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On a Fekete-Szego-type problem of concave functions

Rintaro Ohno (Tohoku University)*!
Toshiyuki Sugawa (Tohoku University)*2

1. Introduction

Let C be the Riemann sphere and D = {z € C : |z| < 1} the open unit disk in the
complex plane C. The class B, for p € D is defined as the set of bounded holomorphic
functions ¢ : D — D, which satisfy ¢(p) = p. We will assume that 0 < p < 1 without
loss of generality. A function ¢ € B, can be expanded about the origin in the form

oo

0(2) =cot ezt +- = chz".

n=0

Note that |¢,| < 1 for each n. We define the coefficient body X,,(F) of order n > 0 for
a class F of analytic functions at the origin as the set

{(co,cl,...,cn) eC"™p(z) =co+crz+ -+ 2™ + 02" for some ¢ € ]-"}.

A meromorphic function f is said to be concave, if it maps D conformally onto a
concave domain, i.e. C\f(D) is convex, and f is said to be in the class Co,, if it is
concave and has a simple pole at p.

In particular, we know the following from [3].

Theorem 1. A function is in the class Co, if and only if there exists a holomorphic
function ¢ : D — D with (p) = p such that

(2) = P’ o [ —220)
F&) = pa=pep p/o (0™

2. Main Results
Obviously, Xo(By) = {0} and X;(By) = {(0,¢) : |¢| < 1}.
In the present talk, we describe X,,(B,) for n =0,1 and 0 < p < 1.

1
Theorem 2. Letp € (0,1) and P = -+ p. Then
b

(1) Xo(B,) ={co € C:|cog— P} < P '}. For a function ¢(z) = co+c1z+ -+ in
B,, co € 0Xo(B,) if and only if ¢ is an analytic automorphism of D.

(2) X4(B,) = {(co,cl) €EC?®:le;—(1=Pey+cg)| <P [P_Q — e — P‘1|2] } . A pair
(co, c1) is contained in X1(B,) if and only if co = P~ (1 —wo) and ¢; = P21 +
(P? — 2)wy + wd] + P71 — |wo|*)w; for some wy,w; € D. Moreover, for a func-
tion ¢(z) =co+c1z+ -+ in By, (co,c1) € 0X1(B,) if and only if ¢ is either an
analytic automorphism of D or a Blaschke product of degree 2.
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Additionally, we discuss the following result for a maximum value problem for a
quadratic polynomial.

Proposition 3. Let a,b,c € R and

Q(a,b,c) =max (Ja+ bz + cz*| + 1 —|z]*) .

lz|<1
When ac > 0,
la] + [b] + |¢] if |b] = 2(1 — |¢]),
Qa,b,c) = b’ ,
L+ a| + ——— if |b] < 2(1 — |¢]).
A1 = Iel)
When ac < 0,
b? 2 2
1—Ja|+——7— if —4ac(c™® —1) <b* and |b| < 2(1 — |c]),
o)
Qb c) = 1+ |a| + TEETE) if b < min{4(1 + |c|)?, —dac(c™? — 1)},
R(a,b,c) otherwise,
where
lal + [6] — |c] if le[(1o] + 4lal) < [ab],
Rla,b,c) = 4 ~lal bl + el i if |ab] < |c[([b] — 4]al),
b
1-— se.
(|| + al) Toc otherwise

Finally, we will apply the introduced results to a Fekete-Szegt-type problem of
concave functions.

Theorem 4. Let f(z) =z + Y -, a,2" € Cop, be a concave function with simple pole
atp € (0,1) and p € R. Then

las — pa3| < H(p, p).
Details of the expression H (p, u) will be presented during the talk.
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On the second Hankel determinant of concave functions

Rintaro Ohno (Tohoku University)*!
Toshiyuki Sugawa (Tohoku University)*2

1. Introduction

Let C be the Riemann sphere and D = {z € C : |z| < 1} the open unit disk in the
complex plane C. A meromorphic function f is said to be concave, if it is univalent
and C\ f(D) is convex. For p € D\{0} f is said to be in the class Co,, if it is concave,
has a simple pole at p and is normalized by f(0) = f/(0) — 1 = 0. Without loss of
generality we assume that p € (0, 1).

For a € D, the Mobius transformation

a—z

Talz) = 1—az

is an analytic involution of ID interchanging 0 and a. Furthermore, for ¢ € D we define

- Tp(pC)22
(1 - Z/p)(l - pZ)

72 nll_ QC ZA

Fe(z) =

Avkhadiev and Wirths proved the following in [1].

Theorem 1. Let p € (0,1) and n > 2. Then

1 _ p2n+2

(el € Cop} = 4,(0) = {ur: o - L

- p2 _ p2n } .
Tt -pY)
Moreover, for f € Co,, a,(f) € 0A,(D) if and only if f = F; for some ¢ € OD.

In the present talk, we consider the second Hankel determinant of order 2 for f(z) =
2+ agz® + ..., which is defined by

3
= Q904 — ag.
as a4

Especially, we will take a closer look at the variability region H(Co,) = {H(f) : f €
Co,} for p € (0,1).
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2. Main Results

A straightforward computation yields

HIF) = QA0 — a0 = — =108 = - B ko),

where

is the Koebe function. Set

0, = (a(F) :1¢ < 1 = - =2 kD),

This set has the following property.
Proposition 2. , C Q, for 0 <g<p <1 and

U @=Du{-1} and () Q={-(1+2)%/4:]z]<1}.
O<p<1 O<p<l1
Here, the set {—(1+ 2)?/4 : |z] < 1} is a closed Jordan domain, bounded by a
cardioid with an inward-pointing cusp at the origin.
By the above observations, we have Q, C H(Co,). In view of the coefficient regions
of a, for Co,, one might suspect that H(Co,) = €, for p € (0,1) and, in particular,
H(Co,) C D. However, this not the case. We set

M(p) = sup{[H(f)| : f € Cop}.
Theorem 3. Let p € (0,1). Then M(p) > 1. Moreover,

1 1 2
— < M(p) < —+ —.
" () 3p+3
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([Str84)). r DFGEIF/ — P&V —< Vili SASHST 5. DS, ICEES, &/ —
R T2 M DMZFFD XM D 1/22 DIFEEZ ERIEUT (af,...,a)) € ST &T 5.
T ={X,g)]l g: 5. —» X BIEFEAGHR} LED, TNZEOIRKEA LI T—%
T OBRT — T O EAERHET.

RIS O T x SEIXREXR IS ZA & 2 2 5 —72 T ~\ORMESGEMKT 5. 9
[(X,9] €T D/ —RFEV = VHEH X E LMD/ —FEFD. a=(ar,...,a) € S
IS L, &/ —RT1/2 OFREBM a? LD X 57, /— RT200OMZRD 2 X
7o ZED ([Str84]). ¢ MBEXK S critical graph M5 X 25/ — RZH.LE Lz
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DEXDHILT 5.

(I)([Xag]7a17' B aakvth' .. 7tj +27T7' .. 7tk;8) = Tj([R7 h])a

ZCT, 7idv; TONELLD Dehn twist TH 5 (MIFV—VHMNEEXSH
RxLDZMHLTVS).
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R A 1
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J J
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dr(®([X,g],a,t,5), (X, g],a,t,5)) < C(a,d, so)

Ziilz g K2R D. BRI lim,, e C(a,d,50) = 0BT BB T N TES.
TS OFHEERD K SRS ;

. N 1
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Julia sets appear quasi-conformally in the
Mandelbrot set

ARIIESR (RUERRSE RABE N - BRETADITR)
JIPE A (GRECTSERY: K2R BT 22 ZER) )+

QRZTR P.(2) =22+ c DFREIJuliaks K., JuliaES J IFXTEHEINS -
K.:={ze€C| P! (z) / oo}, J. = 0K,
FINRTA—Z—ZEHOFNEE L LT, XD Mandelbrot E8MWEHRENS !
M:={c| J. : @i} ={c | {PM0)}2, : AN}
M DOBEFHEZILR L TV L E/NE 7% Mandelbrot 280 2 < TABINS D, ZHUIX

DEICLTELND T EMHISNTVS sy # 0 &85 /357 A—%2— (A5, P, A
A S Z D, Z0EHZE s) L35 & 502 a8 K 9 7%/NE 7% Mandelbrot 55

Mg, =50 LM : MO sy TDtuning

PFAET D (1 =sg Lo € Myy @M D TeoMYDI T, P5 ~ Py ML) . M,
W =% A RefiD” & & primitive, F#7275) & & satellite & PS5,

HIEIDZRTIE MICBT 2ROK S HHEN A SN, TheE bl CitiHd % C
EMHR D T RIS LTz & ¢p 2 Misiurewicz X 7213 BEDRT A—%2— (HIB, P, T
BRSO DSFTEIHANIC IR %, 72l Py WA R ZR DL 2 e D) £95. /h
T Mandelbrot 2255 M, Tsatellite 2 EDZERIC 1 DED, M, ND o tHHEDINZ
A—=B—sy L cyg € My, DIEZIERT B E Jepiny Cn e C, |yl 2 T537, co+n¢ M)
KRB RZ . BICZOREOHRREZILRL TV & CDORIED 221 K 2
%, BICZDOWHG +++, LWV S ANFHIENRZ, ZORTITHEIZ/NE W Mandelbrot
LEMBND (1E 1 KT ¢ 1& Misiurewicz) .

ZlENd M, Disatellite TH OK TH 2 T WD M o7 (Theorem A) .

7z, EREDO XS ICHN S BIT/NE W Mandelbrot &£57% My, &L, My 0535
RA—RE L STFORE JWiaE G2/, ZTORREZIIAL T ERDL I IR
% (Theorem B) :
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KTldce M%ngi’)ﬂﬂ%ﬁ,‘f—i%hﬁi\7% Z— (rabbit &FHIN S FHE Julia 65 7%
EDOED) &L, My =5y, L MO cHEDR s; L cOFEH JuliafF K | 2V TE.
Tfkji@l_&“(ﬁi%.ﬁﬂiﬁ'ﬁbc_ﬁﬁ_d\éb‘Mandelbrot%/\@?fkj(@Lﬁ’CEK%)360)
E T _E TR B DR,

Pt eZERME L TENZ ERD K H175% P IR Tl ¢p ZEED Misiurewicz
F IS T A—2—, 50 # 0 R EEDO#WG ST A—2—L 3 5.

Definition 1: /¢ M &35 (E: TDEE J.idCantor EF LKD) .
1
N 1 = 73 ‘
(1) R>1‘(JCCAR’ﬁR {z R<|z|<\/R} 55t D2 LD

(2) To(¢) == Ju x R C Ag e, Tp(¢) := 22" 12X To(¢) DR

(“(E‘E . Fm(Cl) ﬁiﬁb‘blfé ( Fo(C’) C AAR,RZ7 F]_(CI) - A\/R,R’ FQ(C/) C A{L/E,\/R’ c )
(3) ce M, p.:C\ K, — C\ D % Bottcher B, ¢p : C\ M — C\ D % Riemann
g LT

K(e,d) =K. U (UnooLm(c)),  M(c) = MU @3 (Un_oTm()

Definition 2 : X, Y c C £93. XHY RICRFHICIRENDS LIL, REATH
©0:C—CTpX)CY, p(0X) COY 5BEDMFEETHT &2,

Theorem A : fEEDe >0, & >0ICHL, HBneC Tey+n€ D(co,e)\ M 755
EDOMNFIEL, M(co+n) B MICHEEAICH NS, FICFELIE M N D(sy L ¢, €)
ICHN%.

Theorem B : Theorem A O M(co + 1) D qe-image & U THIN%/NE W Mandelbrot
BB My &% ERMDILD HAERED c € MIZHUTK (e, co+n) DKy WCH
EMICHNS.

Theorem C : {LE®D Misiurewicz /3T A —2— co I U TG 18T A— & — 50 72
HMIC & B & Theorem A DEEFEABBHROEHEII 1IN ETEIVWEDTENS.
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From Cantor to Misiurewicz along parameter rays
NI BB (RO TR KRB T2 5eRt %)

Bm =

We consider degeneration process from a Cantor Julia set to a Misiurewicz
Julia set in the family of quadratic maps. We give an estimate of the speed
of the holomorphic motion when the parameter moves along a pre-periodic
parameter ray of the Mandelbrot set. Then we will conclude that such a
particular motion dynamically converges. (jointly with Yi-Chiuan Chen at
Academia Sinica.)

Quadratic Maps/Julia sets/Mandelbrot set.  Let f.(z) = 22+ ¢ (c € C) be
a quadratic polynomial acting on the plane with only one critical point at z = 0. We
define the Julia set J. by the closure of the repelling periodic points.

The Mandelbrot set M is the set of ¢ such that the orbit { f(0)},-, is bounded. A
theorem by Fatou and Julia yields the following dichotomy: For ¢ € C, the Julia set
J.. is connected if and only if ¢ € M, and otherwise i.e., if ¢ ¢ M, f(0) — oo and J. is
a Cantor set.

