exact sequence

0—-R—-Kr—=C—0
such that either C' = (0), or C is an Ulrich R-module and C' = @&¢_,C; for some cyclic
R-submodule C; of C.

Hence every Gorenstein local ring is a semi-Gorenstein local ring and every one-
dimensional almost Gorenstein local ring is semi-Gorenstein, since mC = (0). We
notice that in exact sequence of Definition 4.3, if C' # (0), then each C; is a cyclic
Ulrich R-module of dimension d — 1, whence

Ci = R/p;

for some prime ideal p; of R such that R/p; is a regular local ring of dimension d — 1.
We note the following.

Proposition 4.4. Let R be a semi-Gorenstein local ring. Then R, is semi-Gorenstein

for ¥p € SpecR.

Proof. We may assume that R is not a Gorenstein ring. Choose an exact sequence
0—-R—>Kr—>C—=0

of R-modules which satisfies the condition as in Definition 4.3. Hence C' = ®!_, R/p;,
where for each 1 < i < ¢, p; € SpecR and R/p; is a regular local ring of dimension
d—1. Let p € SpecR. Then since Kg, = (Kg),, we get an exact sequence

0— Ry, = Kg, - C, —0
of Ry,-modules, where C, = @®y,cpR,/p; Ry is a direct sum of finite cyclic Ulrich R,-
modules R, /p;R,, so that by definition the local ring R, is semi-Gorenstein. U

Let us now consider a characterization of semi-Gorenstein local rings in terms of their
minimal free resolutions, which is a natural generalization of [7, Corollary 4.2].

Theorem 4.5. Let (S,n) be a regular local ring and a C S an ideal of S with n = htga.
Let R = S/a. Then the following conditions are equivalent.

(1) R is a semi-Gorenstein local ring but not a Gorenstein ring.
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(2) R is Cohen-Macaulay, n > 2, r =r(R) > 2, and R has a minimal S-free resolution
of the form:

O—>Fn:S’"M>Fn_1:Sq—>Fn_2—>---—>F1—>F0:S—>R—>0

where
Yo1Y22 - -~ Y20  Y31Ys2 - Yse - YriYr2- " Yre 212277 Zm
L9129 - Loy O 0 0 0
‘M = 0 3132+ T3 0O 0 0 7
0 0 0 L1y ** Ty O,

C=n+1,¢q> (=100 m=q—(r—1)¢, and x;1,2,..., Ty is a part of a reqular
system of parameters of S for every 2 <1i <r.

When this is the case, one has the equality
a= (21,2, ..., 2m) + Y L (¥lyzo by,
i=2
where 15(N) denotes the ideal of S generated by 2 x 2 minors of the submatric N =
(% 4 - i) of ML
We explore one example.

Example 4.6. Let V' = k[[t]] be the formal power series ring over an infinite field k
and set R = k[[t5,°,¢7,¢%]]. Let S = Kk[[X,Y,Z,W]] be the formal power series ring
and let ¢ : S — R be the k-algebra map defined by

p(X) =1, p(Y)=1° p(Z) =t", and o(W)=1".
Then R has a minimal S-free resolution of the form

0-52Mg6 v 55 9 R0,

where

MV = (W X2 XY YZY?-XZ ZQ—XW)
XYy z W 0 0 :

Hence R is a semi-Gorenstein local ring with r(R) = 2 and

Kerp = (Y?> = XZ,2° - XW)+ 1, (WX Xy vz,

5. ALMOST GORENSTEIN GRADED RINGS

Let us now discuss the graded ring. Let R = @nZO R, be a Cohen-Macaulay graded
ring and assume that Ry is a local ring and there exists the graded canonical module
Kg. Let a = a(R) be an a-invariant of R.
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Definition 5.1. Then R is called an almost Gorenstein graded ring, if there exists an
exact sequence
0—>R—Kg(—a) > C—0

of graded R-modules such that pr(C) = e3;(C'), where 91 is the unique graded maximal
ideal of R. Remember that Kg(—a) stands for the graded R-module whose underlying
R-module is the same as that of Kg and whose grading is given by [Kg(—a)], = [Kgr]n—a
for all n € Z.

Note that Gorenstein graded ring is by definition an almost Gorenstein graded ring.
If R is an almost Gorenstein graded ring, then the local ring Ryy is an almost Gorenstein
local ring. Unfortunately, the converse is not true in general.

Example 5.2. Let U = kls, t] be the polynomial ring over an infinite field k& and look
at the subring R = k[s, s, %2, s3%3] C U. Let S = k[X,Y,Z, W] be the weighted
polynomial ring such that

deg X =1, degY =4, degZ =5, and degW = 6.
Let ¢ : S — R be the k-algebra map defined by
W(X) =5, $(Y) = %, $(Z) = $*2, and H(W) = .
3

Then Kery = Iy ()§, Y VZV) and R has a graded minimal S-free resolution

3y
0— S(—13) ® S(—14) M (—10) B S(—9) @ §(—8) Lr2283) g ¥ p 4
where Ay = 22 YW, Ay = X*W — Y Z, and A; = Y2 — x*Z. Therefore, because Kg = S(—16),
we get
<X3 Y Z)
(1) S(—6) ® S(—=7) ® S(—8) ~X 22 §(—3) ® S(—2) S Kz — 0.
Hence a(R) = —2. Let £ = £((;))) € [Kr]s and we have
0= RS Kp(3) = S/(Y,Z,W)(1) =0

where (1) = £. Hence Ry, is a semi-Gorenstein local ring,.
On the other hand, by (£) we get [Kz]o = kn # (0), where n = ¢((})). Hence if R is
an almost Gorenstein graded ring, we must have
pr(Kr/Rn) = e} (Kr/Rn)
which is impossible, because Kr/Rn = [S/(X3,Y, Z)](—3).

We explore the almost Gorenstein property of the homogeneous ring.

Theorem 5.3. Let R = k[Ry| be a Cohen-Macaulay homogeneous ring with d =
dim R > 1. Suppose that k is an infinite field and R is not a Gorenstein ring. Then
the following conditions are equivalent.

(1) R is an almost Gorenstein graded ring and level.
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(2) Q(R) is a Gorenstein ring and a(R) =1 — d.

Let us consider a few examples.

Example 5.4 (cf. [18]). Let S =k[X;; |1 <i<m,1 <j<n](2<m<n)be the
polynomial ring over an infinite field £ and put

R = S/1(X)

where 2 <t <m, X = [Xj;]. Then R is an almost Gorenstein graded ring if and only
if either m =n, or m #n and t =m = 2.

Example 5.5. Let R = k[X, X, ..., X4] (d > 1) be a polynomial ring over an infinite
field k. Let n > 1 be an integer. Then the following assertions are hold.
(1) R™ = k[R,] is an almost Gorenstein graded ring, if d < 2.
(2) Suppose that d > 3. Then R™ is an almost Gorenstein graded ring if and only
if either n | d, or d =3 and n = 2.

6. TWO-DIMENSIONAL RATIONAL SINGULARITIES

Let (R,m) denote a Cohen-Macaulay local ring of dimension d > 0, admitting the
canonical module K. We assume that R/m is infinite. Let v(R) = pur(m) and e(R) =
e (R). We denote by

G =gr, (R) = 69111”/111’”rl
the associated graded ring of m and put 9t = GG,.. The purpose of this section is mainly
to study the question of when G is an almost Gorenstein graded ring. Remember that
v(R) = e(R)+d—1 if and only if m?> = Qm for some (and hence any) minimal reduction
@ of m. When this is the case, G is a Cohen-Macaulay ring and a(G) = 1 — d, provided
R is not a regular local ring.
The answer for the above question is stated as follows.

Theorem 6.1. The following assertions hold true.

(1) Suppose that R is an almost Gorenstein local ring with v(R) = e(R) +d — 1. Then
G is an almost Gorenstein level graded ring.

(2) Suppose that G is an almost Gorenstein level graded ring. Then R is an almost
Gorenstein local ring.

Proof. We only prove the assertion (1). We may assume that R is not a Gorenstein
local ring. Hence d > 0 and a(G) = 1 —d. We will show that G is an almost Gorenstein
graded ring by induction on d. First we consider the case d = 1. Let R denote the
integral closure of R in Q(R). Choose an R-submodule K of R so that R C K C R and
K = Kg as an R-module. We have mK C R by [7, Theorem 3.11] as R is an almost
Gorenstein local ring. Hence mK = m, and m"K = m” for alln > 1. Let C = K/R
and consider the m-adic filtrations of R, K, and C'. We then have the exact sequence

(%) 0= G —gr (K)—gr,(C)—0
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of graded G-modules induced from the canonical exact sequence
0O—+R—-K—=C—=0

of filtered R-modules. Note that gr,(C) = [gr,,(C)]o. By the exact sequence (f), G is
an almost Gorenstein graded ring, because gr,,(K) = Kg as a graded G-module.
Suppose that d > 1 and that our assertion holds true for d — 1. Let

0—-R—>Kr—>C—=0

be an exact sequence of R-modules such that pr(C) = &% (C). We take a € m so that a
is a part of a minimal reduction of m and a is superficial for C' with respect to m. Let
f =a (€ m/m?) denote the image of a in G = gr,(R). We then have

G/fG = gra(R/(a))
and v(R/(a)) = e(R/(a)) + d — 2. By the induction argument, G/fG is an almost
Gorenstein graded ring, because R/(a) is an almost Gorenstein local ring. Choose an
exact sequence
0— G/fG—)K(;/fG'(d—Q) - X =0
of graded G/ fG-modules so that g/ ra(X) = e?G/fG]+(X). Recall that K¢/ pq(d —2) =
Kg/ske(d —1) as a graded G-module and we get an exact sequence
0-G—-Kgd=—1)—Y =0

of graded G-modules such that ug(Y) = eJ,(Y). Consequently G is an almost Goren-
stein graded ring. O

In the case where R has a minimal multiplicity, the almost Gorenstein property of R
is equivalent to the Gorenstein property of Q(G).

Corollary 6.2. Suppose that v(R) = e(R) +d — 1. Then the following are equivalent.

(1) R is an almost Gorenstein local ring,
(2) G is an almost Gorenstein graded ring,
(3) Q(G) is a Gorenstein ring.

We say that m is a normal ideal, if m™ is an integrally closed ideal for every n > 1.

Corollary 6.3. Suppose that v(R) = e(R) +d — 1 and that R is a normal ring. If m
1s a normal ideal, then R is an almost Gorenstein local ring.

Proof. Let R’ = R'(m) = R[mt,t™!] be the extended Rees algebra of m, where ¢ is an
indeterminate. Then R’ is a normal ring, because R is a normal local ring and m is a
normal ideal. Hence the total ring of fractions of G = R’/t" 'R’ is a Gorenstein ring,
so that R is almost Gorenstein by Corollary 6.2. O

The following is a direct consequence of Corollary 6.3.