Parameter Rays By the theory of Douady and Hubbard, there exists a conformal
map ® : C — M — C — D such that ®(c)/c — 1 (c — o). A parameter ray of angle
0 € R/Z is defined by

R(O) == {@ ' (re”) : 1 <1< c0}.

Misiurewicz Parameter. Another intriguing fact by Douady and Hubbard is, if 6

1
is of the form m

, the limit ¢ := li{r% &~ (re) € OM exists. We call the parameter
“the landing point” of R(f). Moreover, it is known that for such a parameter ¢, { f(0)}
eventually lands on a repelling cycle of f.. We say such a parameter ¢ a Misiurewicz
parameter. (Conversely, any Misiurewicz parameter is the landing point of a parameter
ray of angle [odd/even]). For example ¢ = —2 and i are Misiurewicz that are the landing
points of the parameter rays R(1/2) and R(1/6), respectively.

How the Julia Sets Move? When ¢ ¢ M, J. moves holomorphically. More
precisely, if we set X := C — MU [1/4, 00), and choose any ¢y € X, there exists a map
H: J, x X — C such that

(1) H(z,¢p) = z for any z € J;
(2) For any c € X, J,, 2 z — H(z,c¢) is injective.

(3) For any z € J,,,, X 3 ¢ — H (%o, ¢) is holomorphic

partially supported by JSPS.
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By the A\-Lemma, the map in (2) is quasiconformal.

Motion along a Parameter Ray Now fix § € R/Z — {0}, and set ¢y := ®1(2¢").
When one choose any zy € J,,, then ¢ — z(c) := H(zp, ¢) is a holomorphic function on
X. Consider the motion of z(c) with along R(f): i.e., ¢ = ¢(r) := ®~(re?) and we let
N\, 1.

In this setting, we have:

Theorem 1 (Chen-K) Suppose that ¢ is Misiurewicz and the parameter ray R(6)
lands on ¢. If ¢ — ¢ with ¢ € R(#), we have a uniform estimate

d
%Z(C)

1
— o ——
Vie=él
that is independent of the choice of z.

Corollary 2 For any initial point zy € J.,, the integral

z(¢) := z(co) + lim i de , delr)

— d
N0 2 dc dr "

exists.

This means that the whole dynamics on the Julia set converges to that of Misiurewicz
parameter. The proof is based on a detailed estimate of the following formula:

d ad 1
9= 2 BFrEy

n=1

1: The motion of the Julia sets along R(1/2) with ¢ = —2.
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The Riemann hypothesis and holomorphic index in
complex dynamics

N AL (RO T3ERY: KRB T2 R S )

Bm =

We give an interpretation of the Riemann hypothesis in terms of complex
and topological dynamics. For example, the Riemann hypothesis is affir-
mative and all zeros of the Riemann zeta are simple if and only if a certain
meromorphic function has no attracting fixed point. To obtain this, we use
holomorphic index (residue fixed point index), which characterizes local
properties of fixed points in complex dynamics.

The Riemann zeta function. For s € C, the series

C(s) = 1—1—%—0—%4—'-'

converges if Res > 1. Indeed, ((s) is analytic on the half-plane {s € C : Res > 1}
and by analytic continuation the function turns out to be a meromorphic function (a
holomorphic map) ¢ : C — C = CU {oo} with only one pole at s = 1, which is simple.
This is the Riemann zeta function.

It is known that ((s) = 0 when s = —2,—4, —6,.... These zeros are called trivial
zeros of the Riemann zeta function. We say the other zeros are non-trivial.

The Riemann hypothesis, which is the most important conjecture on the Riemann

zeta function, concerns the alignment of the non-trivial zeros of (:

The Riemann hypothesis. All non-trivial zeros lie on the vertical line {s € C :
Res=1/2}.

The line {s € C : Res = 1/2} is called the critical line. (It is numerically verified
that first 10" zeros (from below) lie on the critical line.)

It is also conjectured that every zero of ( is simple. We refer to this conjecture as
the simplicity hypothesis after some literature.

The aim of this talk is to translate the Riemann hypothesis in terms of complex
and topological dynamical systems. More precisely, we translate the locations of the
non-trivial zeros into some dynamical properties of the fixed points of a meromorphic
function of the form

partially supported by JSPS.
* T 152-8551 HUR L3R KABes Toai st Sor s
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where g is a meromorphic function on C that shares (non-trivial) zeros with ¢. Indeed,
we may set g = C or the zi function

) = 320 -2 (3) ¢Ce),

etc. The function v,(z) is carefully chosen so that
o If g(a) = 0 then v,(a) = «; and

e The holomorphic index (or residue fized point index, see [Mi]) of v, at « is o itself
when « is a simple zero of g(z).

For a given meromorphic function g : C — @, we say a fixed point « of ¢ is attracting
if |¢'(a)] < 1, indifferent if |¢'(a)| = 1, and repelling if |¢'(a))| > 1. Here are some
possible translations of the Riemann hypothesis (plus the simplicity hypothesis) by v:

Theorem 1 ([Ka]) The following conditions are equivalent:
(a) The Riemann hypothesis is affirmative and every non-trivial zero of ¢ is simple.

(b) Ewvery non-trivial zero of ¢ is an indifferent fized point of the meromorphic function
¢(2)
2((z)

c) The meromorphic function v above has no attracting fized point.
¢ g

ve(z) ==z —

(d) There is no topological disk D with v¢(D) C D.

Note that (d) is a topological property of the map v, in contrast to the analytic (or
geometric) nature of (a). We should also remark that we can apply the method of this
note to the L-functions without extra effort.

ZE 3wk
[Ka] T. Kawahira. The Riemann hypothesis and holomorphic index in complex dynamics.
Preprint (available at my web page).

[Mi] J. Milnor. Dynamics in one complex variable. (3rd edition). Ann. of Math. Studies 160,
Princeton University Press, 2006.
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Hausdorff Dimension of the Julia Sets
of Postcritically Bounded Polynomial Semigroups
and Transversality Condition
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In this talk, we consider the dynamics of polynomial semigroups (i.e., semigroups of non-
constant polynomial maps) on the Riemann sphere C. This topic is deeply related to random

dynamical systems of polynomial maps on C ([S11,515)).

Definition 1. 1. We denote by C := CU {oo} = 5? the Riemann sphere endowed with the

spherical distance.

2. Weset P := {h: C — C | h is a polynomial, deg(h) > 2}. (For each non-constant polynomial
h, we set h(oo) := 00.)

3. For ecach n € N with n > 2, we set P, := {h € P | deg(h) = n} = (C\ {0}) x C". We endow
P with a topology by P, = (C\ {0}) x C"(Vn > 2), P = U2, P, (disjoint union).

4. For each f = (f1, f2) € P2, we set (f1, f2) := {fu, 00 fu, | 2 € Nywy,...,w, € {1,2}}.
This is a semigroup whose semigroup operation is the composition of maps.

5. For each (f1, f2) € P?, we set
F(fi,fo) ={z€C|3nbd U of zin Cs.t. {h|y:U — C}he<f1,f2> is equicontinuous on U}.
This is called the Fatou set of (f1, f2) ([HM96]). Also, we set
J(f1, f2) = ¢ \ F(f1, f2). This is called the Julia set of (f1, f2).
Remark: J(f1, f2) = fi (J(f1, f2)) U f5 (S (f1, f2))-
Question: dimg (J(f1, f2)) =7. Here, dimy denotes the Hausdorff dimension with respect
to the Euclidean distance.

6. For each (f1, f2) € P?, we set
P(f1, f2) = Une(p. payozay h(UZ_ {critical values of f; : C — C}) where the closure is taken
in C. This is called the postcritical set of (f1, f2).

Definition 2. We use the following notations.

. B:={(f1, f2) € P | P(f1, f2) \ {00} is bounded in C}.

. C:={(f1, f2) € P*| J(f1, f2) is connected}.

.D:={(f1,f2) € P2 | J(f1, f2) is disconnected}.

. H = {(f1, f2) € P?| {f1, =) is hyperbolic, i.e., P(f1, f2) C F(f1, f2)}.
- I={(fr, f2) € P2 J(fr) N J(f2) # 0}

T = W N

Lemma 3. The sets H,BNH,DNBNH are non-empty and open in P2. Thus (OC)NBNH C
CNBNH.

13-



Definition 4. Let (f1, f2) € P2,z € C. We set

t(fr, far2) o= nf{t = 0 [ 3500, 3o, yeq1.2pn Doye(fuy o fun) -1 (o) P Seor -+ fu )27 < o0},
where || - ||denotes the norm of the derivative with respect to the spherical metric, 0~¢ := oo, and
we set inf ) = co. Also, we set t(f1, fo) := inf{t(f1, f2,2) | z € C} € [0, o0].

Remark: If (f1, f2) € H, then ¢(f1, f2) is equal to the Bowen parameter (unique zero of the
pressure function of the skew product associated with (f1, f2)). See [S05].

Theorem 5 ([S05]). Let (f1, f2) € H. Then dimgy (J(f1, f2)) < t(f1, f2). Moreover, if, in addition
to the assumption, (f1, f2) satisfies the open set condition, i.c., there exists a non-empty open
subset U of C such that U?_, f71(U) € U and f7Y(U) 0 f5 2 (U) = 0, then dimg(J(f1, f2)) =
t(f1, f2)-

Theorem 6 ([SU10]). (f1,f2) € H — t(f1, f2) is real-analytic and plurisubharmonic on H.

Theorem 7 ([S15]). Let (f1,f2) € (DNBNH)U((OC)NBNH)\I). Then (f1, f2) satisfies the
open set condition and dimpy (J(f1, f2)) = t(f1, f2) < 2.

Theorem 8 (Main Theorem). Let (f1, f2) € (OC)NBNH)\Z. Let d; := deg(f;),i = 1,2. Then
there exist an open neighborhood V of (f1, f2) € Pay X Pa, = [1-—, ((C\{0}) x C%) and a subset A
of V with dimgy (V' \ A) < dimg (V) (thus Leb(V \ A) = 0, where Leb denotes the Lebesgue measure
on V) such that for each (g1,g2) € A, we have
log(dy + d2)
Y g logd;
Remark 9 (and Theorems, [S15]). 1. For each hyperbolic f; € P and for each d € N with
d > 2,(deg(f1),d) # (2,2), there exists an fo € Py such that (f1, f2) € (0C)NBNH) \ Z.
2. We have Mﬂ BNH = CNBNH, where int denotes the set of interior points with respect
to the topology in P2. Thus, regarding the set A in Theorem 8, we have ANint(C) # (). Note
that for each (g1,92) € A Nint(C), we have N?_, g7 (J(g1,92)) # ¥, and we do not know

1< < dimg (J(g1,92)) = t(g1,92) < 2. (The equality is the main result.)

whether (g1, g2) satisfies the open set condition or not. (Maybe not.)

Idea of proof of Th. 8: We show that there exists an open conn. nbd V of (f1, f2) such that V'

satisfies the “transversality condition” ([SU13]) except a proper holo. subvariety X of V.
References:
[HM96] A. Hinkkanen and G. J. Martin, The dynamics of semigroups of rational functions. I., Proc. London Math.
Soc. (3) 73 (1996), no. 2, 358384.
[JS15] J. Jaerisch and H. Sumi, Dynamics of infinitely generated nicely expanding rational semigroups and the
inducing method, to appear in Trans. Amer. Math. Soc., http://arxiv.org/abs/1501.06772.
[S05] H. Sumi, Dimensions of Julia sets of expanding rational semigroups, Kodai Math. J., Vol.28, 2005, No.2,
pp. 390-422.
[S11] H. Sumi, Random complex dynamics and semigroups of holomorphic maps, Proc. London. Math. Soc.
(2011), 102 (1), 50-112.
[S15] H. Sumi, The space of 2-generator postcritically bounded polynomial semigroups and random complex dy-
namics, http://arxiv.org/abs/1408.4951. (Provisionally accepted for publication in Adv. Math.)
[SU10] H. Sumi and M. Urbanski, Real analyticity of Hausdorff dimension for expanding rational semigroups,
Ergodic Theory Dynam. Systems (2010), Vol. 30, No. 2, 601-633.
[SU13] H. Sumi and M. Urbanski, Transversality family of expanding rational semigroups, Adv. Math. 234 (2013)
697-734.
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On weighted polynomial approximation
by the de la Vallée Poussin mean
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L®)-conjugates on parabolic Bloch spaces

Z N (R - HH)
R Bia (ki - B
Wi R (RRK - EH)

H%un+1RuxFE2—7 V) y REMO LYEERET S, $74bb, H=R"xR, =
{(z,t) € RM*hp € Rt > 0} 55, 0 < a < 1IZxtL, BHBEERAFE L@ X
L =0, + (—A,)® EEFREND. 22T, 0,=0/0t, A iFa T 777
ERY. H EOMGEku S LOFFTH D &1L, BREROBERTL®y =072 L&
WD BT v REROEFREER~D . m(e) =min{l, 5} LT D. 0> —m(a)
IZK L, Ba(o) 2RO LS ITERT S,

Bu(o) = {u € C*(H) ; L™ ififn,

lulao) == sup t {£3 Ve, )] + Hau(z, )] } < oo},
(z,t)eH

(Vm = (617"' aan)a aj = 6/89@)

£77, Buo(0) = {u € Bua(0),u(0,1) =0} EF 5. By(0)1Z/ VA | - [pa) Db & T
FonZEB LD, ET, Bys(0) EFRAT B v A ZE R ([3]) SRS T 5.

ARHFE T, T o o RZER LD L@ T OWTH LN R A RS, Fix
ECBNT, REEOIEETH 5 a- BRI ES & ER L, FEEIT-o T 5.
LA L, a-BUR3E BT CFET 2 LIRS 2, E72 w0k & [ Uk
BICBT 2 LIERS RNV AR~ 7=, TN HOMBEEZRRT 5720, Fix
(TR T 1 ARZER LD L0384 L RN % SR BB OV TS 2 s 7=

F9, H LB 2fEoEREEE~%. 4licksé, —&bahiza—ir—-
V= OFERUICL - TERSIN TN A.

EEA(4]D). uz HEORE LTS, (vy, - ,v,) BuDFHFnEETH D E1F, (v, -,
U, 0) DIRDO— AL SN Tca—r— « V=< O FRAE T L& 5210 ).

v, = Opv; (1<4,k<n), (D

Oju = Oy (1<j<n), 2

— 8tu = Zaj’l}j.
j=1

WIS, a-BRERBEAROERZR D, Lra¥HT 5. ERRICKL, Df =
(=0 1 FtIZBIT D k IRDFZRFEM I EM SR, FCU XD NERTRETH D &9 2Ry
EDORE o 570 D PR A T

EFEB(1).0<a<1&795. /2, uz H EOREKET S, (v, ,0,) Dud a-
BRI T 5 L1E, v € CUH), u(x,-) € FCa v, (v, vn,u) 23 (1),
Q) B ORORE =T L& &2,

jia Df 0<a<l),
iV = .
o U — tlirglo u(0,t) (a=1).



Bt 7 o AR 22 B O a- BRI BEEIZ SV T, ROMEREHFTND.

EEA[D.0<a<l, 0>-m(a), ue B.(o) & F%. ¥1=, n= =—1l+0&
B> -5 bR, vy € Baln) 2727 XK 9 72 u D a-BARILRBIE (vy, -+, vn)
MME—TFET D, DI, wlKFELRWERC > 0B FEL TRZRZT.

C M ullpaie) < 3 jll5amy < Cllull. -
j=1
FEEAIZEITAIEE
D 0<a<i=n>— THITHET.
M i<a<l=n< —i L B E o BMEIET 5.
Ma#inlE, ntolid.

BT, (D) & (W) ORBE 2 RIS 2 7=, Fhx 3 [2] THi- 2 6 R A EA L7z, L
F, ABETOEERICOWTIRAS, LOIEBOERL B,

EEI1I(2)D. 0<a<1&35. £/, uik H LOBET S, (v, ,0,) Bud
LW IAETHD L1X, vj,u € CYH), vy(w,-),u(r,-) € FC2 13, (v, v, 1) B
(D) KO DOXZ /T2 & & &0 9.

1
Oju = =Di"v; (1<j<n),
n n
DtQQ’LL = Zajvj.
j=1
Fe L7 a s RZEM B LN T, ROBEREHBTND.

FEI(2).0<a<l, 0>-ma), ucByo) T, ZOLE, veBylo)%
WL 9w D DO (v, v,) WE—TFET 5. S BIT, wlTKAE LAVER
C > 0 PMFAE L TR ZT 7=

C M ullga) < D 10illsae) < Clullia o).

Jj=1

S Xk

[1] Y. Hishikawa, M. Nishio, and M. Yamada, Conjugate functions on spaces of parabolic Bloch
type, J. Math. Soc. Japan, 65 (2013), 487-520.

[2] Y. Hishikawa, M. Nishio, and M. Yamada, L(®)-conjugates on parabolic Bloch spaces, preprint.

[3] W. Ramey and H. Yi, Harmonic Bergman functions on half-spaces, Trans. Amer. Math. Soc.,
348 (1996), 633-660.

[4] E. M. Stein and G. Weiss, On the theory of harmonic functions of several variables I. The theory
of HP-spaces, Acta Math., 103 (1960), 25-62.



10

FiER RS - O FEFAF Bergman £ 122\ T
oEE (iR - Beeargeen)

B%Z RN EOBRENMERE L, B> -1 T %, H2(D)Z8EK D L2 2 ERfnRE%k
ERORTZEMET D, ABETIEEKEZ D =B,B\ {0} b LJIERN\B & LTEX,
Z O Bz BV TEAS & AR Bergman 22 fH]

a B
b2%(D) == H*(D) N L*(D, |z|* |1 — |2[*|” dz)

EBEZD, BRI A2 EIMEOEIR LY, ZOZEMITHAEE L RO L L
NEMITH D Z ERLD, baﬁ( VXS 2 B A AT & Bl Bergman £% & FE
O\ Rpoap(z,y) £EL,

H RS2 2015 FEKFR A DR TIL, D =B Th b L X OEFMFI Bergman %
Rp200(z,y) DFERICOWTHE L2, K#ETIID =RY\BThHo & X DOHEL
Z EFAFI Bergman &% Rp oo 5(7,y) 3T 2 HIEERINT 5,

MEL A>—-1¢L-a—-20-8+N>0LT%, DX
RRN\@,Q,Q,B(xv y) = |x|47N|y|47NRIB,2,—04—25—8»5(‘/L.*1 y*) T,y € RN \E
MY SLD, ZZTa* = e LT 2,

FBeNU{0}DLE, Rpoap(a,y) IEHTHEHRICL > TRV \BxRY\B EET
PETE D, ZOIERICE > TELNDEIE Rpaas(z,y) EEL, 20 L RO
Y 1oYW
FE1.3eNLL-N<a<N-28-8Lt79%, TDL X

RRN\EQ,&,[?('I’ y) = <_1)BRB»27OAB(I7 y) T,y € RN \E
N AIRTASN
& XAk

[1] N. Aronszajn, T. M. Creese and L. J. Lipkin, Polyharmonic functions, Clarendon press,
Oxford, 1983.

[2] S. Axler, P. Bourdon and W. Ramey, Harmonic function theory, Springer-Verlag, New
York, 1992.

[3] R. Coifman and R. Rochberg, Representation theorems for holomorphic and harmonic
functions in LP, Astérisque 77 (1980), 1-66.

[4] M. Nishio and K. Tanaka, Harmonic Bergman spaces with radial measure weight on the
ball, submitted.

[5] M. Pavlovié, Decompositions of LP and Hardy spaces of polyharmonic functions, J. Math.
Anal. Appl. 216 (1997), 499-509.

[6] Z.G.Zhao, The harmonic Bergman kernels for punctured domains, Acta Math. Sin.
(Engl. Ser.) 30 (2014), 1997-1988.

2010 Mathematics Subject Classification: 31B05, 47B38
% —17 — I : biharmonic, Bergman kernel
* T 558-8585 KRIRMIEEXAZA 3 T H 33 138 75 KBRS RF ARSI

e-mail: ktanaka@sci.osaka-cu.ac. jp

-19-



220-



FrhlsEE

Hausdorff dimension of the Julia sets of non-hyperbolic polynomial

semigroups and the method of inducing

Johannes Jaerisch

Department of Mathematics
Faculty of Science and Engineering
Shimane University
E-mail: jaerisch@riko.shimane-u.ac.jp
Web: http://www.math.shimane-u.ac.jp/~jaerisch/

Introduction. We investigate the interplay between geometric and dynamical properties of Julia
sets of semigroups of holomorphic maps on the Riemann sphere C. The study of semigroups of
rational maps, which was initiated by Hinkkanen and Martin ([HM96]), generalises the iteration
theory of a single rational map. This is deeply related to the study of random complex dynamical
systems ([Sum11, JS15al). For instance, regarding a random dynamical system of polynomial maps,
if we consider the function T7,(z) of probability of tending to a minimal set L (e.g. L = {co}), then
under certain conditions (e.g., PBOSC in Definition 1 below), T}, is continuous on the Riemann
sphere and varies precisely on the Julia set of the associated semigroup of rational maps.

The framework of semigroups of rational maps is also suitable to further unify the research
on the Julia sets of rational maps and limit sets of Kleinian groups. In fact, the concept of
conformal measures, introduced by Patterson ([Pat76]) for Fuchsian groups and generalized to
Kleinian groups by Sullivan ([Sul83]), plays a central role in the fractal theory of Julia sets of
semigroups of holomorphic maps on C. For a survey on the fractal properties of Julia sets of the
iteration of a single rational map we refer to [Urb03].

Let Rat denote the semigroup of all non-constant rational maps on C with semigroup operation
being functional composition. A subsemigroup of Rat is called a rational semigroup. A rational
semigroup consisting entirely of polynomials is called a polynomial semigroup.

The Fatou set of a rational semigroup G is given by

F(G):= {z € C|3U < C open such that z € U and {g|U}g€G is equicontinuous}.
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The Julia set of a rational semigroup G is given by J(G) = C\ F(G).

As for the iteration theory of a single rational map, we have that if #(J(G)) > 3 then the Julia
set J(G) is a non-empty compact and perfect subset of C which has the property that repelling
cycles are dense in J(G), that is,

J(G):{ze(fj\SgeGsuchthatg(z):Zand lg'(= |>1} U‘] (1)
geG

For the proofs of these results we refer to [HM96] and [Sum00].

Our main goal is to characterize the Hausdorff dimension of J(G) with respect to the spherical
distance d on C in terms of dynamical properties of G. The idea goes back to Bowen ([Bow79]) who
proved that the Hausdorff dimension of certain limit sets of Fuchsian groups is given by the unique
zero of a geometric pressure function associated with the group. This type of formula, which is
referred to as Bowen’s formula, was generalised to various settings and it is still an active area of
research. We refer to Definition 7 below for the definition of the geometric pressure function in
the context of rational semigroups, and we refer to Theorem 9 below for a new version of Bowen’s
formula in the context of infinitely generated rational semigroups.

Let G be a rational semigroup. We denote by §(G) the critical exponent of the Poincaré series
of G (|[Sum05]) given by

5(G) = inf{&(G, 2| ze C},

where
0(G,z):==inf v >0: Z Z Hg N < oo
9€G weg—1

Here, ||¢’(w)|| denotes the norm of the derivative with respect to the spherical metric on the
Riemann sphere, )
v > 0.

The postcritical set P(G) of a rational semigroup G is given by

= J oviy,

geG

weg—1(x) counts the multiplicities and we set inf {0} := oo and 07" := oo for

where CV(g) denotes the set of all the critical values of a rational map g, and the closure is taken
with respect to the spherical distance d on C. A rational semigroup satisfying P(G) C F(G) is
called hyperbolic.

Let I C N be an index set and let (f;);er be a family of rational maps. We use

<fi:iej> = {fUJn OfUJn—l O“'Ofw1|neNv(w17w27---7wn) € In}

to denote the semigroup generated by (fi)icr. We say that (f; :i € I) (or (fi)ier) satisfies the
open set condition if there exists a non-empty open set U C C such that (f71(U))ier are pairwise
disjoint subsets of U. Sumi ([Sum05]) proved that if G = (f1,..., f,) is a hyperbolic rational
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semigroup satisfying the open set condition and each generator f; has degree at least two, then
dimg (J(G)) = 6(G).

To state our first main result, we need further definitions. For a polynomial g we denote by
K(g) the filled Julia set of g given by

K(g) :={z€C|(¢"(2)),en is bounded in C}.

We introduce the following class of polynomial semigroups.

Definition 1 (J./Sumi ([JS15b])). Let fi, fo be polynomials of degree at least two. We say that
the polynomial semigroup G := (fi, fa) satisfies PBOSC if each of the following holds:

1. P(G) \ {oo} is a bounded subset of C.
2. K(f1) C Int(K(f2)), where Int denotes the interior of a set.
3. (f1, f2) satisfies the open set condition with the open set U := Int(K(f2)) \ K(f1).

4. CV(f2) \ {oo} C Int(K(f1)).

Note that a rational semigroup satisfying PBOSC is not necessarily hyperbolic. See Example
3 for an example. We also remark that for each polynomial f; with deg(f;) > 2 such that J(f1)
is connected and Int(K(f1)) # 0, and for each d € N with d > 2 such that (deg(f1),d) # (2,2),
there exists a polynomial fo with deg(f2) = d such that (f;, f2) satisfies PBOSC ([Sum11]). Also,
regarding the above, we can take fo so that (f, fo) satisfies PBOSC and J((f1, f2)) is connected.
For a subset A C C we denote by dimg (A) its Hausdorff dimension with respect to the spherical

distance d on C. We are now in the position to state our first main result.

Theorem 2 (J./Sumi ([JS15b|)). Let G := (f1, f2) be a polynomial semigroup satisfying PBOSC.
Then
dimg (J(G)) = max {§(GQ),dimg (J(f1))}.