Corollary 6.4. Fvery 2-dimensional rational singularity is an almost Gorenstein local
TIng.
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By the result of M. Auslander [1], every two-dimensional Cohen-Macaulay complete
local ring R of finite Cohen-Macaulay representation type is a rational singularity,
provided R contains a field of characteristic 0. Hence we get the following.

Corollary 6.5. Every two-dimensional Cohen-Macaulay complete local ring R of finite
Cohen-Macaulay representation type is an almost Gorenstein local ring, provided R
contains a field of characteristic 0.

7. ALMOST GORENSTEIN REES ALGEBRAS

In this section we study the problem of when the Rees algebras of ideals and modules
over two-dimensional regular local rings are almost Gorenstein graded rings.

Let (R, m) be a Gorenstein local ring with dim R = 2 and let I C R be an m-primary
ideal of R. Assume that I contains a parameter ideal Q = (a, b) of R such that I* = Q1.
Weset J=Q : 1. Let

R = R[It] C R[t] and T = R[Qt] C RJt],

where ¢ stands for an indeterminate over R. Notice that the Rees algebra R of [ is a
Cohen-Macaulay ring with a(R) = —1 and

R=T+T-It

while the Rees algebra T" of () is a Gorenstein ring of dimension 3 and a(7") = —1. Hence
K7(1) 2 T as a graded T-module, where K7 denotes the graded canonical module of
T.

Let us begin with the following, which is a special case of [19, Theorem 2.7 (a)].
Lemma 7.1. Kg(1) = JR as a graded R-module.

Proof. Since R is a module-finite extension of T, we get
Kgr(1) = Homp(R,Kr)(1) = Homp(R,T) =T :r R
as graded R-modules, where F' = Q(T") = Q(R) is the total ring of fractions. Therefore
T r R=T:p It
because R =T + T-It. Since Q" N [Q™! : I] = Q"[Q : I] for every n > 0, we have
T :p It =JT.

Hence T :p R = JT, so that JT = JR. Thus Kzx(1) = JR as a graded R-module. [
Corollary 7.2. Suppose that R is a normal ring. Then J = Q : I is integrally closed.

Proof. Since Kg(1) =2 JR, JR is unmixed and of height one. Therefore JR is integrally
closed in R, whence J is integrally closed in R, because J C JR. O

The following is the key in our argument.

Theorem 7.3. The following conditions are equivalent.
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(1) R is a strongly almost Gorenstein graded ring, namely there exists an exact
sequence

0—>R—>Kg(l) =C—=0
such that MC = (§,n)C for some homogeneous elements £,n € M.
(2) There exist elements f € m, g € I, and h € J such that

IJ=gJ+1h andmJ = fJ+mh

When this is the case, R is an almost Gorenstein graded ring.

Proof. (2) = (1) Notice that M-JR C (f,gt)-JR + Rh, since IJ = gJ + Ih and
mJ = fJ + mh. Consider the exact sequence

R JR—-C—0

of graded R-modules where ¢(1) = h. We then have MC = (f,gt)C, so that
dimg,, Cor < 2. Hence by [15, Lemma 3.1] the homomorphism ¢ is injective and
R is an almost Gorenstein graded ring.

(1) = (2) We may assume that R is not a Gorenstein ring and consider the exact

sequence
0=R-ZSJR—-C—=0

of graded R-modules with C' # (0) and MC = (£, n)C for some homogeneous elements
&,n of M. Hence Ryy is an almost Gorenstein local ring. We set h = (1) € J,
m = deg&, and n = degn. Hence C' = JR/Rh. Remember that h ¢ mJ, since Roy
is not a regular local ring. If min{m,n} > 0, then MC C R, C, whence mCj = (0).
Therefore mJ C (h), so that we have J = (h) = R. Thus Rh = JR and R is a
Gorenstein ring, which is impossible. Assume m = 0. If n = 0, then 91C = mC since
&,m € m, so that
01 Q R+Co Q mC

and therefore C; = (0). Hence I.J = Ih which shows (h) is a reduction of J, so that
(h) = R = J. Therefore R is a Gorenstein ring, which is impossible. If n > 2, then
because

M-JR C IR +n-JR + Rh,
we get IJ C &1J + Ih, whence IJ = [h. This is impossible as we have shown above.
Hence n = 1. Let us write n = gt with g € I and take f = £. We then have

M-JR C (f,gt)-JR + Rh,
whence mJ C fJ+ Rh. Because h & mJ, we get mJ C fJ+mh, so that mJ = fJ+mh,
while IJ = gJ + Ih, because IJ C fIJ + gJ + Ih. This completes the proof. O

We are now in a position to prove the following.

Theorem 7.4. Let (R, m) be a two-dimensional reqular local ring with infinite residue
class field and I an m-primary integrally closed ideal in R. Then the Rees algebra R of
I is an almost Gorenstein graded ring.
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Proof. We choose a parameter ideal Q of R so that Q C I and I? = QI, whence the Rees
algebra R = R(I) is a Cohen-Macaulay ring. Because R is a normal ring, J = @ :
is also an integrally closed ideal in R. Consequently, choosing three elements f € m,
g € I,and h € J so that f, h are a joint reduction of m, J and g, h are a joint reduction
of I,J, we readily get by the equalities

mJ=fJ+mg and IJ=gJ+ Ih
by the result of J. Verma. Hence R = R(I) is an almost Gorenstein graded ring. O

As a direct consequence we have the following.

Corollary 7.5. Let (R,m) be a two-dimensional reqular local ring with infinite residue
class field. Then R(m®) is an almost Gorenstein graded ring for every integer £ > 0.

Closing this article, let us explore the question of when the Rees algebras of socle
ideals are almost Gorenstein graded rings. Let (R, m) be a regular local ring with
d = dim R > 2 possessing an infinite residue class field R/m of R. Let () be a parameter
ideal of R such that @) # m. We set

I=0Q:m

the socle ideal of Q.
With this notation, we have the following.

Theorem 7.6. Suppose that d > 3. Then the Rees algebra R(I) of I is an almost
Gorenstein graded ring if and only if either [ =m, ord = 3 and I = (x) +m? for some
r€m\m?

For each ideal I of R, we set
o(I)=sup{n >0 |1 Cm"}.

Theorem 7.7. Suppose that d = 2. Then the Rees algebra R(I) of I is an almost
Gorenstein graded ring if and only if o(Q) < 2.
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& Solberg [3] 1, AR D K5 w5k 2B AL 7=
T 1. ([3]) ARRIT k-2 iR A DAERSM: (Fg) (BAF, BIZ (Fg) & L5l d) 21k
TEIE, ADFY RV IFRED Y —ERHH (A) DIRENT EEH 2% 508 H BMFIEL,
XD 25 (Fel), (Fg2) 273 2 L Th b:

(Fgl) H, H® = HHO(A)(= Z(A) : ADHD) &4 it — 2 —BTh 5.

(Fg2) A® Ext %tk

E(A) := Ext} (A/rad A, A/rad A) = @D Ext) (A/rad A, A/rad A)

i>0
TERER H-IMFETH 5.

ZIZT, ADAYAVIL N IRED Y —BHI(A) &1, WA &% r

HH*(A) := Ext}.(A, A) = @D Exti. (A, A)

>0

ZWD . 722U, AR ADTERE ITLER A @) AP Z2KT
BIZIE, Kk EOBRBEOHEREG X (Fe) 27T 2 eronT WS, £/, A%zn
ORI (21, 22, ..., 20) [ (23, i) — oy jxjxy) (0<4,5 <n, a;; € k\{0}) &F
5. ZDEE, AN (Fg) 2ifi7=d T DBETDRMIT. a;; DY DFIER S TR & 72
5ZETHD (4]). 20220004 iR, EHIZHABANZ IR TH S Z L &Ik
BmLTHL.
FR 2. ARUOTEILERA 2 (Fe) 7= 378 01X, NEFuaEed5Fhy Rl ba
FEBRY—ERHH (A)/Ny & Ext Z70ER E(A) ZeBIZZnmiRe UTHRERKE 2 5.
RIZ, k-Z 08 A DIUING 0 % W TRED 5B L2 A-TNEE M D complexity % 7€
#LU &S, TN, BUNRR DO REZNLSBETH S, L FDF % M OM/NR
L9 5

dn dn dp— d d d
PP B2 RS M — 0.



M D complezity cx(M) %
min {b € Ny | a € RBFEL, EREDn > 012 LT, dimg P, < an® ' & Hi72 3}

TEDD. £/, MDA TH B L%, HEZEHARE M BELEL, Q"M = M DD AT
DIEEWVWD. 272U, Q"M IE, M D miksyzyey 2K 9. EHRI DU TD2DODEFE
WY SIZEMrND.

ER 3. (1) £ A-NIEE M @ complexity 230 TH 5 Z & DRBEFFFEMEIX, M PWEIRZ
WHIRGEFEDZILETHD. (2) MDBEAMKITH 272 51E, M D complexity A3 11272
5. —MRITIFZ OB D L7200, Lo L, ADY (Fg) 272372 61X, M BEINT
HBZer, M ®complexity 23112725 Z LIXFAMEIZZR 5.

3. Cogeometric pair & cogeometric algebra
Z DFiTIE, co-point M, cogeometric pair, cogeometric algebra D E % & MEE % [6]
FOIRDIKRS.

Artin, Tate & Van den Bergh [2] &, FE A/ #RECEATIZ B W TREU & % ok A & fiff
729 % ECHEEREE 2R T, point ML MIXNEMEEZEA L. £/, BAHK
6] 1%, point NIBEDACHBESITHY T S M2 E&Z L, 1% co-point I & #4417 7=

ZIZTC, A=Kay,x9,...,2,)/1 & T 5. 12720, ITAOWHA TT7NVETE. n—1
P RZERI P DR p = (a1,a9,...,a,) T UT, BEDEHATH I, Ao AN
Df A-NMFERT p D1 DT E%%Z p(1) = a2y + a2y + -+ apr, EEDD. TDE
S MEEDfe ATRUT, p(f) = f (a1xy + a1y + -+ + apzy,) £72 5. 72, Cokerp
M,e5<.

EE 4. ([6]) £ A-IHE M 73 co-point IIFETH 5 L 1E, ERDOHARBITH LT, H BN
p EPVIDELEL, M OR/NEHHEABEPIRD XD IZRB I L TH5S:

Pm m Pm—
O N i B NN N N N LI N}

SER 5. co-point JIEE M D/NEHEDRIZE L T, RHEHDO HHNMFOBEL 1 TH Y,
D% differential 3—IRANTHH L VWS Z L ThHh5. FHEOHHBEMHEDOWMEL 1 TH
5Z & &0, co-point JIHE M D complexity (&1 &5, 7z, RR/NAHDRITZERHT
HBDT, M= M, Q"M =M, (Ym>1) k5,

co-point MIAEITEHEM DEPEE ETNIARXRITIAXINS. pe EIZHIGT 5
co-point fi#E%E M, &35 &, QM, ¥ co-point JIFFLD T, QM, = M, 785 X 5%
Bo: E— EPEETS. 2D, pe EITRIGT 5 co-point JIFE M, DE/NEHI7>
figg D

s Ik S G /A2 I RN AN

B X5 ElRe: E— EWFEET 5.