We consider an example to which Theorem 2 applies.

Example 3. We let

o1(z) =22 + i, wa(z) = iz?
Denote by f1 := @1 01 and fo := @9 0 ¢ the second iterates of @1 and @9 and let G := (fy, fa).
Note that z = 1/2 is a parabolic fixed point of f; and thus, the rational semigroup G is not
hyperbolic. However, G satisfies PBOSC and therefore Theorem 2 applies. Since moreover f; is a
non-recurrent critical point map, it is well-known that dimg(J(f1)) < ((f1)) < §(G) ([Urb03]).

We have thus shown that dimy J(G) = 6(G). We refer to the figure below for a sketch of J(G).
For related results in the framework of conformal iterated function systems, we refer to [MUQQ].
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Figure 1: The graph of the Julia set J({f1, f2)) in Example 3.

In the following we aim to explain the main ideas and methods which are used in the proof of
Theorem 2. In a nutshell, the idea of the proof of Theorem 2 can be described by the following

three steps:

1. Definition of a hyperbolic subsemigroup H of G: We define the subsemigroup H given by
H:={h,:n>0), where h,, := foo f', for n > 1, and hg := fo.

This is an infinitely generated polynomial semigroup which turns out to be hyperbolic.

2. Hausdorff dimension formula for the Julia set of H: We develop a fractal theory for the
Julia set of the infinitely generated hyperbolic rational semigroup H. This is the main step
of the proof, which will be discussed in the next section. Briefly, we will introduce a subset
Jore(H) C J(H) (see Definition 6 below) and we will prove a version of Bowen’s formula for
the Hausdorff dimension of Jy.(H) (see Theorem 9 below).

3. Relation between the Julia sets of G and H: Tt turns out that
Tore(H) = J(H)\ | 97 (T (1))
geaG
Moreover, we have J(H) = J(G) and 6(H) = §(G). Theorem 2 follows.
By using the above idea, which is referred to as the method of inducing, we can obtain similar

results on the Hausdorff dimension of the Julia sets of various non-hyperbolic rational semigroups.

A fractal theory for infinitely generated hyperbolic rational semigroups. Throughout, let
G = (f; :i € I) be a rational semigroup with I C N. We will always assume that each generator
fi has degree at least two.

We say that G = (f; : i € I) is expanding if there exists C > 0 and A > 1 such that, for all
z€ J(G) and n € N,

(070 fun) )] 2 OX,

inf
W1 5o Wi €1 YE(fu, 000 fuy ) TH(2
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By using the Poincaré metric on components of the Fatou set we deduce the following fact.
Proposition 4 (J./Sumi ([JS15b]|)). If (fi : i € I) is hyperbolic, then (f; : i € I) is expanding.

If I is a finite set, then hyperbolicity and expandingness are in fact equivalent ([Sum98]|).
However, the converse of Proposition 4 does not hold in general when the alphabet is infinite.
To state Bowen’s formula we introduce the following dynamical system associated with a ra-

tional semigroup G = (f; : i € I).

Definition 5 (Sumi ([Sum00])). The skew product map f associated with (f;)ic is given by
FiI"xCoT"xC, f(r,2) = (o(7), - (2)),

where
o NI, o((Tn)nen) = (Tn+1)nen

denotes the shift map.
For 7 € IN we define the Julia set

Jr o= {z eC | AU c (® open, z € U, such that (an ofr ,0-0 le\U)neN is equicontinuous}.

The Julia set of f is given by

J(f) = U {r} x J, c IV x C,

TelN

where the closure in IN x C is taken with respect to the product topology, and I is equipped with
the discrete topology.

We now introduce a subset of the Julia set J(G) for which we will be able to investigate its
Hausdorff dimension. For a related definition for conformal iterated function systems we refer to
[MU9S].

Definition 6 (J./Sumi ([JS15b])). The pre-Julia set Jy.o(G) of a rational semigroup G is given
by

Jpre(G) = U {z eC| (ko o7 )ren is not normal in z} .
Y=("1,72,.-- )EGN

We first remark that, by the density of the repelling fixed points in the Julia set (see (1)), we
have that

If G = (f; : i € I) then we have
Jore(G) = | 7.

TelN

The relation between the Julia set of f and the pre-Julia set is the following. We denote by
T IV x C — C the projection on the second coordinate. If G = (fi + 1 € I) is expanding then we
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have
Tore(G) = m(J(F))-

Also, we remark that, if I is finite and G = (f; : ¢ € I) is expanding then
Jpre(G) = J(G).

In order to state our main result on the Hausdorff dimension of the pre-Julia set, we define the

geometric pressure function.

Definition 7 (Sumi ([Sum05])). The geometric pressure function of a hyperbolic rational semi-
group G = (f; : i € I) is for z € J(G) and § € R given by

P32 = lmsplog 3 YD (fe oo ) W @

WEI™ ye(fup - fur) 71 (2)

We will also use another definition of the geometric pressure function, which is derived from
the classical notion of topological pressure for continuous potentials on a compact metric space
introduced by Walters ([Wal75]). Recall that, for a continuous function ¥ : X — R on a compact
metric space X and for a continuous dynamical system 7" : X — X, the topological pressure of 1

with respect to (X, T) is given by

Pl = sup {1 (1) + [0 duf 3)

where the supremum is taken over all T-invariant Borel probability measures on X, and h,(T')

refers to the measure-theoretic entropy of the dynamical system (X, 7). Since the fibre-wise Julia

set J(f) is compact only when I is finite, we use the following definition of the topological pressure
function, which was introduced in the context of countable topological Markov chains by Sarig
(|Sar99]), extending the notion of the topological entropy due to Gurevic ([Gur69]).

The geometric pressure function of a hyperbolic rational semigroup G = (f; : i € I) is given by

P(B) := sup{P(—Blog||f/x|l, fix)}, BER,

where the supremum is taken over all compact subsets K C J(f) satisfying f(K) = K, and

I (wr,wa, ), D)=L () (Wi wes - 0), 2)) € T(f).
It turns out that, for hyperbolic rational semigroups, the above definitions are equivalent.

Proposition 8 (J./Sumi (|JS15b])). If G = (f; : i € I) is hyperbolic rational semigroup, then
P(B) =P(B,z), for every z € J(G).

We are now in the position to state our main result on the Hausdorff dimension of the pre-Julia

set of hyperbolic rational semigroups.
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Theorem 9 (J./Sumi (|[JS15b])). Let G = (f; : i € I) be a hyperbolic rational semigroup satisfying

the open set condition. Then we have
dimp (Jore(G)) = inf {8 > 0 [ P(B8) < 0} = 6(G).

We remark that Jp,e(G) cannot be replaced by J(G). Moreover, we cannot replace the Hausdorff
dimension by the box-counting or by the packing dimension. The result shall be compared with
the Hausdorff dimension formula by Bishop and Jones ([BJ97]), which states that, for an arbitrary
Kleinian group, the Hausdorff dimension of its radial limit is given by the critical exponent of the
Poincaré series. For a related result in the context of conformal iterated function systems, we refer
to [MU96] (see also [MUO3]|).

On the proof of Theorem 9. The proof of Theorem 9 splits into two parts: the upper bound
and the lower bound of the Hausdorff dimension.

To prove the upper bound, that is dimgy (Jpre(G)) < 6(G), we will in fact demonstrate that
the §(G)-dimensional Hausdorff measure of Jp,e(G) is finite. We will use the concept of conformal
measures and the mass-distribution principle.

By the construction principle of the Patterson-Sullivan measure ([Pat76]), we verify that there

exists a probability measure ps(g) on J(G) which satisfies for every Borel set A and g € G,

Hlg(A)) < /A 19119 dy. (4)

The details of this construction for rational semigroups are elaborated in [Sum98]. A measure
satisfying (4) is called 6(G)-subconformal. Using (4), Koebe’s distortion theorem and the property
that (f; : ¢ € I) is expanding by Proposition 4, we prove the existence of C' > 0 such that, for every
2 € Jpre(G),

ps(ay (B(z,7)) <

70(G) C.

lim sup
r—0

By the mass-distribution principle it follows that the ¢(G)-dimensional Hausdorff measure of
Jore(G) is finite.

To prove the lower bound dimpy (Jpre(G)) > 0(G) we use a reduction to the case when I is
finite. Set G, := (fi : i € I,i < n) for n € N. Clearly, we have

dimz (Jpre(G)) > sup dimpy (Jpre(Gr)) -

n>1

Since Jpre(Gr) = J(Gr) it follows from Sumi’s result ([Sum05]) for the finitely generated hyperbolic
rational semigroup G, that
dimpy Jpre(Gr) = 6(G,).

Denoting by P,, the geometric pressure function of G, := (f; : ¢ € I,7 < n) we have that P, (§(G,)) =
0. Finally, the lower bound follows from the fact that

nlinéo Pn(B) =P(B), forevery 8 E€R.
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HHQTHDE (n>2,F5. £/, THR] LwI53BIE THday s+ oEKTH
WTWw3), AfEcHic [HREENER] L S-o7& 213, HcHiohwrEy, 3
Stein ZHfkDZ NEI/LTCW2bDL T3, 7L, UTTHRREHNEIF X =C" D
BB CTHhIEAWHAD T, HHFEIRZOEALFE2RTAICEVLTD LW,

r<mohTwd kdic, hdo ks afEBMOMIENEG & BERMO CR [FEE %
Z 5] TH2. ThRbOLROZENEY D HREEMEK Q) C YV, Qs C Ys I
XL, (EEOMEMESR F: Q) — Qo BEMOMAE~DOHE S 2 RIER F: Q) — Qp 25
b, LR F OBR~OHIR f = Flaq, : 00 — 0Qy 1FHBIKIC CR MO FRMHES (CR
M2 EOMO MG 7258, 25 LTHELhER

(F:Qy— Qo | FRWEN Y — {f: 00, > 00 | f 13 CRBSFEMEY  (1.1)

BAeHEeH 5. A LEY RFE2 TN, fEE Q o BUFHIFEERE & 5% 0Q © CR [F
ORI I — X —XEAH B L nwHI e THH B ¢

{ Q] Q BEFIREH IR } / ~pinet = { 0Q | Q XA FBEEEN I |/ ~cR-diffeo - (1.2)

ODLEF, (12) o k% [H - BRIE] LA TED 5,
SEOHERIC BT B b > L OOKRNHEE, AFEEHI Q Ficilk, KoEHch
~ % Cheng-Yau 1= & X 2 15H#ER 7 Kahler 5IEXH 2 L WHHETH 5.

FEBL 1 (Cheng—Yau [10]). AL Q g, A2 7 7 — iR %2 o5 Kahler-
Einstein FHEXFET 5. Z0FEIR (EEHE2ERE) —BT, L7228 oTE2ME
HIAETH 5.

* HAEMHRAARHT% B-PD. Email: natsumotoGmath.titech.ac.jp
L w3 ER (1.1) @ well-definedness, 2% Y F (42 F OFEQHATSH . 2hid Y, =
Yy = C™ @ & &% Fefferman [13], —f#i%iC|% Bedford-Bell-Catlin [2] ic X o TREI N7z, &5
Bochner—Hartogs O&E# [5] (Hérmander [21] @ER 2.3.2") & % ® Kohn—Rossi [23] 1 & 2Rk
» 55 (Burns—Shnider—Wells [7] 3 e L), HEHE R RAWEFRED SHO 2 TH 2.
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Z ® Cheng—Yau it g 1F, Ric(g) = —-(n+1)g w5 EHLD S & TRDOETEH R
LN :
97 = 0i07log(1/p). (1.3)

IZToRQOHZERBMTHE QETp>0,hdL5ctd). 2ok
QO EC®MTHz, BERICET 2 EMEEZ KT o e CMTLY(Q) LAY ik
AN

bivbld, Cheng-Yau it g % [FEIK - RIS (1.2) 2ot 2d 0] &
LCHEZ 2. ZHOMAD LB TE LD, lE g 13 Q 0EEMEICX > TED D
nNTwz—47T, BA I OFI CRIEEICE>Td NHENIC] EE2007. 2F
D, 7zl ziE, 2 0DFIREENEIR Oy, Qo I L, HAX DD 2EREDEHOME T
TER I N/ R ERESR 23S % L &, Cheng—Yau il & g1, go DZ N O DIFFHF~
Ol THHERIC] —33 5. 20, B e oERIcs T 2HIERE %22 &,
Z DEFDREII S 5 A — X — £ THFL D Moser BZHEIE [11] DRI X - Ttk T & 2
(EfEREWRICOWTIE [16] # R X). FHE g 2HUET 2 5K Q i< B W T &M
HZbhTwa e, g BHHENIC 00 DWIRMIC X > THRES D Z L DHHIC
BT, g IS (1.2) &AL L Tw» 22,

Q OEFEMIE

\
80 © CR s %)

{

Cheng—Yau FlI'&
(1.4)

Cheng—Yau gt &3 2 LT, Q DBIEHIAZRTH > T, 90 OHH =Webster
HIR I X o TERMICR R TE 2 X9 Rd O TE 2. 2HLTHELNE R
717 —fEifZm & L Cl, Burns-Epstein A28 [8,6,26] & (FRLEFK I 7z) Q-prime
Mo 2845 [9,17,18] BHIB T BB, AH T —fHICKS 17 g, CRILS 75 &
TvEZDOERED Z 5w HlE HRing b [22,15,19].