EE 6. ([6]) Kz, LD EPHELZIRIK, o B EFOHARRIZR S & &, EMHHHE
(E,0) % AD cogeometric pair £ WO, 72 A% cogeometric algebra £ \N5. Z DGH,
P (A) = (E,0) and A= A (B,0) &2 ELZ LIZT 5.

2], [7), [6] 2 IV 2 &, EHES S



I 7. BN EZ IR A % H A AR Koszul & U, k @ complexity 23E B, 22D
(rad A =0&92. 2DLZ, kD complexity 1X3LAFTH D, Al cogeometric T
b5,

Bl 8. AZT DR & k-Zikre § %:

A=k(z,y)/ (2", axy +yz.y*) (o € k\{0}).

LR AIFHOBANZ ILERT, cx(k) =2 Th b, EH 7LD, Aldco-geometric TH
5. XoT, fBETAHZLIZLD, AD cogeometric pair P'(A) 1k (P, o) &5, 7272,

o= ( g (1) ) € Aut P! = PGLy(k).

4. ERER

ZOHiTE, BMHKRIC LS FRICET 2 AIROERHE L TDOHlZARTNL. 22
T, ARG (Fg) & cogeometric algebra A = A'(E, o) £ DEAMRIZBEIL TO Pl % g
5.

F18 A = A(F,0) % cogeometric T, H i A Koszul £t & U, k D complexity
WERTHZ LTS, ZDLE AN (Fg) 2z I & OB+, o DAL
BINERTHHZILTHS.

DU, ZOFHRUZET 2 AMED ERER 2 BR TN RADEHIL, FHEDO—HRH
WZR D N> TWAZ EZRLULTWS., ZHIERHIZ Koszul M2 e L7 < TH AL U
TW5,

EIE 9. ([5]) ARXILH AR k-Z JLER A DY cogeometric 7> 2 (Fg) Sefi % jifi 72 372
S, c DRI ERTH 5.

IRDEHIL, AD cogeometric pair 252 5 Ehn — LIRHFHZER P 056, EO
FRBEOIDI L ZRLZEDTH 5.

T8 10. ([5]) A = A(E,0) % cogeometric T, H OB AWM Koszul %758 L, kD
complezity WHARTH S L35, ZDLE, A= AP 0)R5X, AD (Fg) %7z
T LDBETDEMEF o DNBPARTHEI L THS.

(1], [6], [|ZHWSZ &I2& b, LD X572, ex (k) < oo TH 5 H B AK Koszul
LR ADNEHERS:

(i) rad A=0~ Ak (IREBUNTE k-ZBRE LT), P(A) = (¢,id);
(i) (rad A)?2 =0~ A= k[z]/(2%) P'(A) = (PY,id);

(iii) (rad A)® =0 ~
A= k(z,y) /(2% azy + yo,y?) (o € k\{0}), P'(4) = (P!, 01),
A= k<;€,y>/(—$2 + Y, XY + YT, Y )7 ,P (A> = (P1702)7

f:f:“b,m:(a 0),02:<1 _1>’C‘§)Z>.
0 1 0 1



(rad A)3 = 0 DEGE, EI3HHEMIZ L >T0WE I e 0h 5. Lo EEM 10 &
D, LXT@%%:?%%.

% 11. ([5]) A= A(E, o) % cogeometric T, H A AW Koszul ZItEE U, kD com-
plezity PERTHHLTE. ZDLE, AN (rad AP = 0%/ 378 61%, A (Fg) &
Witz g e DBEFTDEM o DRBPERTHEILTHS.

PARIZBENWT, R 110252 5.
Bl 12. MDD LS RIRBN E b-Z IR ARZEZ 5!

A= k(x,y)/(ax® + byz, cx® + axy + dyz + by*, cxy + dy*)  (a,b,c,d € k).

ZDeE, APHOEB AN Koszul Z LR TH 5 Z & DBHE55M1E, ad — be # 0 D3k
DNDZ & THD. £72, Aldcogeometric THHD T, L FD &L 57 A D cogeometric
pair P'(A) 213 5:

¢ Z ) € PGLy(k) = AutP').

IO, R 11 EHWS E, AW (Fg) 2723 2 L OMBEFDFMIE, HEEAREn e N
PEAEL, 0" — (é (1]) BT I L ThHD.

R 1L &Y RN FERERZBARIZEDH, IROEHTH 5.

T 13. ([5])) A = A(E,0) % cogeometric T, HB AW Koszul £ 58 L, kD
complezity WERTH B T2, ZOLE, AW (radA)? = 0 &7 9 061X, AN
(Fg) %729 Z L DBE+REMIT o DBV ERTHEZ L THS.

EE 14, (rad AP £ 052 (rad A) = 0DI5E, E DR UTIE, B FEmEP? 7213
PIRD & 57 P2AD 3IREIARIZ 25 Z & A %[lb?h’CL\é (2.

A%qu@

(elliptic curve)

(double line) (triple line)
(cuspidal curve)

I, B 13T 2012 280, RiREEEKRZI DI L1279 5.

Bl 15. (F,0) % cogeometric pair £ 3 5. 72720L, EIXP? D 3 DDEMI’LT =M,
o € AWt EIX3DDEMHRZRITEDELETS. DX, UTFZHNETLHLDLT 5!

E :=V(zyz) =V(z) UV(y) UV(2),



o(V(x)) :=V(y),c(V(y)) =V(2),c(V(2)) :=V(x). 2O E FOHCHRMs € Aut E
ERET DL, IRE1G5.

a(0,b,c) = (e, 0,b),
o(a,0,c) = (¢, fa,0),
o(a,b,0) = (0,a,~b),

72720, aBy#0,1 THB. 51T, (B,0) 23T 5 cogemetric algebra A = A'(E, o)
ZEtET 5 &,
22 + Bzy, wv,
A=Ky, 2)/ | v*+722, vz,
22+ ayr, z2x

B, 1210, aBy#£0,1 THB. ZOLTER AL, kD complexity AR, HAK
A Koszul ZICER T, (rad A)Y = 02723 Z L B3 5.
—H, 0P c At EZFHAET 5 &,

a3(0,b,¢) = (0,b, afc),
03(a,0,c) = (afvya,0,c),
O-3<a7 b7 O) = (a7 a/B,yb7 0)'

85 2Dk E,
|03 < 00 <= |o]| < 00 <= afy: 1 DN EFE.

FoT, BH 13Z2HWB &, AN (Fg) 2723 Z L DRBEFDERMIE, afy DR 1ORE
R/IRTHLZ L TH 5.
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R & 2 THA R

B % (EHERZ R - HT)

B (WO ERZR) FAHBREOMBETEELMSTH Y, KA RBETHEIITHONT
W5, #lZIE, BoIcBET 2MtoMRENZRE D E LT Nowicki [57] WE#TH 5.
—7, ZHAROELIZIZZE < DERWREENRMBRLEEHINTED, 7710 K
BRI L A BBEGR Y L S ERERFL LS, ERAMEVERIh TS, B
T B MEZMEL < o723k e UT, #lAIX van den Essen [13] 2% 5. &5 ORI,
ZIHABRIZB T 2 MTEOMAE T L IFFICEE R EE 2 BT, AR TIELHEABRFLED
Blin o, EoPEE T2 W< DLOFEBEII DWW THET 5.

ARIEIFEMIR 2 QEIC, ARERRY Ty Y AEb 5 L SEMLU THEL /2.

1 EHOE Hilbert D& 14 FEE

RZWHIRETEHLE, D: R— RV RIZBIT289n (MAERAR) THLH L, F
D a,be RIZHU D(a+b) = D(a) + D(b) BLO

D(ab) = D(a)b + aD(b) (1.1)

BEOVDEEIZWS. ZDeE, DO RP :={ac R|D(a) =0} & RDHHNET
H5. (1.1) &b, E5H Dixsd RP Lo EGHRIZR5.

S% RDEHNEEL TS, RPWS 28502 E, D SERLIER, RP RS 2850
WOSMEE, DDV SHIEGHRTHDEVWIFMELFAMETHS. RIZEITHERERDOE
&, SEL2EKDOELEEEINTN Der R, Derg R TRYT. X CRVSKRE R ZEKT
L%, Dy, Dy Derg R Di|x = Da|x %737 51F, 85 D, — Dy DK R &
FELW. £oT, Dy =Dy Db siD. HIAWE, R= S[zy,...,x,) PEHABRD L &,
f£E®D D € Derg RIZx U

D:D(xl)aixl—k---—FD(a:n)%

MDD, RIZBITS SES DI U CIROMEIZEAKNTH 5.

1



B 1.1 SRERPAERERDL E, SHIE RP OFMRASM2HEYE L.

S WIFEHD F— X =8O L &, SR R VPARERLSIE R ZEREKRTH S, E
¥, R = S[ai,...,a,), char S =1 2 F0UF, i =1,....,n <L D(a}) = la ' D(a;) =0
WO DOHS R = Sldl,....a ] Z RP c&ENn5. RIF R BEELS, RIFAR
A R OMEECH S, R IEF—R—B72DT R 9 MEE RP \ZERERTH D, [oT
SKREEUTHERERTH S, b, SHXF—X—EHTRITNIZX, FLOERIZ MBI
B0 STz, BIRE, s, t 2 AHER A FEORERETHLE, S:= Als,st,st?,.. ] &
F—R—ERTHW. S LD 2EBHLIEHAE R = Slx,y] IH15 S &S

0 0
D= s% + sta—y
5% Z%. R=@, , R %HAE R OBHENIEAIF T, RO d > 11
UD(Rq) CRi_1 THBDT, RP =@ (RPN Ry) YD, RPNRy idte—y
EEERVED, {st'(te—y)|i> 0} TEEINDIEERAERL SRS, 0T,
S PRI RP FARAERKTHR.

AFTE k2K, k[x]:=klzy,...,2,] & k ED n ZESZIHEAR, k(x) 22 0Eiks
5. EED D € Dery kx| X k(x) 1285 kERIZ—ERIZHETE S, TNHFAL
D THRBIE, kx]P =k(x)P Nkx] 20D, k(x)P IZEK k(x)/k DK T,
kEARE kx| OBRAEBRMEDOREIX, RO Hilbert O 14 MEDO R R 225512472 5.
7B, Bl kS1Z, chark >00D& & k[x]P IXHICHERERTH 5.

FIEE 1.2 (Hilbert M 14 FITE)  k(x)/k Ok L 23U, kA% LN k[x] EARE
i 2

Zariski [68] & D, r := trans.deg, (L Nk[x]) < 2 & 51d LN k[x] ZAREKTDH
%. chark =00t &, [LED 0 # D € Dery k[x] 1% trans.deg,, k[x]P < n %7z
DT, n <32 kxP FHERERTHS. — 4, Hilbert D 14 BRI T 2 H A
O RBIE, 1958 fFIZKE [55] 10k >Tn = 32, 1 = 4 DEAILER I, TOE,
Roberts [60] I3RS SO M2 5272, &% 1> 1ITXHL,

P i=k[zy,...,xy1, -, U1, 2

2k ED2+1EHSEAERE TS, Roberts DHIIE chark =0, n =17, r =6 DHE
DREITHY, Py izBi) 3 k&S
0

D =zttt
! 0y1

0 0 0
+ $§+18—y2 + .f13§+18—y3 + (1'133'21173)7:& (t Z 2) (12)

2



DL LTHEONG. BB, B [30] kt=10¢ &, ZOEHSOELY Lk E12HDxT
EENEZ 2R LT

AR, 3 ETEITERO0 DKL T 5. Roberts DfERZ FHH 012, Hilbert O
14 PRI 9 Bk % I K BIPRE S vz, NG - =P8 [25) 131 >3, t>2DE &, P IT
B3 k&S

0 0 0
pogttt 9 Ly 9 ot
1 oy Tt oy +(@1eeem) 0z

DEPERER TRV L 2R U7, BE[32) 13 P28 3 klzy,..., 2] 8% D T,
D(y1),...,D(y), D(2) X x1,...,2 DREATHLEDIZH L, BEPARAER TRV
DOFHLWFRERMEEEZT-. ThickhiE, [ >4, t=1 0565 (1.3) ORITERE
TR\, £z, P3 i85 kEy

(1.3)

sl 52 63 0 sl 52 53 0 sl 52 53 0 st 52 530
D = $11I21$31 (9_y1 —|— .’13121'221’328—% —|— $13$23$338—y3 —|— ZL‘14.T24I'34& (14)
DI, € ;=00 =05 >0(1<i<3,1<j<4,i#j)»D
1 2 3
€ € €
1,4 n 2.4 n 3,4 <1 (1.5)

min{ej .61 3} min{edz.e3,}  min{ed e } T

REPHBAERTRY. —H, €. >0(1<i<3,1<j<4,i#j)DOLE, (15)OF
LERADED 72T D OMIFERERTH S & FHRLTWED, KERERIZMES
N TV ([32, Conjecture 4.8)).

AR IT D K % 15 5 7212, Freudenburg [16] & Daigle-Freudenburg [9] %
Roberts D XKHNZFZ2IMA, ThZhn = 6,5, r =54 DRHIZHELZ. 2o
DEHIELE SO LT ANz, HIZIE[9] 1% Py 12815 kEsy

0 0 0
= t— -_— - >
D =z o + (z1y1 + :1:2)83/2 + Y2 Ey (t>2) (1.6)

DEMNERAERTRN & 2R U7z, BH [33], [35] 1% [32] DFEEWARL, ThTh
n=43DHEIZr=3DxHZEHK L. Tk b, Hilbert % 14 [EIEE£TD n
ZOWTHE L., &7z, r =3 DEAITKBINPFEST 2 Z PO THa»r o7, [34] &
D, 33 THAZn=4DGAOKHITESOKE LTEHTE 0T, kix]P OFRE
BHEOMBEE 2 TO n ITOWTHELE. BB, n=23DBEOKRHTIE, kx)/L ki
RINZARBIERIZ 2 5. BH[36] & n =3 DBEIT, Kd>3 1L, [k(x):L]=d%
Wi 79K L &R U 7.



2 Field Modification Problem

Hilbert ®% 14 MEIZ DWW Tk 2 #D 27212, k(x)/k DHEMA L &, A = LNk[x]
DGR Q(A) DERIZOWTIHEREZRRS. ST, Q(A) CL»2 QA Nkx]=A
A ID. X510, Q(A) L IZBWTREINZIAL T W5, B, fe LA QA) L
R# 7 51, N aift =0, aq # 0 27T ag,...,a0 € ADFET S, ZOLE,
aaf 13 k[x] FEROT kx| KBTS, £oT, auf € LOk[x| = ATHY, feQA)
135, o T, trans.deg, L = trans.deg, A THsZ &, L=Q(A) TH5HZ LIk
FETH 5. AT, k(x)/k OHEAR LB Z05M2E-2TLE, LIEBNTHS L
W5, Hilbert D% 14 f#E (M#E 1.2) Tlk, L BN sGH%2F520ETDTH 5.

HARFIE UT, 3 1#i T R7z Roberts DKHBNZDOWTEZ B, Py DREik%E Q3 &
BrE, (1.2) TEHLAEHOM QP X

K=k (161, T2, I3, (171962903)tyl - l’t1+127 (901$2$3)ty2 - QUZHZ, (901902903)t93 - Z‘EHZ)

LELV. EE, COKPQY THEENDZ LB NIN, Q3 =K(2) K EOD
1 ZHEBBEBKRLDOT, D(2) = (r12223) #0 L E&HLET QY = K &ffiwcEs. Z
D KN THE. —H, FEDIcZZHL, K =K'+ XK' NK[z]=K
kW72, Py C K[z] RDT,

K'NPy=K NK[z]nPs=KNP; =Py

MDD, £oT, K' % Hilbert D% 14 MEDOKHITH 555, K' IZMU/NTRN., 7
B, kDX 1D dERCEZELLE, 0,7 € Autg K(2) = Autg Q3 7Y o(2) = (z,
T7(2) = 27 TREIND. Z0LE, K' X Auty Q3 DERBARE (0,7) DAREKRT
b5

& ZAT, ocAut, Q3 D

o(z) =z (i=1,2,3), o(y)= (1zams)'ys —z"'2 (1=1,2,3), o(2)=2
TEHEIN, KlTolTkd k(xy,me,23,y1,y2,y3) PDEREFELWV. TDXDIT, k(x)/k

DD BRI E Auty, k(x) OELSATTES 2 LT, Hilbert 05 14 IO K
MWESNEZ ERHE GKHOKHIZOWT [11] 281, 22T, ROMBEEEX 5.

B 2.1 (Field Modification Problem) M % k(x)/k Of/NRHREEE U, M # k(x)
»D trans.deg, M > 3 /= $ LIRETSH. ZDLE, o(M) » Hilbert D% 14 [FED
MUNRRBIE 725 K D732 0 € Auty k(x) IFEITHEET 2007
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[ 2.1 ORPICBE T, M OFGRIIEE I o THELTHRZNEDT, TDSHIEI
£ 0 Hilbert O 14 FIEIZN§ 2 2R KEIVGE SN0 S, BIAIE, M 5 Auty k(x) OF
DG ORERLESIE, o(M) & oGo™ DAEKRTHS. £72, M » D € Dery, k(x)
DI 6L, o(M) 1385 D' :=0Do ! DTHB. fD'(11),..., D (z,) D k[x] IZ
BT aL57% fek(x)1ZHL, fD' I Derg kx| DitzifEd5s. ZOL &,

k)PP = k(x)"P nk[x] = k(x)? Nk[x] = o(M) N k[X]

A D LODT, HRAR TR RO Dery, k[x] DEATE SN,
I 2.1 ERENDUBLVWOT, ZOMED IZEWR] 2EZ25. 272U, 2 1Fk(x)
LOFETE U, k(x,2) Ek LD n+ 1 ZEAMESAL T 5.

B8 2.2 (Stable Field Modification Problem) M % k(x)/k ORuNgdffke U, M #
k(x) 72D trans.deg, M > 2 2{ii7z 9 L{xET 5. TD& &, o(M(z)) » Hilbert D
14 FIE DN & 725 K 578 0 € Auty k(x, 2) IFEITFET 507

M ORE% HEED M(2) \BIEST 2. B2, M DS Auty k(x) OESHE G O RLE
BolE, M(2) 13 G DAREERTHS. 22T, G'3GPofEIN5 Auty, k(x, 2)
D FHEL T 5. [FRKIZ, M ¥ D € Derg k(x) D2 61X, M(2) & D' OTH 5. Z
ZT, D'iE D »5EESD Dery,y k(x,2) Dt v 5.

Hilbert D% 14 [ D B D LART ORERIE 2 MEAL L, IROKR &2 BRolig 7z [47].

EHE 23 ME22 OMIIEEHTH 5.
EH 23 NOSIRDRDEBIZMND. n=3,d=2DGENHFLVKERTH 5.

%24 EEOBEARE N> 3,d> 212U, Hilbert ™% 14 FIEIZ X3 2 /N2 K F| L
T [k(x): L] =d 273DV FHET 5.

LIAT, Mi#lln DEEDOERHEGIE, #cc GE2EEG LOEMGS> T —» 0T € G
LHERD LT, n KNS, DAL AGES. ToIT, Fo e S, & o(x:) = 203
(i=1,...,n) TEHEIND Auty k(x) Dt R —HTNIX, Gl Auty k(x) DI E
L H7a¥ 5. Noether DRIREIX, ZDRIIZBEWVWTAZER k(GQ) = k(x) % k OFEE
WARTHEIEMSHETHS. p=4T 2IEUD, BrRERp ITHL QZ/pZ) ¥ Q
DIBHALKR TR N Z RSN TWS ([21], [65], [67]). — S, G BEMRT —~ LR
DL E, QG) N Q DML KA THZ7-bDBIEFNEME, B2 1> 0HFEL,
Q(G)(z1,...,2) 1 Q DIBMILK L2252 TH B ([12]). 2T, 21,...,2 13 Q(x)
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EORETCET S, INOSDOHEELEMH 23 D SRDANEFOND.

£25 n=48 DL E, Autq Q(x) DI AT DREBHEE G AEEL, Q(x)C 13 Q
FEBIE RT3, A= Q(x)% NQ[x] IFAMAEKTAL, trans.degq A =48 TH 5.

3 RFRFED

D € DerR VERBEETHL LIE, EEDac RIZHLULTHEEERI > 0 MWFEEL,
Dl(a) =0 Z{ii7=3 L 22V . RIZBIBREMBESENEROES, FFEE S En%
KoEEZZTNZHN LND R, LNDg R T# 9. LND (& locally nilpotent derivation @
Thsd. LHAEOMETIE, RIMESESVPRICEETHS. ABCIXRMEZES
2B 2 HAHIEZ HIRIZANRS.

R=S[x] iR S L0 1 ZHZHEAROL E, RIZBIS SES D =d/dx 13
FiEETHS. —FH, D :=xD 3z Z2EET 5D TRHMEETRN. —IZ, RIZET
%385y D13 RP 54 DT, FED ac RP, be R, 1> 0ZXL

(aD)'(b) = aD(aD(--- (aD(b))---)) = a' D'(b) (3.1)

MK ONLD. £oT, DVREAESZERZSIE, FED ac RP 126U TEY aD XREFTHES
THbd. —f, HRTRTEIIZ, RPWEHRODEEDLE, D PREMEE»ENIZH
59, D(a) #07%51F aD FRFEETHR.