3T, £A MM H B XS, bivbiidA FEREENTEIR Q 131 5 Einstein fH8 O
%%, O. Biquard OFA [3] 1ChE> THL 2. ZHD b & i</ 2 D1 Cheng-Yau
GHRET, HILLESNZERITFC Q Lo Einstein 5HRIC&R 5. ZOH L WVERERD
HRE, MosmAphtEE - BRWNE (1.4) 2—RbTd2&ich3. 2721, i
biFPHlFEOEERE I AL WL, HEO CREEEDHMLR V. HLVIHRIZOWT
HEDLDPoTwB L, AT LI NAEIN Lo CREE:D LHEERD 2
ey EWH XD, FLVFFREIE b I Nz CREEICHIGT 2B TR E
3. 2hoo [t E 7= CR #5i&] 13 partially integrable CR & & IFIEh 3. %
72, FLWEHRE [EHEEREEHE (ACHEHE) | MEh 3RO 7 7Rtk 0T

*2 Bergman st b KK (1.4) €74 v T3 HTEEALTH S, L2 L Cheng—Yau sHEiCiE, WiiE
Pz BEMICEE T LN TESZ SRS L. —HT, BIEGHL OBIROBIRE L v 5 T,
Bergman F&IC57325H 5.
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WHERIEFE N Einstein §1 &
B @ partially integrable /

. P}

%2 OWHEIEFR NG R g 1<id, g OHIEMRE (conformal infinity) & FEIEH 2 5R
@ partially integrable CR ##i& J 2 hi9 5. Cheng—Yau it b Wiim i FE 5
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BEhL <, SIS 2MHENEENE Einstein fHEZ#RL L 5> ¢+ 20 TH 5. T4b
H ZE—FD Dirichlet FETH 3.

SIRIRA A FEORE, T72bb (1.5) O LoKHZHK S 3. FEMEIBRLS.

EBL 2 (A [30]). n >3 LRGET 2. Q 2 HFRER K, Jgq 2 00 OEEHER 7 CR
W&, J % C?Y iHICBI L T Jgq i 43K partially integrable CR #i& & 3%, %
DL E, Q LoWHEEFERE Einstein 318 g TH o T, J 2 LBHERELE 5 b 0H
FET 5.

Biquard 2% [3] iICB WAL 201, Q 23 C" O HAHEK B" oA ThH o7 (2D
By, Kotldn>2 Thhot). SHOFKRIL, Xowofdlfin>30b LT, WL
B—ROMELCTHLT 2 LI bDTH S, &b, GHE g3 TRIIMN—EE] 235 5.
i 3] T TICIRIICEEIR T T v B,

AFEOKY c BT 3 HEEX, Q= B" o5& & — oK OGEDE VA2 HHAT 2
LT, BLAZRGICHET HHAOHE—o% v [3] 0 1 EoMHi—T
»H3*, Zhic ko TER 2 OREAI L2 #RVN Einstein 2T O HBUERICIRE S 5.
INEFEQ=B"DLEEIHLLHDED, —MROBEHTRTIITTREBEL RS, &
DILTRICOWTIIHE 5 HiTc BB 2 28, FLL I [30] 2 EI Nz GEET
bbdolFELfiliiLs).

i DAL A % XA T2 DU, TR SR B & 1 3 2 A ks PR R B S
HERO—MGHiTcH 5., e AHICHHAT S, 20D DHEMMAE 3Hich b, ¥ 2
B E AN 72 E DB H T 72,

2 W OO DEANER

Zofficid, M Q omEatMEIc oW CEHI L 7z T, BR 0Q o oG o it
CH7-% CREEDIESRE, BLUOZ0—LTH 5 partially integrable CR #i& D iE#
175, LUTAHICE, B [HEE] &5 o7& &iTid, Stein & 1RO 2WERLHKE
DM oo B A RO E R T,

=3 F D RANC D LA A BURTHERR L 7= [28,27).
* 772U [3] icB T BRUBICIE sketchy ZfETD Roh 2, chzFHaMF LT, Lee [25] Ic & 2 Wi
G (R TR ROLE) 1O T L0 S H Ik 2.
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SR AR O B b FEARW) A L AL FER B € C" TH . —MRICHEEL Q 235aEE, T
HBEF, BERIQDOKEITE T IO 0B™ ORFTAIEAHRIC X - T 2 JOERITE 3
R AN

M, EBUCIERCTERINS Levi BR 2R ick>oTF v 7 TE
%, EELHAE X 0K Q L, Q ECIEOl%FoOERBE o € O (X) 2L 3.
ZOLE, RipecdQIcBTBIEAE~RY b€ ne Tr000 = T3 X NCT,00 ichf L

L,(p)(&,7) := —000(&,7)

LEDD. THLTERINDG THO0Q LD Hermite TBK L, %, ¢ DED 5 0Q @ Levi
R e v, Levi R L, OHIBHIL ¢ DFVSTIC X SAv., 2 LT Q2 EHNTH 2
72®IClE, L, &M CTIEEMTH 5 2 L BRELITH B,

B o0 M2 T3 (BEHERN7ZR) CREEE W ok, WEHTE ZIERIEER
TN oz eThs, HL LD BEEKR H = ReTH00 C TN OEHR
i J e T(End(H)) L E->Td kv (JI3, 20 i EHGRDHES TH00Q 1< —BT
2X5i1ce3). —ic, 3 RICU EOFBERITCOFES M M2 1oL, @8R
HCTM k2o LolERMEE J ofM% 8 CR g e vwo. B CR#HE J ZEH 2R
CH=T'""MoTOM 252 %. 2L<, J»uHisy, $4bb T(TOM) 2 Lie 77
Ty MCoOWTHLTWS & &, (H,J) % M Lo CR#EE LIS, CR %8k (M, H,J)
DL LevilBE2ED 51213, ker0 =H 55 n1ER0%2L 3. 2L <

LB (M =00 DA, 6= 100 —00)|roq £ THIE Ly =L, £753). fHEHOD
BROBEHELESTO L —0 3NEARDT, Ly PIEEHEE 2 I3AEMED & *ic (M, H,J)
BB THIELE VI —ZLTZDLER Ly >0, AL 2HITH DL
T5. TYOM ORFANE {0} Z B2 ohTns L%, JOaRNMEC L ->Tdo i3

n—1
do =i Y hyg0* A0° mod 0 (2.1)
a,f=1
LERIND DL, JRFTHYICIE Hermite fTHIMEBI%L (h,5) % Levi B EIFATH L,
K (2.1) A mod 0 ThIEMEICK Y 7ok 5 ic 1 BRoM {0} # B L b TE
3. X612 (hyz) BEMTIIC A S C L 2 EHTIIE, {07} O&SICE T 5 HlEE
Un—1) ZFicks——2,w5 DA Chern-Moser [11] 12 & 2 ™ CR kA IR 3
% 1E# Cartan B OB OBIIO AT v 7 TH 5.
LZAT, dIBKX(21) DESICKRINDEDDFEMEL LT, J ORRSEIZFER
BETH D, ERICEIROEHZTTIWS

(T M), T(T M) c T(T°M & THOM).

S MEFELREOE A LES <, THOM @ TVOM (2 H OB#ELicfia b Aaw) ECTM &) 7
VIR LEFNE O LICERT R,
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Il CR Wi&d Z & % partially integrable CR ##i& L I3, L 7248 - Tili
™ partially integrable CR HH&ic 2 \WTdh, RIS ARG A L FRkic, 1EM Cartan $2
e (& 2%\ I3 =Webster i) (3D MM EATZ 2.

LT, (partially integrable) CR #id ic (3% i im#a 2 e T 5.

3 EMERYEZRNERE D FEE

MHEEFE R ] i v 220 H V152, bhbhd 2 EEOEALE
522 GEF1 LERK2). ER 1 IIITIERO 20 ICRENICEE L Bb s hH %
Y 7Z2L72b DT, £ 21T o ICHPMIRE? B partially integrable CR %54
ELTCETDILREHLEDDOTHS, EF 1 OEMMLAL T L & Cilim e L
BHHNDEDEWSDHEIKEND, RETHVIDIER2 TH5. kBT LOER
b3 Biquard [3], Lee [25] #B#c Lzd DR (X 62 [4] 1 b itavT Wilidas s
%), &1, ZOETREFEOEICIHANL T ARVWERS,

BFRIMZERE CH™ O¥t% p > 0 OFEk%E B, L #HL. ¥ keN ae (0,1) ¥ 3.

W 1. JEa v o7 b AR%E 2n Kot Mk X o5 Riemann #Hg g 28 CF @ o #nE
FIERDEEL O L WO DI, p> 0 ZBYNGER L, (TED e > 01 La v <7 b
SEEK CQBLVT X OR~DHIFRMHERDOE { Py: B, — Uy := D5(B,) C X }
ERE T IIICHNE LW 22 TH B :

(1) {Ux} 13 X\ K 287 5.
(ii) H(I)ig - g(CHank.,a(Bp) < e DB D,

EED k, a icxt L CF oMHERERERIEZ o & &, BUCHnEEE M % £
D2rWnH T Lict B,

FOERCENLE { D)} 2BRWEMT b F R LIFITS5. Cheng-Yau il g 20
B CHRLE RN &2 o, EBRICIZ Einstein MEIZHERGR T, & 21, BRI
WO RERB o € C°(Q) 1T > TK (1.3) TERINBFEIT TR THIHEIEFEN
Hi P 2 o0,

Biticiz e sickoz e AEEICKR S, chreEHEWUNT P 7 20— KBARER
HETHEoTHITI. A X &FIChizoTE VI ZFTRL, cit20TH—F
HWRHEORFAL VY P TH 5.

filif. Cheng—Yau fl&E g Ic2WT, p > 0 BLUIEBE N 2#YVIGERL, ED
e> 0L T, ko (i), (i) KMATE HICRMMRIND LI ICEHBERIHT + 7 =
{Pr} 2Bl TES:

*6 Cheng-Yau [10] (3% 5 \» 5 5t bounded geometry 232 Z L IOV TH#ERMiL TWw 325, Zhid
ZOREEAICH 725, AEHO O L O OER RGO /ATANEEZ M5 b D TH 5 (Biquard [3] D
i), b0V ED, [13] OF 1 HEE TP TWBE L 51, 9Q D OB™ ic & % 2 Kl —Hkic 5
ABTLICLDHEDFEZAOND, BEBEOHERLL O\ ZWEMERLT L LHRTET, LGHICL-
TIHEMEZERS.
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(iii) Uy == @r(B,2) B L, {UL} BT TICX\K ZHEL TS,
(iv) FEDRH pe X ITHL, peUy &7 NidmEmAc N HL 27k,

Rz, WPMPLERE HALEE 2 L) ARELHEAT L. X 2 a7 % 2n
RILEIAET, WOy 7 PEROELERIE X O LTEBHINLTHREH0
&3 3. B M = 0X kT partially integrable CR #i& (H,J) 52 b Tw3 L
T35, 20L %, X oBFUEHE M x [0,10) £R—HLT, M x (0,2¢) C X BT

2 2 L
EWVWIHEFEEEZD (2 1d M x[0,20) D [0, 20) K DFERR) . BFLEFHFICEWT g &—
B3 % X 5 7% Riemann Gt 2N H bEXRT 2 B TOMREEFNMGEHE L A7 L,
(H,J) # 2 0BEREE EZ 5. b, g LR 2 ERICET 2EEL
Lo REHET LA T S, cnkdidd 520, EADE Holder 240

CP*(S*T*X) == 2°C**(S*T* X))
ZBAT 2. 2TTCP(S?T*X) i go (BT 5@ @ Holder W TdH 2.
EF 2. X LD Riemann 5t& g 2252 § > 0120 T
g=go+k  keCIS*T*X)
LRINDLE, gk (HJ) *REEREL T 2 HENEERHTECH L 0.

CO kS hERE T 2 MHE, AR EIC 30 C, Cheng Yau 3t Lok
3 (1.3) MOFRAEE 2 GBS E - T35 6724, (H,J) & I ERE
L ¥ B WGEREEE ¢ 13, T3 1 oBRCREREE I £ 0. X b, #
BRI 2 F OB T 7 A% L BT LASTE B,

4 ENERERNEEE IS T 5 R ANREMOERER

Einstein it 2O A% EE 4 % 72901213, Einstein SR ZHAUL L 720 HE%
% 2 %. Kahler-Einstein 318 ® %4 1< 13 Einstein A2 % # 3% Monge-Ampére /2
RICHET 22 B TET, ZOMAELIT Laplace oA E R Z DR 57 —kD
41213 Einstein AR A EEZE 2 207225, % O£ £ CAULIER S i [RRY:23H8
ffcE v, LwH DL, Einstein FEXOBICHL 2 iIc—BHEA V2L TH L —
Einstein PEIZA FRMHERIC L 25 TR L CHEENEZ 2 L72. Z 2 CEE, L2
BB gEMHALT, F'—YHED-DOHEZEATSE., ZZ2TRRDLIICTS

1
E(g') = Riclg)) + (n + 1)g" +05Byg’s  Byg' := 059" + 5dtrg g

TAHB4 X =QES, X OMHSHEIC OV TRIERSAVEL 5 5. Q onfsiitE RN 5 0
TlERL, QOERBEB o e L /o B X LoWbraBelashs Liicd s oz
Epstein—Melrose-Mendoza [12] 13 [Q OF/iR%E L 2] LE->T\3,
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KRHGHR ¢ % g+ Cy(S?T*X) o cB 2 3y, HEK E(¢) =0 OffiZ ABINIC
B,g' =0 %ii7zL, L7245 T Einstein iH&ic 7% 3.
ZOHEfFD L LT, 00 DFHEN 7 CR MG Jepq D C2 iEfE T2 % & 1,

T3 @ o (ST X) — J* @ CY(S*T*X),  (J,0) v (J,&,,(9; +0)) (4.1)

i< (Jued, 0) KB W THGHEE BT 2 2 L2 E 25, 2720 gy 3 J € J> 216
MRS & 3 3 WHEM B RN EHR T, J ICBIL Tl b2, 2 gy, 28 Cheng-Yau i
IC B3 X1 LTHL. b L (Jua,0) DT (4.1) BEFLEFHO % 51E, (J,0)
D% (J,o) LT, ¢ =g5+0 KD 2 Einsteingtige 2%, 25L7C, bh

DROIFHTNE 2 & FROFEHEHIC R - 7-.
Fif. A PR Q L Cheng Yau fHit g 1220C, $2 6> 01cBIL
1 o
€0 = 5(V'V = 20): CPH(ST"X) = C* (ST X) (42)
I3 Banach ZEDOFRIMERTH 5.

ZTh 5 O IR ARG AR b DIcn s LB b Ltk v, Eid
Zo Tk, WOHEREE »# BRIMCERINLDD| THEZ L 2FMT 5. E
FWHEB CH" iItBWT & OWHEEZ Lo WEREL, Th2EENHT P 7 22 Hw
T [V &bE] TR QItB T3 TREELIDTH 3.

HBLZ LT 270ic, [BMICERSI N HOERZEOMSZ M8 AL
THL. g% (HJ) #»BEREE T2 X LolRrEENmiREE 2. fiior
B, P:T(E) = T(E) L W BEORBMMEAZEO AR E 2 5.

EE 3. (X,g) LOBMBIMOERRE P: T(E) — I'(E) &M TH % & 13, R L
DT RN,

() ERXR Lod3HRKTT O2n) EBV BT 2~ Ak,
(i) P, & O@2n) Bk bIRE A5 E 0 AR X o<, R, Rk
DY F7% (X, g) IR L BN AR TE 2 b3,

LAF, P % m BEoRMEMAHAE s ERHE <, OB A&tz fiob ol
T2, FFlcchx CH" TEx b e hiTE %, HiFKETALRZRHALCCH” % B®
EFRHL, 2 =/1—- 22 12&>TB*"\ {0} Z2&6ic §2"71 x (0,1) LH—HT 3.

HADE Holder ZZ[1CBA$ % P @ mapping properties 3% O BT RIKD | 1IZ & -
TRE-> T3, BRG] 2REMRbD L LTIRY T 720ic, RO XS h#fE
2115, VZEFEEHOOe B It 337 74 3= Ey LlEl—HL, FRA%RIRSE 3 5 IR
vy ZOEDEELT (F2& 213 Rez! QAR L LTLw), Zhiciho 2 Fi#
BIC Lo TT7 7 A= By % By =V LR35, ¥ 8 1 =U(n)/Un—1)
LWIRIFICEY, Elgen-1y01) PEZ7¥avkUn) x(0,1) Lo Un—1) AZ%V
fER% e 273, 35 L BERMRFREICX T, Pl

P = ag(20,)™ + a1 (x0,)™ " + -+ a,, + O(2) asz —0 (4.3)
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LOITBTREING ZEBbH B, 27 LK a; 13 Endy,_ (V) OTLTH 5.
FROER (4.3) b, HEHEED § T LT

P: C"*(E) — Cy*(B)
BRBIGRICE A RWC EAMRFI NG, EBE u~2%uy (g e V) Wit r 3
vEFZEZBL, (43)ICLkoT
Pu ~ 2°((aguo)d™ 4 (a1up)d™ 1 + - -+ + (amuo))

TH5. dL IO =apd™+ard™ '+ +am € Endy,_1) (V) 2325 T TN,
CPUE)ici3d i ed, u~aluy LVIFBDOXS > a v OBRICIERL R VILEH 3.
Endy(,—1)(V) 8% HEX
I(s) == aps™ +a1s™ ' 4+ 4 an,
Z P oREZER L v, [(s) BRMERE LRV s YA 2SR PO
Xy, FEY 2 4 P IEBR Res = n KB L THFRICHN2*. |Res —n| ©
/MEE P OFFIEER LI,

L2 ZERIc B W THER Pu=v (ZZTve L3(E) £ T3) »—BNCHIZLnD
REDD & T, KICHRNZEEWR"mRIFONS, ZORERF P: H™(E) — L*(E) %
Hilbert ZZBORIBIGG E 725 2 L LEET, D7D DEMER,

[ull2 < C|[Pul| L (4.4)
ERDEMC >0PFET LI LTHS. Tk PIicxd 25mEMH & v 5.

i, P OFHEYEEEZ R>0 8L, 2 CH" KB WT (44) KD 0 L ES 5. %
DEE, e(n—R,n+R)ICHL, CH" IcEIT 3

P: CP*(E) — Cy ™ (E)
1% Banach ZEOFRIERTH 5.

29 Lo N EENIMZER CH™ i<k 33 P~ 2#EENMT + 7 22T Y
Gb¥ 52T, ~MOWHENEFENIZERICHENTH PDST R Y 7 AR TE
5. TDICRHBEKY LD,

R 3 (Biquard [3)). P & MR FMEIZER (X, 9) RoIBRm I8 m BT
FEMBAIAERHE L L, Z0REEEEZ R>043%. S5 PACH K0T
MRIEVERHM (4.4) 272 T LET S, 20L&, §€(n—Rn+R)iCHL

P: CP™(E) — C¥F™(E)
D ERBIZ TR HRKILT (2F Y P id Fredholm fEHIET), ZhdoRItid—

BT 3. X LICHRRF M ker P = ker) P 2% 5. 77 L kery) P i P % L2(E)
FOIEFERFRL AR L L 2 DOKTH 3.

S Zonlwd0ECUE) CLA(E) th5 k5% 5 OFRTH 5.
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L7zDoC, FAMEMZSS-DICHE LD

(i) CH™ iC 3\ % i M
(i) FrtEEE R OFHR
(iii) ker(g)P @(ﬁ(ﬁﬁo)gﬁﬁﬁ

Ewh i s., BAEUL Einstein fEH £ icowTid (i) 13 (4.2) 26H LT, (ii)
HbROAHMAGFEICL o T R=n b2 (ZNF[29] 1CH ). LizdoT, +4/h
¥ 6 > 0 1F Fredholm L~ ¥ (0,2n) IA%. T35 LT, kerg) & DEREMPREKICIKS.

5 Einstein St EDZEF
Wil £ COEBIC L >, bRbNOEMOIN KD MEICIE X his)

. n>3 ¢35, zoL %, FREEMNT Q o Cheng—Yau & g 1o LT, ##
B Einstein fEf £ @ L%-kernel IZHHTH 3.

ZIDOHDOELITHI [30] EBWLTELW., TZTRTATA4TORZRRS,

o /NBE [24] OBIBIC XY, EMFIERIEER THOQ i fliz £5o (0,1) BT 2
Dolbeault 7 77+ 7 v Ay (DFHEM~DHIR) LE—HINE., ZThick-o
T, AIE Cheng Yau FHELCBIT 2 HY (9 TH0Q) OIS S h 5.

« IhE, [P aFEnY—0%RH (KR B1]icdd) Lavy thakEn
Y=o (Andreotti-—Vesentini [1] DFEH) W<, BERUEHFICE TS L2 3F
fili i I 9 5.

o Morrey—Kohn-Hoérmander #Fiffi Z 58#EMGEE0C S @ IEEIC 3§ % Hormander @
F7=v 2 [20] %% (Folland-Kohn [14]  BH). Zhz - CEREFICE
F 5 L2 §HliZ AT 5. WHEE SR Y N E R A A A R T

e n=3DEHICIFUELTITIES FL WD T, Biquard OEH 3 &AM
L, kerp) & OHiBEESDE L2 FHilic kg L < Lido7 7=y 7 %2@MT 5.
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1

Homogeneous pseudoconvex Reinhardt domains in C?

RE

LR

A homogeneous Reinhardt domain in C* coinsides with C* . Generalizing this fact,
we showed that a homogeneous pseudoconvex Reinhardt domain in (C*)™ coinsides
with (C*)™. Conversely, we investigate pseudoconvex reinhardt domains containing
the origin in C? this time, and we decide Liouville foliations which can be defined on
them. From this, when the preceeding domains are homogeneous, we classify these
domains by means of algebraic equivalence and determine thier canonical forms.

1. EXF18

Cr WDk I, A HEAETTD £ OEERIZBE L TAZL L L &, Reinhart fHiITH 5 &
W, & <IT, FE 2 EHY Reinhardt fEISIE B FEENE IC & > TRD L S 125 EE 1
27255 PREINTNVS,

C" NDOFE 728 ™ Reinhardt $8IK D (X, BCTRWEK kI m LIEOEE ny, - 0y
(ni+-+n,+1l+m=n) ELELT, EMEEB,, x - x B, x Clx (C)™ &%
BNEMETH D, 72720, By, & ng IRDGHRALERIATH 5,

(Y
(Y

T. C" AD =D DHEBHRENFRMETH 5 21k, WiZE Oz (C*)" OEHIH AR
4 (20) = (wi):

5

I

w; = o 2" - 2, ((aiy) € GL(n, Z), (oy) € (C*)"5i=1,---,n)

B T ERRABEEDSEET S 2 L Thb, DAEROBEICIE, T0O LOFE
HITE ORI E T 2 2 MBI LT — R 7 L DIC ) — 2SRt U TR
B, LW IR VDEIIIE L SWTRRFEATH S ([2]). LihioT, FERD
BAREIAMEYL LTRINT VWA, ZIT, FIHIC DA (C) T b 5554 (= i
BB L TR % 1572 ([5)).

EE 1 (CH)" NOFEE L H™ Reinhardt #8IH% (C)" ZNHH TH 5,

b USERATR D 72727217 i, D OERIE SR % 7 0@ EEmic ks LiFs e,
b EFO®HBRONT 771 VEBIZRSEZ L 2R TONTHOESETH S,

2. TEE

i, EE 1 O SBAZ, M D NBEE A EED VI EEDL LT, L
BT R EHE S UOTIZHAE L T, IRDFEREH 72,

THE 2 CHOFEMEGLIFAERDD T 0/ —CTHEH BN reinhardt FHIK D 1%,
Bl X B1 X C,BQ x C Bl X 02 D 5 %L\O“Z}/Lb)—/) a{%ﬁﬁ@ﬁ’f[ﬁ?% éo
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ZDGEE,. DIZEERTHEZ20 5NV E OEMIZFZ W, D EOEAHECFER
HRKRETECY —HOMEZFRTRWNLTHD, I THEK(3], 4]) &Y a—¥
VERORESZIRIBL 72,

M a2 BESHEL T2, M OWHESDEF = {S.),., BRORME T2 %
FaEMED) a—ELEREL WS,

(L1) o # 0o 25 IE, Soy N Ta, = 6

(L2) U= M

(L3) M LOEEOH RS ELRAMMEE. & 5, LTz L 3,

(L4) & a1, 0 € A(ar £ a) IWH LT M LGRS ELBAEBAEIEL T, S,
ETE B i Y, ETE 3 E RS S,

ABOBEESLHERIEZE—2D) 2a— Y LVEBE2ESL, Y a— Y ILERBOEREEIC
LBBIEFHGY) 2 —IVERBIZR S, 5T, DOV a—EIVERMNIERF R LE L
BABERFERICEDIE, DIXFEETEH D 25\, ZOFRBIZ X BEICHITB72012,
DDEA TG UTY 2 —EIVEEZ BARNIZIRET 5 2 L 2idAalz, TORRE, 7%
ETIEFRWD BB 22T 212k Ho 2k R RICEEL 72,

SE 3

1] K.Kimura, Homogeneous Reinhardt domains in the three-dimensional complex space,
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preprint

[2] S.Shimizu, Automorphisms of bounded Reinhardt domains,Japan. J. Math. 15 (1989),
385-414.
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perplanes, Kodai Math. J. 37 (2014) 235-245
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Yet another proof of Poincaré’s theorem on the
inequivalence of the unit ball and the polydisk

B S (R% IR

1. B

Poincaré DEM L, L EEEEEBGRORHMICE T 2 HELFERO—DOTH 5.
EHE 1 (Poincaré). n > 1D & FHAERB" £ L HEME D (ZBUERIFE Tl 20,
AFEEHO HIWE, 2 OEEOBIFEHZ XD (i), (i), (iil) KoV TEZ 3L TH D
(RERD TS S HMH AT ),
(i) 2 D>DHFIHD Bergman %D FERF
(il) HARZEROD SR
(iil) BI%Gp(z) = Kp(2,2)/ det Tp(z, 2) DBUEHIAZE
(ie. BUERIGAR f: D — D'ITW L Gp(z,2) = Gp(f(2), f(2)) DIKAL)
Bl 1. B2 & D? D Bergman %13 X TH 2 6115 (GHEIEEHIZ L[] 2 2R).