EF#EED, D DerRDEFEETHD7-ODRBEADEMI,

Nil(D) :={a € R| D'(a) =0 2ii7=$ | € Z>o HMFLE }

MREZELWIETHD. HFEL, Zog:={acZ|a>0}2T5. (1.1) &V

L/l

D'(ab) :Z(i>Di(a)Dl—i(b) (a,b€ R, 1>0) (3.2)

1=0
DEL DD, £ T, a,b € Nil(D) %513 ab € Nil(D) TH Y, Nil(D) & R ® RP i
AL B. SE ROWHBREL, D RICBUY3 SEHLTE. Zoex, Sk
Nil(D) iZ&EN5. fE->T, Nil(D) 2 S RE R AR ZEEDIE, Nil(D) = R Y

MODT D IFRAIHEETHS.
D € Derg k[x] "=BTH 5 LI,

D(z1) € k, D(z3) € k[x1], D(x3) € k[z1,22], ... ,D(xy) € k[z1,...,20n-1]
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Zifirzd e Ei2nws. ZoeE, D(x;) € Nil(D) <= z; € Nil(D) IZEEL, z1,...,2,
MNIl(D) BT DI L% n BT 2RINETHRATES. Lo T, ZAEPIIRMES
TH5. HlziE, (1.2), (1.3), (1.4), (1.6) RWFhL=MEATHS. AP, XHIZL-
T, D(xi) € k[zig1,...,an] (i=1,...,n) 2T LEZALVSEH5. AR
TlE, ZORGEMZTEEF=ZALVI I LITT L. IR,

0 0

B =ATHE. T(rizz+23) =07206 D = (v123+23)T BRMEELEN, 2O D
WEEATHH=ZATER.

D eLNDRIZXL, D(s) =1 %ili=T s € R% D DRAS54 RLIER. s 7D DA
T4 AR 6IE, RO f(x) € RP[z] KU D(f(s)) = f(s)D(s) = f'(s) M0 LD,
ZZT, fl(x) 1F flz) DBEAKETS. £oT, f(s)=04u6E f'(s)=0Th5b. Z
N, char R=00D& & s B RP LOBHBITTHDZ R 0h 5. 5, R%2 QRE
IRET B, $58, D(a) € RP[s] 217z 3EED a € RIZKHL, s DZHEAL L TOD
D(a) DFIEBEE b € RP[s] BMF(ET S, ZDr &, D(a)=D0b) ZhS5a—-be RP T
»HY, a€ RP[s| 275, ko,

degp a :=max{n € Z>o | D"(a) # 0}

BT B IRAET, [EED a € R RP[s| KRBT 52 05, W2, R= RP[s|
THD. UEEDRDRTA REEEBS.

#1831 R% QRMLTA. DELNDREsc RMD(s) = 1 2T L%, sk
RP Lot Tthd b, R=RP[s|, D=d/ds Db iD.

EH 3.1 DRIUIZEWT, RP RO 45U E R
oP R =RP[s] 5 f(s) — f(0) € RP

MEZRIND. ZDEMH% Dixmier BEIRLIEZ. f(0) = f(s — s) % Taylor B L,

DY(a
=2 @en (3.4
1>0
2195, B, AT7A4 A RITEFEET D IEES WA, £ED 04 D € LND R IZx
U, u:=D'(a) #0, D' (a) =0 2§7z3 | > 1 BBTHELET S, ub' R DEELTRE
AL, BAHE R, KB 3EAD D A SHEEI NS, Du) = 040T, ZOHEA
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[RfFEETHY, s=D"Ya)/ulZZDATAATHS. HlZIE, (1.6) IZ=MAEHLRD
TRFEZETH L. 2O DIFATA A&V, DO Pyle]!] ~OHRIZA S 1 A
s=x7ly ZFD. £oT, TO Pz ']P 1%, Dixmier B % T

Pyfar )P = 0P (Palat!]) = koL (a1h), 0P (x2), 02 (1), 0P (y2), 0P (2))]
2 2 3
507 T Y28 + (z1y1 + wz)% - $t1+1%

=k xlil,xQ,m — (z1y1 + 22)s + xi“ i
L TE S, PP =Pai P NP BARAERTRVWE WS OF (9] OFEFERTH S,
RPQMR¥DLE, £ED D e LNDRIZHL, RP K% R DH R exp D H°

Dl(a
(exp D)(a) := Z ZE ) (a € R)

1>0

TE#EIND. —MIZ, D1,Dy € LNDRIZX U, B4 Dy + Dy I$RFTHESETH S L 1T
RSV, UL, DioDy=DyoDy 2723 L E Dy + Dy IXEAEETH D, K
8] exp(Dy + Do) = exp Dy oexp Dy B0 LD, LD a € RP (23U aD 1355
FHEHTHY, aDobD =bDoaD (a,b € RP) B>, ko,

RP 54— expaD € Autzo R

IANVERE RP 225 Autpp R ~ADORMERMTH 5. HIZIE, DWATA A s 2ROL &,
D a € RPIZHU (expaD)(s) = s+aD(s) = s+a DO D. ZOHE, expaD
IERAEM RP[s] > f(s) = f(s+a) € RP[s] TH 3.

LZAT, HOUEFRA e : R — R[z] WHEBREBRTH D L1F, % ac RITHUTRIK
DDEEIZWS. 2L, e(a) =D " aiat (e, €R) &L, yRFHLWERKRET 5.

(E1) ap = a. (E2) Rlz,y) i2BWT D" ela)y' =Y imy ailz +y)*
ZDEMEE, ¥FE e R — R[x] = R®z Z[x] WINEREA ¥ — A G, = Spec(Z[x]) D
Spec(R) ~"DIEHZED 2720 D&M LFETH L. HIZIE, RV QREDL E, (1
D D eLNDRIZXUL l
R3amY Dl—@xl € Rl] (3.5)
1>0

TIEEEGTH S, EBE, DX D(xr) = D(y) =0 2i%723 & 512 LND Rz, y] DIk
IRTE, exprDoexpyD =exp (v +y)D MO D. —F, EEOEBEG e ITXL,
e NBIOWRMTHEZ L L (BE) &9, G A :R>a a1 € RIE RIZBIF28EHT
B5. X5, RAQREDLE, (E2) 75 Al(a)/il —a; (i >0, a € R) %65, +



DRERIIIHLUTa; =0R2DT, A NXRBAHEEZETHS. 72, A PO EFZEHE
% (3.5) Ik e 2ZLW. W2z, QREUZB I ZRAEZTEN T G, /EH & A& T
»% (cf. [52]).

BEIZ, RDPEE 0 DBIROGEDIEREEZBRS. LED D € Der RIZX L (3.2) &0

degp ab < degp a + degp b (a,b € Nil(D))

MDD, 272U, degp0=—00 & §5. RVEHODBEOLE, LORFENCE
WTEESDVED LD, TG UT, RMEEESOMKL AP ErNS. fIZIE,
FED DeDerRE ac R\ RP iz L, D' :=aD I$RAFAEFETRV. £, {KIZ D’
DWRTHEER S,

degp a—1=degp D'(a) = degp, aD(a) = degp, a + degp D(a) > degp. a

LRODFENEL L. £z, FED D c LNDRIZKL, RP I RIZBWT factorially
closed ThH 5. ZZT, Bk R DEIE S H RITH T factorially closed TH 5 & 13,
ab € S &M THERED a,b € R\ {0} 75 S LB 5 & X125, BIzIE, R— Sa] 4%
.S FOZHAERDL E, f,ge R\ {0} 1T U TRAED 2D :

fgeS=0=degfg=degf+degg=degf=degg=0= f,geS.

£oT, S RIZBWT factorially closed Td 5. deg % degp, IZEXTH AL, RP
M RIZHEWT factorially closed THdZ & EL 005,

—fRIZ, S H RIZBWT factorially closed THB L E, 1€ S &0 S =RX HEKD
D, F¥72, RPWUFD 256 1XSIEUFD TH5. ZHlk, pe SHRDETLTHDL
&, SOHRLTHDIENRPNIBRLITHRTE DD, TOFERIEpRNS =pS 05
W5, Z0od, [£ED D € LNDE[x] ¥ k> = k[x]* = (k[x]P)* C k[x]P %=L T
ke, kx|PExr—2—8Thr0E2EbS T UFD TH 5.

4 SEABCAR

ZHABROMEDL <A, ZHAFROH DR ECERLTHS. L, ZHAR
DHAFRBIZEAHZRDL <, TNHZHAROMEDOH L X ITHEL TWE. AHfiT
&, kRECE[x] OB AREEE Auty, k[x] X ZDILITDVWTHEET 5.

W, kIMEEERORE TS, —IZ, kK MREOHERT ¢ : kx| — kx| X z1,...,2,
DBIZE > T—EINZREZ DT, ¢ 2ZHADM (¢(21),...,0(zn)) EH—HHTD. ¢
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XEHR RS IXLBEHNTH S, ThbE, RDKH LD :
¢ € Auty k[x] <= Ekl[p(z1),...,0(xn)] = k[X] <= x1,...,2, € k[p(21),...,0(x4)].
o T, FEHIZEHEMIZEITIE,

Auty k[x] = {(f1,.--, fn) EEX]" | 21,..., 20 € k[f1,..., fn]}
Thbd. 272U, Gkl

(fro-o s fu)o (g, sgn) = (91(f1,-- o fn) s n(frs oo fn))
TREETS. HlZXIX, n>3DLE,

fri=x1 —2(w123 + 23)20 — (11203 + 23)%23, ¢ =22 + (T123 +25)23  (4.1)

U ¢ o= (f, g, @3, ..., xp) 1F Autp k[x] DETHB. ZDI LI,

$1$3+$§ = fas +g* € kf,g,xs]

RO HEED IR TES., 50U 5\ kx| OHCAMZBEES TS,
T, £ED Ac GL,(k), by,...,b, €KITHL,

a=(x1,...,25)A~+ (b1,...,bn)

i Auty k[x] BT 5. ZOROHCHAMZT7 74 VEACRB LR, FEDac k* &
1<i<n,peklxy,...,z1—1,%141,...,Tp] WXL

€= (T1,...,21-1,0%] + P, Ti41,- .., Tp)

B Aut, kx| KET 2. ZOROHECANAEREDRAE L ILS. k[x] OHAE c A
SRTERE NS Auty, k[x] DIOBE T, (k) ZIEEABE LIS, Auty, k[x] DItiE T, (k)
CETLLEETHELEV, ZI5THEVEEBETHL LS. HAECRMOMEE
FHEAECRBMADT, HOAMAETHSZ L, HAHCRAMOAKREHRTHSE I
FRACTHSB. ¢=(fi,...,fn) € Auty k[x] IZXFL,

¢W¢O€: (fla"'7fl—17afl+p(f17---afl—lvfl—l—la'--7fn)7fl+1;-"7fn)

O OLEN & BRAEH LIS, BORMAETHS 2 & L, EAZHEHDEL THES
Bidyg = (21,...,7,) KEBTESZ LRABTH 5. PIZIE, n=20r %

o= (x1+ (z2 + x%)?’,xz +x§) ~ (1, To + x%) ~ (21, T2)
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LRENS, T ¢ RIHTH L. THDHIERER T GL, (k) DEED It % BAATHNIZ
BRTEHI NS, 774 VHCHAENEHTHLZ b a05b. 7z, chark=0D¢&
&, DeLNDyk[x| =A%5, i=1,...,n I ULTg; € klzy,..., v 1] DFIEL,
(expD)(z;) =wi+g; LETB. (1401, Tn + gn) BIEALTLZHEDIEL T idyg
WA TESDT, expD FIETHS. DB =AOGEDFEKTHS.