2!
(1= (z,w))*’

Kpz(z,w) = Kp:(2',w') =

m2 (1 = 24w1)(1 — 2w5)*

2. §EFA (n = 2 DIFH)

B2 ~ D? LARET % &, (i) & DXUEHIGR f: B2 — D> T f(0) = 0% b DBHFET
5. it (iil) & D Ggz(0,0) = Gpe(0,0) &7 2137228, Bl 1 & b A4 2/97% £l
F1/4m2 D TRIEDAEL 72, O

3. WS DL DER

EE 1L WX B BLUOATFHRTREEDI-On = 20550 H W70, —Dn T
b FEBROFEHISEH ATRETH 5. ORI, MO nIcB I 2HHEZ S5 2%, &
B, Eilon =205 6 BZGIHEIIE N2 X ) 1, ~BOBE DA TR 2 Mk
Gg(0,0), Gpn (0,0) DIEICBET 2 £ 257217 TH 5.

EER 2. T2 ORHEMEDTEIK Dy, D, WO IERIFEEREIE R W Rg 2>, 2SH A%
s L TEZ N5, ARRTEETHIUL G (1), (i), (i) & FAkOMWE 2K > <
WEHDOT, FPDOFESEH I NG LHIFTES. 7, (RPRHEORR T I
DAHDFIRD 7 7 AR TE T, £T, BETINRPEETHVLEAICE
f(0) = 0 7% 2BUEHI G D AEEDMRAE S Nz . BB Kp(z, 2)/ det Tp(z, 2) DML
HIARZEM I — 3552 7 O TRIGEIZZE U 20 ds, BB & 9 7 f OFESMREEES Nz v
DT,
Kp,(0,0)/det Tp, (0,0) = Kp,(f(0), £(0))/ det Tp, (£(0), f(0))

FTLDETR (D)~ Dy £ WIHREDT).

*e-mail: ats.yamamori@gmail.com
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it LECREHTIT o7 & 9 % TBIBIKp(z, 2)/ det Tp(z, 2) DJFE R TOED M, &
A U s 3 BHCTE &\, 2 LT, Bergman % HED—MICGHEREE L N R 20T
Kp(z,2)/detTp(z, z) bR U < FHEKEZLBE% L 7 5.

Bl Z0F, #C 2] 12 BV TEERBME

Dy={(z1,...,2,) € C" s |1|P" + -+ -+ |z,|P" < 1},  (p1,-...Pn) € RY,

DI FERED R D 4 7z, T2 DFEH D Bergman % OB 12 HE-D '\ 72 HIREH S FE
T2 EVHHENPEZSNAD LRl TRl LB A EICL D, WEDEZ AL
T,

DEzsFaRzZMEE LGIALTE L.

FRE 1. DUEHIAZ B8 G p 2 M T, BUEH FEERTE DRk T BE 22 5k D 7 5 2 %
FERE &

SE
[1] R. E. Greene, K.-T. Kim and S.G. Krantz, The Geometry of Complex Domains. Progress
in Mathematics, Vol. 291, Birkhduser Boston, Boston, MA, 2011.

[2] 1. Naruki, The holomorphic equivalence problem for a class of Reinhardt domains, Publ.
Res. Inst. Math. Sci., Kyoto Univ. 4 (1968), 527-543.

[3] A. Yamamori, Yet another proof of Poincaré’s theorem, Amer. Math. Monthly, to appear.
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Radius of univalence and related problems
in complex Hilbert spaces

Tatsuhiro HONDA  (Hiroshima Institute of Technology, Japan)*!

Ian GRAHAM (University of Toronto, Canada)

Hidetaka HAMADA ( Kyushu Sangyo University, Japan )*?

Gabriela KOHR (
(

Kwang Ho SHON

Babeg-Bolyai University, Romania)
Pusan National University, Korea)

Let X be a complex Banach space, B be the open unit ball of X, and let H(B) be the
set of holomorphic mappings from B into X. For z € X \ {0}, we define

T(Z) = {lz S L(X,(C) : lz(z) - ”2”7 le” - 1}'

Then T'(z) # 0 in view of the Hahn-Banach theorem.
We recall the Carathéodory family in H(B):

M={he H(B):h(0)=0,Dh(0) =1,RI.(h(z)) >0,z € B\ {0},1, € T(2)}.
If X =C, it is clear that f € M if and only if f(2)/z € P, where
P={pe HWU):p0)=1,Rp(z) >0,z€ U}
is the Carathéodory family on the unit disc U in C.
The following family of holomorphic mappings on B is a natural generalization of
the Carathéodory family M. This family was introduced by Graham, Hamada and

Kohr (see [4]) in the case X = C", and played an important role in the study of
normalized biholomorphic mappings on the unit ball in C™ (see [4], [9], [11], [12]).

Definition 1. Let g : U — C be a univalent function such that g(0) = 1. Also, let
h: B — X be a normalized holomorphic mapping. We say that h belongs to the family
M, if 1

Mlz(h(z)) eg(U), zeB\{0}, [ eT(z). (1)
Remark 2. Obviously, if Rg(¢) >0, ( € U, then My, C M. Also, if g(¢) = ﬁ,

¢ e U, then My = M. However, there are other choices of g which provide interesting
properties of the set My (see [4], [9], [12]).

Definition 3. Let g : U — C be a univalent function such that g(0) = 1. Also, let
f: B — X be a normalized holomorphic mapping. We say that f belongs to the family
Ry if h 61 /\/lcg, where h(z) = Df(2)(z), z € B. The family Ry, is denoted by R, where

_l’_
= — < 1.

(0= 1. ¢

In this talk, we are concerned with certain radius problems for holomorphic map-
pings in the family R, [3]. Analogous results may be also obtained for the family M,

This work has been supported by JSPS KAKENHI Grant Number 25400151.
2000 Mathematics Subject Classification: 32H99, 30C45, 46G20.

Keywords: biholomorphic, convex, parametric representation, starlike .

*l e-mail: thonda@cc.it-hiroshima.ac.jp

*2e-mail: h.hamada@ip.kyusan-u.ac. jp
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(compare with [5], in the case X = C"). Various results related to radius of univalence,
parametric representation, starlikeness or convexity in the Euclidean unit ball B™ in
C", were considered in [5] (see also [16]; see [18], in the case n = 1).
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Variation of Loewner chains, extreme and support
points in the class SY in several complex variables

Filippo BRACCI (Universita di Roma“Tor Vergata”)
Ian GRAHAM (University of Toronto)
Hidetaka HAMADA (
Gabriela KOHR (

Kyushu Sangyo University)*!
Babeg-Bolyai University)

This talk is an announcement of [3]. Let B" := {z € C" : ||z]|> < 1} denote the
Euclidean unit ball of C"™. Let S := {f : B" — C": f(0) = 0,dfy = id, f univalent} be
the class of normalized univalent mappings in B".

For n = 1, the class S is compact, and a great variety of extremal problems have
been studied ([4], [10], [11], [14], [16]). Also, for n =1, every f € S can be embedded
into a normalized Loewner chain ([11]). Much is known about the structure of extreme
points and support points of linear problems, in particular they are single-slit mappings
(see [4, p. 286-288 and 306-307]).

For n > 1, the class S is not compact, and it is not known whether every element
in S can be embedded into a normalized Loewner chain. Partial results on this can be
found in [1], [5], [9]. The compact subclass S of S of mappings admitting parametric
representation was introduced in [5]; it was first considered by Poreda ([12], [13]) on
the polydisc. We note that S° = S for n = 1.

In this talk, we will focus on linear problems where some recent progress has been
made in identifying mappings which are or which are not support points or extreme
points ([2], [6], [7], [15], [17]). Tt is proved in [2] that there exist bounded support
points of SY for n = 2.

The aim of this talk is to define a natural class of normalized Loewner chains,
“geraumig”, which allow to construct other normalized Loewner chains having the
property that from a certain time on, they coincide with the initial Loewner chain.
This variational method seems to be completely new and seems to adapt well to the
case of bounded univalent mappings of B" having some regular extension up to dB".

Proposition 1 Let (f;)i>0 be a normalized Loewner chain on B™. Let 0 < T} < Ty <
oo and a € (0,1]. Then, the following conditions are equivalent:

1. For a.e. t € [T1,T3) and for all z € B™ \ {0}, it holds
101 z
R (14D G ) 2 o O

2. Forall Ty < s <t <T,, it holds

I Y ()] < e D) 2], for all z € B™ (2)

Definition 2 Let (f;)i>0 be a normalized Loewner chain on B™. We say that (fi)i>o

is exponentially squeezing in [T1,T5), for 0 < T} < Ty < 400 (with squeezing ratio
€ (0,1]) if condition (1)—or equivalently (2)—holds.

Partially supported by JSPS KAKENHI Grant Number 25400151

*le-mail: h.hamada@ip.kyusan-u.ac. jp
web: http://www.ip.kyusan-u.ac. jp/J/kougaku/tb/hamada/
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Let A be an n x n matrix. We let p(A) := min ||A(v)]|.

llvll=1

Definition 3 Let (f;)i>0 be a normalized Loewner chain on B™. We say that (fi)i>o
is geraumig' in [Ty, Ty), for some 0 < Ty < Ty < +oo, if there exist a,b > 0 such that

1. for allt € [Ty, T3) and for all z € B", it holds p(d(f;).) > a,

2. for a.e. t € [T1,Ts) and for all z € B™, it holds | %(Z)H <b,

3.

(fi)e>o is exponentially squeezing in [Ty, Ts).

We say that (fi)i>0 is geraumig if it is gerdumig in [0, +00).
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NOAYIINELOSEEERROMED O
rEOY—BF

frrf =i (s Il KRR BB LA iroeil (B))

Let X be a toroidal group. The cohomology groups H(X,0) (p > 1)
were completely determined by Kazama. The next problem is to de-
termine H?(X,O(L)) for any holomorphic line bundle L over X. If X
is compact, i.e. a complex torus, then we know the cohomology groups
H?(X,O(L)) for any L. The general result is known as the Index theorem.
In this case we need tools which are valid for compact Kahler manifolds.
Unfortunately, they are not applicable to non-compact toroidal groups.

In this talk we consider homogeneous line bundles L over a toroidal
group X = C"/T with rankI" = n+m. It is known that X has the struc-
ture of principal (C*)* ™-bundle g : X — T over an m-dimensional
complex torus T. We determine the cohomology groups H?(X, O(L)) for
p > 1. The following three cases occur when L is not analytically trivial:
(1) H*(X,0O(L)) =0 for p > 1,

(2) H*(X,0O(L)) = H?(T,O) for p > 1,

(3) H?(X,0O(L)) is a non-Hausdorff Fréchet space, then, of infinite di-
mension for 1 < p < m.