BIZIE, (3.3) DT L{ERD w € klxs, ..., oo] L, wT 1EHFE=ARDT expwT %
JETH 5. (3.3) DFRTHRARZEDIZ, hi=x123+23 CHLUT AT LREFEETHS.
ZDYE, exphT % (4.1) THAZ ¢, EFEL V. FEEE, (3.1) ITERLUCEHE T,

1
(exphT)(x1) = x1 + hT(z1) + §h2T2(ac1) 4+ =x1 — 2hao — W23 = f
(exphT)(xq) =29+ hT(x2)+ -+ =x2+hxs =g

THY, i=3,...,n XU (exphT)(x;) = x; L7825,

AKH [56] 1X, n =3 DL EHEHCRAMMPTFHET 5L FRL, TOMME LT ¢3 %
M U7z, ZOFMIE 30 F£DEH 2T, 2004 412 Shestakov-Umirbaev [62], [63] 12
&> Tchark =0 DGEDAEEMITIER S Nz, chark > 0 DIGEIFKAR L U TRAE
WTHB. 772U, chark =2 DHEELED, ¢3 FFHELEZZLDONHATH S.

EfD &k S51Z, chark=0D& & g3 IZW=AEN T & h € kx]T #HVTexphT &
FHIT5. ZOXSREHCAEI WO ETH 205255 ([40, Thm. 3.2.3], [41]).

FE 41 n=3%L, DeLNDyklx] 2 =fs, f%kxP 0ntds. ok
E, expfD BHETHB720121, UFHHLZINEIERBEFSTHS
0D(z1)
0xo
—H, n>4DLE ¢, BIHTHSD. —RT25LHWEN, UNDOHKETES ITHEAT
5. FIRDESIT Y :=expr, TIFIEHTHS. €:=(21,...,2p_1,2, +h) BDIETH Y,
A:=klh,23,...,00p_ 1| DLEFEETS. AIZEXT IZEENEZDT, ¢, v B A DI
REETS. 23 € ARDT, ¢n, 1), € 13 A" = Alag '] RBUk[x][25 '] O A DR %
T3, k[x][z3!] = Alzg, 2, 1F A ED 2 BRELERBRZDT, TND5%E 29, T, DIED
e —H 1T NE ¢, = (20 + has,xy,), VT = (22 £ 2p23,2,), €t = (2,2, £ h) &
EF5., 2ok,

D((El) 7£ 0 (Z = 1,2), D(Ig) = 0, f Q k[$3], g D(xg)k[$2,$3].

(1327 Tn — h) o (IQ - xnx?)axn) o (x27$n + h) o ($2 + TnTs, xn) = ($2 + hx?)u xn)
DR DNLD. Thbb, eloyloecop =0, THS. 1), e FHBZDT ¢, BIETH 5.
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FREOIHED? S, EEO=MES D € LNDyk[x] & f € k[x]P 2L, (exp fD,x,11)
1F Trar (k) IZET 3 ([64]).
0 —fZ, MDD FRINTWS.

F48 4.2 (Stable Tameness Conjecture) {EE®D ¢ € Auty k[x] 2L, 51> 0 D47
E'J, (Qb, Tp41y.-- 7$n+l) Ci Tn+l(k) L:Ej_é.

d(z;) =x; (1 =3,...,n) DEETFHEMPIELWI &AH Berson-van den Essen-Wright [4]
KL TRINT VDD, n=3DEATERBERMBRITIIE > THRL.

FRHOFENDD, n=3 OHEEIIHEEHCAEMFEL TS, n>4 05515 EH
CRERBPEFEET D RS 2. RO, n>4 D88 n=375Dchark > 0D
GA IR TH 5.

fE& 4.3 (Tame Generators Problem) Auty k[x]| = T, (k) & D D59

—Ji, n=2»Dchark =0 D%HEIF Jung [22] I2L>T, n=27»Dchark > 0D
Bié1d van der Kulk [29] IZ& - T, ME43 EENTNEEWITHR I Nz,
M 4.3 L0 B EENRFERZMGTELUTOL D 2HMES H 50, ROERITALW.

B 4.4 (1) Auty k[x] 13 U/, Auty,,) k[x] TEESNZEH?
(2) Auty k[x] lZ expD (D € LND, k[x]) &7 7« YHEARBTERINEN?

I 4.3 DWETIE, AT TRRDEABROMEAELELTHS. ¢ = (f1,...,fa) €
Auty, k[x] ORE %
deg ¢ :=deg f1 +--- + deg [y

TEHRTD. f1,..., fo FEHTHRVDT, HiZdegdp >n DO D. degdp=n Th
5Zkl, ¢NRT 714 VHCHMTHEZ LIXFAMETH L. degd > deg ¢’ %73 HA
B ¢~ ¢ & BEREHE P,

MROELED, klz,20] DT 74V TRRVHCARBIZE ICEARENZ2TFRT 5.

EIE 45 (cf. [56]) (f1, f2) € Autgklxy,20] 2’7 7« VHCEMTRWESIX, 5
(1,7) € {(1,2),(2, 1)}, a € &, I > 1 BMFEL, deg(fi —af}) < deg f; DK H LD,

¢ € Autg ki, 22) BT 74 VHCRE TRV E &, HAMBNEZHEVELT 2T 71
VHARBIZZERTE S, 774 VHCRMIZIEZDT ¢ HIHEHTHB. TDI &b,
Autk k’[l‘l,l‘g] = Tg(k’) M ONEDZ ERN 5.
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5 Shestakov-Umirbaev B

AHEITIE kIR0 DIk L U, Shestakov-Umirbaev #ia* Z O — LIz DWW TR 3,

HORE @3 BEAEHNZHFBELU RNV LIXBHIZHERTE 2D, TNIZL>T g3 B
BETHL IR TERY. EBE, n =3 DEAEIC Shestakov-Umirbaev 1%, 77 1 ~
HaFBE TR, BABRNEHFALRVWEE CRBEOFIEIZA DI W, 22T, Holds
AfERI Oz 4 O TR 1 REN» S TV BIfEH) 2 €&/, ¢ € Ts(k) BT 7+
VHOEBETRWE &, BRI E 213 4 EO i) onwdhrzudfasdsle
2R U7z ([63]). Z DFERDOFEIIIIEE ICEHMETH L WA, o3 DEDRHNBEFARL MWW
EERTENPDDZDITIIFEHL <2\, Zadb, TR, IR, TV B OES ISR ED 3
HCEAINZEDT, NS %2HET 5 HCHEPEBRIZGFEET 20IAHTH 5.

Shestakov-Umirbaev #EwTH Mg | OGSV ELEL&E 2R, fi,..., fr € k[x]
(1<r<n)iZXU, dhiAN---Ndf, &

Ofr,---s fr
dfl/\/\df’r = Z Ji1,...,i,,dxil /\/\dl‘zr, J’il,u-,ir = ‘ (fl’ 7f )

1<i1<-<ip<n 8(3'}7;1,...,33’1‘7“)

ERL, TOWE=E
degdfy N --- Ndfy :=max{deg J;, i Ti, - |1 <i3 <o <ip <n}

TEHT 5. HAMRBMOEHIZE T % Shestakov-Umirbaev O HiGw [63] 1%, ZIHADIX
BIZET 2T OAER [62, Thm. 3] ZEBEICHEI N f g € k[x] 1F b EAREHHH
VTHBEU, a:=degf, b:=degg &B<. ZHAP € k[z,y]\ {0} iIZHU, deg, P
% a/ged(a,b) TEIS7ZREERDEZENEFN ¢, r LT D5 L E, ROREFEXDED LD,

EH 5.1 (Shestakov-Umirbaev) deg P(f,g) > q(a’b—a — b+ degdf A dg) + rb.

k DRIERE DL EIZ Z DARERDK D L7274\ 728, Shestakov-Umirbaev Biliw T 1345
WO ZESTHHENDHD. 70d, EH 511 (62, Thm. 3] 25 AERNE ZR V2D
DTHY, [62, Thm. 3] &I1F#HFHE% 5. Shestakov-Umirbaev [62] & Z OFEE % i,
R 4.5 OEHEZAGEES 5 & /2.

B 5.1 O— AL RIGEAY, HH [37], Makar-Limanov—Yu [49], Vénéreau [66] 5512
£oTHEA LN, I T [37] OFREMNT 5. kx| EOZHRX P(y) = 3,5 opit)
gekx]\{0}zxl, P(g) DRHMFDRE%E deg? P := max{degp;g’ | i > 0} TE
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#T 5. T, degP(g) < deg? P A VD, PO % P(y) @ y 2T 5 i BRI
3L, FOKRER D> 0ITHLU deg PO (g) = deg? PY kv iD. I T,

m9(P) := min{i € Z>q | deg PV (g) = deg? PV}

CEFRT D, TDEE, k ERBUNMSLZR f1,..., fr € k[x] & P(y) € k[f1,--., fr][y] IZ
B UTIRAEE D S22 ([37, Thm. 2.1)). 272U, w:=dfi A---ANdf, £ T 5.

EHE 52 degP(g) > deg? P+ mI(P)(degw A dg — degw — deg g).

ZOEHIT mI(P) IZBT 2IRNETIHITE 5. B [39) IXEH 5.2 2HMEZ, HA
[F] # D E#IIZ B3 % Shestakov-Umirbaev DGR %2 FHELE L, IV BN 2 AT 2IEHA
CRBPFELRWZ 2R LUz, Thizkd, BcRBEOBEE2HET L &, IV
RIffif 2 RS 2 BB R o Tz,

Jof B, EAREN R EIZEMIERBUCH U TEZ L LM TH L. T %2 2EF»EH
INIEREE L, FED a,B,yeTIZH L a=xB=a+y =B+ DEDLDERE
5. HAW=(w,...,w,) € ITKL, BIHAD w RE%

degw x1' - -y = dqwy + -+ F ipwy,

TED, feklx]\{0} BN BIEAD wiRBORKIE%E degy [ LEFHRT D, £z, f
WHNDBIHADS B, wikBih degy f LEFELWVWEDEKDOMZ fY RT. HIXIE,
I=72" ZEERXEFE2EZEZ, w=(e1,...,e,) T2 &, fYWIkHENEFIZETS f
DRFHECHSB. 72701, e1,...,en X Z" OEMELEL T2, ZOL51Z, wi,...,w,
MZ 1M 513 fY I MR TH B, LTk [37), [39] DML w i E
AWTHEINTEY, Zolke U T2 OEMANZEEEEEIESNTHS. H#
ZIE, WS wel?BFHETDELEE, ¢ = (f1,f, f3) € Auty k[x] IZHETH S :
(1) wr, wo, w3 120 LOKREL, Z ETIKMITHS.
(2) [, F, ik EREIREIEEDS, YD 220% k EARBIMNITH 5.
(3) (1,5,1) = (1,2,3), (2,3,1), (3,1,2) XL £ & kf¥, £,
BB, wiIRBEMEZIX (2), Q) EENENUATOLI TSV S5ND ¢
(2") degw f1, degw f2, degw f3 (& Z E 1 IRWEIEZD, ED 228 Z L1 XM TH 5.
(3) (4,5,0) = (1,2,3),(2,3,1), (3,1,2) IZXf L degu f; & Z degy fj + Z degw fi.
ZOYIEEOM SIE, [ BT 28EmE T 7Y, £, ¥ OF®RAZIT T o DEAE
MWEIATE 2D 5. BRI, ¢3=(f,9,23) DEE, EROFRENEHr»SEE S
w IRBUZBI L T degw f = (2,0,3), degw g = (1,0,2), degyw 23 = (0,0,1) TH 5. Zh
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S5M(2), (3) Zhi7=T ZEIFBBIZaNSE. UL, fi1, fo, f3s ZEENIZERT L L
NREELRGEHE L, ZOHKBCHERAVDH L. HlZIEX, 207 D € LNDy k[x]
T% (exp D)(z;) = w; + D(x;) + D*(2;) /2 + -+ BED XS BREZEHAN IS A0S HW
2B, KORHILEHCARMOE ENEZFHRS DI, UTOLHEPEMNTHS. —
Bz, k[x] @ kAaRECAITHL, AR Ex] OBECHEREE Autg k[x] 1, Auty k[x]
DEREETHD. ¢ D Autp kx| ITETELE, EED pe AITHU ¢(p) = p DED 37
DDT, fi1, fo, f3, p DEDOEARRPRENE. ENSZMEH LT f1, fo, f3 DIFHRE &
DL, BAEVEHEEREZEM TS 28T, IHERX Auty k(x| N Ts(k) DbkF 2812 Z & A
T&%. HIRX, D D € LNDy k[x] (23X U exp D & Autypgo k(x| IZET 5D T,
exp D OEFEMEDWIRIFNMELZ X Auty o k[x] N T3(k) DRI ES NS, TOHIKT
FERIZAE L BRFERPFEONTWS. 2 05E, HEXIZEEN S HARRIZRK LS D
VZBRE X 15 AR ZR .

Shestakov-Umirbaev (2 & 2 K H PRI, T DOROERIZDOWT, [42] (2B M
b5,

6 EEARAE#

AHfiz @ L kTR0 DKL TS, D e LNDgk[x] BW=M7561F ¢:= D(xy) I3EKT
Hb. HoT, c£ 085 s:=c o1 I DDATAIATHS. (34) &b, i=2,...,n
X UT g; € k[ry, .., 2] PEEL 0P (1) =25 +9; £EI B, ZDLE,

¢ = (c_lscl,xg + 92,y Tn + gn)

Fk[x] DIEACHETH D, ¢~ Do =0/0x1 HH D LD,
—#%IZ, D € Derp k[x] ZHEE Lz &, %0 c Auty k[x] IZH LT r(0) € {0,...,n}
e f9,17' .. ,f,g’r(g) € ]C[X] ﬁ‘ﬁﬁby

0
(91}(9)

0
D’ :=07'D0 = for15—+ -+ for0)
6$1
LHEITL., ZorE,
rank D := min{r(6) | 6 € Auty, k[x]}

% D OBR LIS, PlAE, ETRAEESIC, D) £0 23 =i D ok
1 TH%. D(z1) =0%61Erank D < n BDT, kx| IZB 5 =AESOEBILEIZ n
KWTHB. D DBEfTHSHE D% 0 € Auty kx| BAET 52 %, D B=RILTET
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HBHLVD. EED 0 € Auty k[x] 125 U rank DY = rank D 238 b sio DT, =fifbn]
RERED DR L n RiTH 5.

rank D = 1 %2 51E DY = f0/0x,, %i7=3 0 € Auty k[x], f € k[x]\ {0} D FET 5.
Db E, kxP = kx| = klxy, ..., 2n_1] DT, kRBEXD = 0(k[x]P") b
n—1HDOTTHEKRING., 512, DVEFEERSIE DY LRFEZELZDOT, fiX
kx]0/0m BT 5. koT, Bl ORFTEEENIHI SATETH S,

Rentschler [59] i, fEE® 0 # D € LNDy k[z1,72] A rank D = 1 2729 Z & %
mU7. #->T, DIZ=MAETHS. —H, n=3 D&, ZAMATRETRVEHR
HEES ORI OHIH Bass [3] IZ& > TH A SN 7. Bass DFlIE (3.3) D FIZZEIT 7
D = (123 + 23)T TH 3. ZTD, Popov [58] IIEED n > 3K LTID D H=
fALARECRWI L 2R U7z, n >3 DL E, BB n OREFESIE AL TR
V. 5o T, =MALAREE ORI, B n RiEOEEEF Z XX V. Daigle [8] &
n=30t&, BH2ORMEFTEDV=MAIATRTHLODBETDFMEEZ T2
3B, BB 2 LT ORAEEESD DL, #2470 € Autg k[x] & fi, f2 € k[x] Z T
DY = £10/0x1 + f20/0x £EITB. K :=k(vs,...,2,) &L, D? % LNDy k'[z1, 2]
Dt & H 721X Rentschler DFEERBZFZ 5D T, n >3 THREOKFIZONS. LA
U, BEB 3 LA EORATREEEMNZ DOV TIHAPHRENRL ERINT WS,

¥ ZAT, D€ Dergkx] B rankD < n %5723 72D DBEHEMEIE, kx]P A
kx| DEEEZGEL I L THD. ZIT, fekx]WEkx] DEETHL LI, f=0o¢(x;) %
728 o € Autp k[x], 1 <i <n BFEIET DL EITWVWI. ¢ DYIALT U E* ITET S
s, BEREIZIE 1 RO BEASRTEHNS. ¢ % To(k) 1o ENDE X, [ & IBEEL T
S BIZE, xR oy 23 REF kx| OIEERETH D, £z, REIHEOERLD, =
MBS ORKIIHEIIEEEZ &, [ 2 kx| DEBETHD Z L&, klf, f2,. .-, fn] = k[X]
72T fo,.. ., fn €KX PHEHET B LIEFAMETHS. f-T, f € kx| D k[x] D
B o, RO I > 11/ UT fiFk[r, ...,z DEETHZ. #HIZ, fe kx| M
k1, ..., ¢np) DEBIETHB X521 > 1 PEFETDEE, [0 kx| DEBETH S0
KHETH S ([48]). k BMEDLGEDKHNZE DM > TWRWA, k DIEK TR WD
5ie DRI B ([5]).

Freudenburg [15] 1%, k[x] (281} 28 n DRFTEEES ORYIOHI%Z, % n > 31T
LTHRZ FIREn=30r%, BEI>1IZNU f =123 — 23, r = flag + 22T

. f2l+1 + r? _ f2l(551$3 - $§) + (flfﬁz + x?l+1>2

2 2 414+1
= Mo+ 2f 0wy + 27T
X1 1
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K?B%, D(f’g) : k[X] — k[X] %

o(f.g,h)

s 1. 73) (h € k[x])

Dmm@%z‘

TEHTD. ZOLE, Dy FRAFEEESTHY, 35612 kx]Puo =k[f,g] Zifitz
T (cf. [14, §4.1])). f, g 1T 1 ROTZE K2RV DT, 1 IROEEFFOZHENL k[f, 9] 128
V. &koT, kx|Puo =k[f,g] THD I LHS rank Dy gy =3 BEBITHES .
EDHNZBNT, FEED 0 # h € k[f, g U exphDs ) 13HAETH S ([43]). n=3
D& E, B3 ORMEZSENDMDZ < OFNTK UFEKROKE RS H 5 ([40, §7], [41]).
Ho>T, n=3D&E, “expD MIEA S5 IE rank D < 2”& FHET 2 DDHREH, X
XVBOVROFPHEELTTWS., UTDO 32O FMTIEn =3, D c LND,k[x] £ 5 5.

F1 6.1 expD MMEESIE, k[x]P ddm< Ly 1D kx| OIEEEL &,

¢ D MWL D L 5% ¢ € Ty(k) MFET DL X, expd Do EIEHARDT
expD = ¢o(expgp ' Dg)og™"

LIETHS. ZOHEIED DL FHELTWS.

F48 6.2 expD MERSIE, ¢ Do BEATHD & 57 ¢ € Ty(k) BT 5.

kx)P 8 k[x] ONEfEZEZ D3 ed 1288 E, FHRE62EFELVWIEERLUE
([40, Thm. 3.1.3 (i)], [41]). #->T, PHE6IAELFNFFHE62BELV. —F, =
MEBEHORIIBTNEEE 2 ZL DT, ¢ Do B EMTHB K% ¢ € Ta(k) BIFET S
Y, kX X kx] OIEEREE DL D 1080, £oT, P62 AELITFNIE T
6.1BELL, TS 200 FRIIAMTHS. FA6.2 BELITNUTIROFERLIEL .

$163 55 fckx]P\ {0} BEELT exp fD MIEE 512, exp D ZIETH 3.

£ D IEREIZ, ¥ C LNDy k[x] 2YRD 2 DD5M2d7-3 L&, RO D e X IZHLT
FAL6.3 IXEL .
) EED fekx]P, DeSIHLT fDIX T IXET 5.
(ii) FED D € 1T U TP 6.2 IXEL L.

E£BE, Dex, fekx]P\{0} MexpfD € Ts(k) hirzd L&, (i) &V fDeT &
DT, (i) KW BB ¢ € T3(k) WFLELT (fD)? = ¢~ Y(f)- 07 Do B=frnd. T
DX, ¢ 1D R=ZMTHB. ¢ RIEADT, FH6.2DETHRAL X SIZ exp D 1ZIE
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Thd. BIZIE, BEDVIEEREZED XS RREEESEDREROESIZHS 2 (1) 2k
U, B &>z (ii) &3, £oT, ZOXIREAREZEENICHLTIE6.3 IXE
L.

& ZA7T, HOARONEEDOBERIE, BERDO L D HITEKET 5. B, yi,...,yn €
kx| 7Y klyr, ..., yn] = k[x] Zii723 & &, ¢ € Auty k[x]

QS(yZ):yZ (Zzlaan_1)7 QS(yn):yn"f’l

TEHIND. y1,...,yp EEAEICEZNUS ¢ ZIHSPITIEED, o1,..., x, ZHAECE
212356, ¢ ETHELEDE y1,...,y DBCHIZES. LB, n=3DHEITIRD
& 3 BBIAIEAET % ([40, Thm. 6.1.1], [41]):

(1) P(y1) = y1 ZHE7=THFED idypg # ¢ € Auty, k[x] 1ZHETH .

ZDHEID (y1,y2,y3) 1%, HBFED D € LNDp k[x] 12T b expD & LTHAOGNTZ., &
B, S (1) & Autypy,) k[x] N Ts(k) = {idypq} EFAMETH YO, 2B HIHIR TR A)E
RXIZETBHERD 1 DTH 5.

Ff%12 0 # D € LNDy k[x] D% k[x]P OAEBRICOVWTHING. EdDOLS1Z, n=2
72 5 1% Rentschler [59] &0 rank D =1 %D T, kx| &1 2O TEEINS. n=3
D E, B[54 &0 kx]P Xk E2fHOTEKRINDS. 0 s Ok RITIER ICHH
Thd. —H, HE1HTHREZLEIIZ, n>5TE D B=ZMATH kx|P IEARER L 1XR
572\, Daigle-Freudenburg [10] 1X, n =4 T D B =D & & kx| B"EREKTH 5
Z & %/ U7z. Bhatwadekar-Daigle [6] i&Z D#ER%EZ —ftL, n =4, rank D <375
Fkx]P IFERERTHEZ L ER UK. IROMBIIMKR L UTREIRTH S.

BB 6.4 n=4Dr &, kx| 1ZB D4 DRATHEELS OITHITERYES ?

7 SEEBEBEMRPCRERE

AHEITIE, ISR WIRD kI3 0 DikEd5. D e LNDRk[x] BATA R 2 %
FotE, A4 AEMEY D=d/dzThsb. ZO&ErankD =1 THd»7ET,
ZOREIFLL T CIRR B BERBBLAMETH 5.

A% kx| D kEAREET S, kx| = Al2] 2727 A LOMBEIT 2 € k[x] BEET
pr&kx|=All KT, 2o E, m:k[x] = AlZ] 3 f(2) = f(0) € Ak REDOE
WHERAIZR DT, A=n(k[x]) &k EEx nflOLTERINS.
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PIRE 7.1 CHERIE) kx| Dk HORB AN k[x] = AN 2fizd2 &, Alxk En—1
ADOTTERENE D ?

KB, ME 7.1 OIREDT, k(x| = Al2] KB U 2 REATEEES D =d/dz \Z k[x]P = A
XU D(z) =1%i729. #->T,“D € LNDk[x] AT A ZA%FDL Erank D =17
LW EENELSIE, A=kx|P dn—1HoxTERIND. —F, D e LNDyk[x]
MATAA 2 oL &, EH 31 &V kx| = (kx]P)HN Tths. ft->T, MET1OD
R EN 7 51, kXD =kly1, ..., Un_1] B2 y1,. .., yn_1 € k[x]P DEIET 5.
ZDEE, 0= (2,91, .., Yn_1) X kix] DHCHEABTH Y, D’ =0/0x, ZiHi7.

M 7.1 1% 2 28 k[x] OIEOBEIEH U\, EB, kx| =klz1,..., 20 1,2] 2727
21y-vns2n_1 € k[X] BPFHET ZDT

A~ Alz)/(z) = kl[z1,. ..y 2n-1,2]/(2) = klz1,. .., 2Zn—1]

RO D, BIficTR~ZL51Z, n=230D&E, {LED 0 # D € LND, k[x] i3 L
KD Wk En— 1 HOETHERE NS, BET1EEWT AR d/d: OBEELVO
T, ZOHELEHENTH S (cf. [1], [18], [53]). Crachiola-Makar-Limanov [7] I%, &
BERR k5% A 125 L “LNDy A = {0} = LNDy A[z] = LNDy A[2]” #k 0 o= &
WWEHBHLU, n=3D5AD X0 HHLHHEZ S 2 7. B, chark >0DHEH n=2,3
DE X FEERED, n >4 THRRIBEET S (. 2], [19], [20)).

WIZ, ¢ & Autg kx| DILET S, ¢ = (21,...,2,)A 2723 A € GL, (k) PMFIET
L&, ¢ THDL LS. 0 togol = (11,...,2,)A %Hi72F 0 € Auty k[x] &
A€ GL(k) BT B L &, ¢ JIGRALTRETH S 05, HIZ, A ZHAEHIIC L
5LE, ¢ IIWALAETHD LWV D . ¢ BWIMLATRETH 2 72D D BE+ 7M1,

k[fl,,,.,fn]:k:[x], ¢(fl):a2fz (i:l,...,n)

2729 fi, e €RX] L ar, ., a € B BETEIETHS. [>T, ¢ #idyy
DXL AR S IX, k[x] DHERE f & a e k\{1,0} BFLEL, o(f) =af Zh/=7.

A€ GL,(C) M, 51>1 1L Al =F 2iirz3 &, AoR/NEEANT ! —1
DT D TEMER -2V, XoT, 174 A INALTEETHZ. #E-T, Clx] DH
BN, BREP DOERAE 22 5 I MAEFTRETH 5. IRDORTEIL Kraft [27] @ “eight
challenging open problems in affine spaces”® 1 D2 TH D, n > 3 DEEIERMBRTH
% (cf. [26]). EOEEELD, XALARE] 2 TR LATEE] (222 THMEDEIKIZZE
ZoXCRANN
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B 7.2 (BRI EEE) Clx| DA CFEIIE, AR S IFH I Al Tags ?

ZOMBED FRIFFIFFEITHELS, RIZHD d > 2PMMFEL, Clx] DN d DEEDH
CRBA AR 51, k= C DG OME 7.1 PEREMIZIIRT 5. FEE, (%
1 DOFEBdFERETEEE, ARBUEX] = Alz] DN d DEHCFRE ¢ 28 ¢(2) = (2 T
EHZIND. HELD ¢ T AIERDT, BEp(z) £ a e C\ {1,0} BFEL,
p(C2) = o(p(2)) = ap(z) Zi#i7=9. ZDLE, (a—1)p(z) =p((z) —p(z) 1& z TEID
tIngd 5, p(z) IZEEZDOT kx| OBERTTHS. /-T, 2z & pz) ZAMETHD, 2
b k[x] DHEETH 5.

M 7.2 1%, RREBHDOT 7« VZERIAOERHOMIELATREE 2/ S T EMRO#IAL
] OFBIRIGAETH S (cf. [23]). n =2 DHED EAROBBEIZEERIZHRL TH
D, %ZTl Aute Cla, 2] = To(C) TH3 2 & S AEMAEH % 2. EKETH
KBIDBESD>THED, ARMOEEDKBIEFIET S (cf. [24], [50], [61]). L2 L, A
R 7 — ~OVEEIZ AT 5 KANE R D2 > TWZR W, 723, chark = p > 0 DG&, #HIAK
(r1 + 1,22) € Auty, k[zy, 2] OREUL p 7205, k2 3 (a1,a2) — (a1 + 1,a2) € k? D3EE
REFT2 20D TRIPALATRE T2, EEE, MIPHECEE R S IERAPEES LD T,
MICALFTRE 2 O I EE R BTHIET 5. KB 2] 1dn>4 DL &, [ p TEID Y
RNE D IRART — ROVERIZN U TR LB D sl &2 5- 2 7=

REEREVPAR TR VWGEOILNEEZZ 2 5. kF OFEIIEELE L, kEPREBRTH
BIEBIELAV. REKBIRE L, G % Autg Rjx| OBAEET 5. 071G

D, (k) :={(a121,...,anxy) | a1,...,a, € K}

CEENDE57% 0 € Autg Rix] WHET 5L %, G RNALTETHL LS. RO
Bk K & 3NIE, Autp R[x] 13 Autx K[x] OEOREE Rt 2. 07160 C Do(k) %
Wir=d 0 € Auty K[x] EELTH, ZDE57%0 % Autp Rjx] 75 E N5 L IZRS 7%
V. 20D, Gk K ETHALTRETS, R ETHALTETSS L IFES 2. K
OFEFIZ R [44, Thm. 1.1 ()] 12 & 3.

EE 73 RMPPID DL E, Autg R[xy, x0) DEIHE G H K ETHA{AERSIX, G
3 R ECTHAILATRETH 5.

EH 7.3 I3MEREOEK EIZHUTHEDSEDD, k=C TRM¥C EARERZ PID 0%
&1 Kraft-Russell [28, Thm. 3.2] IZ& N 5.
EHL 7.3 D SIRDBDHED
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% 7.4 R% PID, G % AutR R[xl,.flig] @ﬁﬁEY——/\Jl/%Bﬁﬁ&?%) k 7b§ 1 @}Eﬁﬁ dﬁ
WEELZHIE, GIE R ETHM{EARETH S, 7272, d:=max{ord¢ | ¢ € G} &
5.

EDORIZBWT R = klzz] £ 70K, Auty k[xy, 22, 23] DHERT — ROVE S FEOKRIE
LIZB S B RS R F o 5.

AR TRk OBEIL0 235, 0#£5 € LNDyk[x] Z#ERICZE D, Auty k[x] OB
IHE Autypgs k[x] KDOWTERT S, ZOMAREE, 05 HTRARZIHL X OB S
LEURZE . fERD D € LNDy s k[x] & k[x]P D k[x]° &7z 355,

exp D € Autypgp k[x] C Autygs k[x]

DD LD, koT,
N5 :={exp D | D € LNDy s k[x]}

I Aty k[x] KA ENB. £, Ns 1 Autypg kx] O EREBHRETHS. BFTR
Aty k[x] PEIREE (Autypgs k[x])/Ns KL TESTOBEREBRS (cf. [46]).

TR 75 kx| # (kx]°)M 518, BIAREE (Autypgs k[x]) /N & k> O BRKEH 5 #E
LRBTH Y, (Autypgs k[x]) \ N5 (8T 5 HARBOMBIEHEIZERTH 5.

B, EED0#£D e LNDyk[x] & 1> 112U T (exp D) = explD # idypq A3
MDODT, Ns\{idg} (CET 2 HCFABOMBUIH ICERTH L. 7, Az A*U{0}
PMETHE L5 Q EOUFD &35 &, EH 75T L], k* 22T A, AX IZH
ZTHHD LD,

UFTIEkE 2REEAKE TS, RO 2 DOEEDOFEHIZ, HRAED B A O
2B % [44] DFERBMEDNS.

EE 76 n>3, rankd =2 LIRET 5.
(1) (Autypgs k[x]) \ N OIERED TEIZA R ORIEALTTRE T H 5.
(2 )673E5E%’]@&% Auty s k[x | £ Ns 201X 5 I3 =MA(brgETdh 5.

ST, SDBEMTHD I, (1), .., 0(x) BHGBERTE AV E ZITNS.

FE 77 n=rankd=3D&E, (Autyys k[x]) \ N5 DEREDOTIIARMBETHD, »
DFIEALATRE TR (Autypqs k[x] = N5 O RENES H ).
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