It seems to us that this result is the first step beyond the case of H?(X, O).
When X is a complex torus, we know H?(X,O(L)) =0 (p > 1) for any
homogeneous line bundle L over X which is not analytically trivial. Our
method gives another proof of this fact. We give examples which show
that each of the above cases really occurs.
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Nevanlinna type theorems for meromorphic functions
on negatively curved Kahler manifolds

M (S B

27 V) VS OW 2 BRI, RO E L3 E0EHEES N,
f RERSRK M LOFEBABBERT, a,...,q, € P(C) 2RAE2 ML T
5&.

q

> m(r,ax) + Ni(r) < 27(r) + O(log T(r)) + S(r)

k=1
Py OELIRIFERESIZOVTED LD, ZIZ T, OlogT(r)) DEIZ f ITHRIET
LIFTARTEEN, S(r) 1F M OAIZED, M =C ORI, S(r) = const.logr, M
DA OEEE, —log(l—7) (0<r < 1) &RZDIGHMHTHD, T —7—
ZRRIRDIFH AL 205, —MINTIX S(r) & M ORMIFREEZ W THEHICERT
DIFEEL W bND, defect relation #EL Z L 2EZ DL, S(r) < T(r) DRFE
Sopolay) <2 2BDT, S(r)~T(r) £721&. T(r) 1 oo 22 T(r) < S(r) DK
MEE 02, ZOLI BRI E I N—TFT 572012, BRLIFHEHRAT 7 ) v
A Bl 2 PR BERE A, R B %‘[‘ﬁﬁ@ﬁ—@ FOZHWTAT 7 ) VMG %
MEET I 2E R 5,

KD KSR EHE R 5,
M Z5EMHT — 7 — %Rk U, IROMREGZ2H-THDET 5,

(Rg) M @ Ricci H#IF Ricyr > —Cr(x)? %79, 272U, r(z) (&, » 2B
o EM D5 x FTOHEZRT,
(Ry) DFTIE, M RIZ 0/0t— Ay DIERIE p(t, z,y) PFEL, AFNTH D, ZZ
T Ay M O —5—FtRDSHRELTTIVTVTHS, plta,y) M EDT
v ViEE) X, OB TED5: E[0(Xy)] = [, 0t 2, y)o(y)dv(y) (¢ € Cy(M)).
dvo 1Z M OV =< U EBPSREDHE, E, & Xo=2 %2777 VEBOEA
P X 50 (WIfrE) TH B, ZnrAWT, R G, FrrER B FLL
ERDEDITEET S, (w,a] % PYC) DiLEREE $ 5, f(z) # a DI,

Ma(t,a) = Ey[log|f(Xi),a] "] = /Mp(t,%y) log[f(y), a] *du(y),
N,(t,a) == hm AP, (sup log[f(X,),a] 2 > \),

A—00 0<s<t

7o(0) = B[ exas = [ [ st fruns nartas

272U, e(z) = ffrops Aw™ ! Jdv. T2 T, wpg 1& PYC) @ Fubini-Study & D HA
A, wid M OEAEATH S,
ZNSDRIFAREIIES 20, T,(t) < 0o 25 1F, FEPD2HELHRTH S,
NIFROHE 1 FEHOBL» 5025, f(x) # a DF,

g (t,a) — log[f(z),a] > + N(t,a) = T,(t) (t > 0).
* T 223-8521 M) IREEHEILX HE 4-1-1  BISHEA KT

e-mail: atsuji@keio. jp
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£72. (Ry) OFTIE, f 2V a ZBRIT 2751 No(t,a) =0 (Vt > 0) TH 5,
x50z,
(S0) (U —< v &Ktk LT) M QWi RIZIEE.

EIRES S,
:(t, Ric) = / / p(t, z,y)dv(y),
M

B < ° 7272 L/\ R(l‘) = 1nf|5|:1, €Ty M RZC(E, 5) i f:\

Ni(t,z) = lim AP,( sup log™ e(Xs) > A)
A—00 0<s<t

EB<, ZOWE, DK LD,
Theorem 1. 5507 — 7 —Z k(K M 128 U, (S0), (Rp) (38 <2) ZIRET D, [ %
M O EBEHEEHE T2, ZOR, ROWTINIIHLT 5,
(i) ,

Zm(r, a;) + Ni(r) < 2T(r) + o(T(r))

i=1
MO<r<oo ZBUTRIAMBRESZRNTHED LD,
F721%
(i) Y4722 v € M ITXHLT

Zq: . (t, a;) + Ny (t,2) < 2T,(t) + N, (t, Ric) + O(log T, (t))

No<t<oo WHUTEIEFRLEESEERWVWTHED LD,

22T, (1) O mr,a), No(r), T(r) \& M OYEEHE 7 M — M _EOHEE r O
HWER L CREBRS N OEHEEE. W) OFELAOMBEK. FEEKTH D, HNZRE
B, ISR Z DIENIZ. TNTNEBEEZRVT—HT 5, H#l
ZIE, T(r) ZRD &S I2E TS, M I M OHEPSIRELr —5—iRE25 X,
COHARRE O L35, WYk 5 e M 2ZEET S,

T(r) :/Mgr(l’m y) frwps A"

ZZT, golz,y) 1E M OHD Fo, BB r > 0 OHIMER EDF 4 V) 2 LVEIREME RS
22 E2D AL ICHTE7) - VEBTH D, (i) Dz id, (@) =2 LIAIUE KW,

Remark 2. 1. f DA REDEAZRINL 2T HIE,

T(r)T oo (r— o0), Tw(t)Too (t — o0)

Nord,
2. (i) %G&E 0)%%15\ S( )ik FEKEHMET 5 &, & (Rs) &V const.r®™? BIR &7
%, §bbL, ZOHBEIE T(r) > P OLa2 8T,
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HEEFFZVHND Levi V- o Hh == A

JEST EL (R - PR
Judith Brinkschulte (Univ. Leipzig)*?

B =
BEHNFINOE Levi MO IEEAE TV, SEBEEG, 11757 585,
Wiy EBR T 2 RBRTETH 2. A ZOREE 2> T3 Levi
SEHMATDMRICETE L7272 51F, fERm s T \w 3 & b b iRl 2 521
LZ2LERLI[4 DT, INEWETS.

1. Bl Levi FEHEDIFEFEETHE

BELHEER X NONg S 7Bl M 1%, X 2 REFrmicifl] Stein 1251} 5 K,
Levi B & MEIENL 5. Levi FHMEI Levi FEAS M EESWICEZ % 2 & L IAEHE
Thh, 61 M X OIFFFREREMAIC X 2 IR RIERE (Levi ) 28> 2 &
EFfETH 5. Levi FHMENL, Bl 21F, & 2 ORI AN OFFHIFAED X 512, KX
JG1 DIEHIEEE MO EE & L TN S, Levi FHIIZ S E B EGR 72T T% <,
EHIEEE O J 2R BRIC B W T O AN LN R TH 5.

1980 7> & Poincaré Bendixson DEHD 7 Fr—7 L L TRBHFEI N T 5!
FH. BRI TH CP? ORXIC1 ORRIEAIZEE2E 2 5. EOEDPHEIZ [ O
RSB EENITHS ).

Cerveau (1993) 12k 0, ZOFEDOKRE L BROFREIIE S N
FH. CP? IS, FMRHTINZRE Levi VHHIIZFAEL 20 TH S ).

FRIG CP" (n > 2) 128 1) 2P Levi FHIAIDOIEFAE S, FEEHTHY 235413 Lins Neto
(1999), ¥ & 2 Z¥5E S Siu (2000) 12K DHEZL T 5. CP? D6, T4 OREIHHHR
HINTVREY, ZOVTNHATEETH ), BIED PRIIEMR L AL IN TV,

2. ETHRER

W5 2% B Levi SFHHIE M € CP? OFFERIKE L, M OFGHER (DR 5) % Q TF
9. CP?IZ Fubini-Study gl&% 5 2, T2 HlR L M IZ Riemann §HE&%Z252%. M D
HAER Y7 FVBy 2 1OHD , M ED Reeb X7 "V € = —Jv2EZ 5 (JTCP2D
AR MEEEMGEZ L L), M D& EHTAD Riccd BIFE RicY (¢,¢) % 8K Ricci HiZE
EWES. ARWFZEICHEE S RIRED Levi SFHIANC D W TR OHIFISAE D 6 LT 7z

o M FIZHSE Ricci H¥ERIcM (€,&) D3A L R 2 HDFEET 5. ([5))

o M D Levi HEJED U 7 2 FHFIHIEEIC OV T | Lebesgue I & b iz s>
FEBHS |- F e 6 IEOERCIIA 5B £ a9 & i\, ([6))

o filifiE Q @ Diederich-Fornaess fi813 1/2 282 2\, ([7], [3])

AR T 2212 BHFE (RS 26800057) DU ZZIT b DTH S,
2010 Mathematics Subject Classification: 32V15; 32V40, 53B25, 53C12.
*le-mail: adachi_masanori@ma.noda.tus.ac.jp

e-mail: brinkschulte@math.uni-leipzig.de
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3. Ef{FREAHAD I T 7

T4 l: 0o ORATHIRE, RFRMERGIRISEAETH 2 2 & 2815 L 72 GrBEICIE
[6] 23 b V>, of. [1], [2], [4, Appendix A]). ZL T, TN 52U TOBTWEL 7.
FHRER. X = CP?IC Fubini-Study sl % 5 %, C2HEA Levi “FHIE M ¢ X OfFEE%:
RET 5. DR, M _FIZIERFE Ricei HiFERic™ (¢,6) 2 —4 DT &% 2 MBHET 5.

AEHIE, M DG EIRQ LD dH % Bergman 22RICEH L TfTbirs. Ky TX = CP?
DEEHER O(-3) 2 &K T. BN (1964), KIR-Sibony (1998) DEHEH S Q1% Stein 2>
FIMTdH 5 DT, BEHENTIE T Kx fHD Bergman 22 L?(Q, Ky ) NKer 0 (3 MERXIT &
DB, —HT, WaIEM ETRiMEE) > —42RET S &, MED Bergman 22
L*(Q, Kx) NKer d DFRRICHEDE0 0 % 2 2R L, FIEZEE. 2 DR,

1. Griffiths [8] IZH2KT 2 Gl

/‘ BP(—KXLLN@pA5p+2@&%V)§i/ Ds[2dV,.

O\K O\K

22T, (L,h) — CP% Hermite IEAIERE, K € O RS LMxa > 87 b
FHI, w: Fubini-Study ¥, p: wIZBIT 2 00 ~DRF SRR TH b, 1%
KROEHIZ, Q\KWIZa v 37 FE%EFD LOC YN s DELD JFISHF 5 2\,

2. #85E Ricci HH#E D Levi BEEOHER/INF T /) S — L L TOR: QDR 1,
2(i00p)? = —2ia ANa Nidp A Op = —%(2 — RicM(€,€))w Aidp A Dp.

I TCald EXEATERIND Levi HEEITIRI (1,0)-T6RX T, Levi HEE DO
AR, S—DREZZWICBILTHS.

R
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[2] M. Adachi, A CR proof for a global estimate of the Diederich—Fornaess index of Levi-flat real
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[8] Ph. A. Griffiths, The extension problem in complex analysis. II. Embeddings with positive normal
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An optimal L? extension theorem on C"

Takeo Ohsawa
November 25, 2015

Graduate School of Mathematics Nagoya University
E-mail:ohsawa@math.nagoya-u.ac.jp

Abstract

For any plurisubharmonic function ¢ on C", for any holomorphic function f(2’) on crt
and for any positive number €, there exists a holomorphic function f(z) on C" satisfying

/ |f(z)|2€—¢>(z)—(1+e)log(1+|z\2) < E/ |f(Z/)|2€_¢(z)-
Ccn (Cn—l

€

The estimate is optimal.
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Limiting tangent spaces & local cohomology

MR (LR
i Tl (R K

Parameter {1 & local cohomology RZFIH T 5 Z & T, IMNLFrE S 2 FrofEihif o
limiting tangent spaces K&, HE LN 5 Z LW AREL 0D Z & 2 WiET 5.

1. Nash blow-up & limiting tangent space
X i3, C" OFUE O O L L, EAIEM f(z) = f(21, 20, ..., 20) DNED BB
={z e X|f(z) =0}1F, HAEZMIZFREE L TR SLTD.
Non singular 72 i x € S — {O} IZKF L, £ Z CoMihmE S OHZEM T,.5 2 %H S
558 % R MLVEFILTEZD.

af of of

L. ) ]mel
or,’ Oy ’axn] <

gradf : z — [=—
L ], AMEEEEDE®R [ ] C - {0} — P ART. G gradf O
77 7 graph(gradf) C S x P"~' O % graph(gradf) TRT. H—Ko~DHE
Sx Pt — S OEFIEZHIRT 5 Z & T, Nash blow-up

v : graph(gradf) — S

55, ZOGH v O O EO fiber v1(0) OF sy E K(S,0) TRT. =
K(S,0) c P~ Zi@dhii S @ limiting tangent space k 5. Limiting tangent space
IIRER ASIZBI L, tangent cone X W £ < DIFHREZ G A TN,

2. B. Teissier D#EE

S O %@ 5 Bk 2, 8 & E O DIEMRNZ bVE = (§,&,...,&) HWT H
c# L, FRIE f 2@FE H chIlR L CRbN5EEE fH T&£T. 5% fH,
RERZ IS RA & LT BE, 20 il Hox pnV(f|H) TRF. T O,
Milnor %% u"=V(f|He) 13—#IZ, [€] € P ITRAFET 223, /Ml

H,
[g]rélﬂgylu " (f|He)

DIFET 5. Z O/ ME % B. Teissier 1236~ T, uV(f) TET.
B. Teissier (]9, 10]) IX, H52 22 P! OESES

{le] e P | "D (flHe) = "D (f)}

AW IR GREER 5 15K04891, 15K17513) OB EZ 2 b D TH 5,
2010 Mathematics Subject Classification: 32505
¥—U—R: 7Y XA local cohomology system
LT 305-8671 2 XM RER 1-1-1 P KPR E R FI0
e-mail: tajima@math.tsukuba.ac.jp
2T 770-8502 TER TR = BHT 1-1 & KR A B

e-mail: nabeshima@tokushima-u.ac. jp



73, Zarisky open, dense TH Y, & H|Z
{[e] e P | u"V(f|He) = p"V(f)} =P = K(S,0)
ThoHZuERLT.

EH (B. Teissier) [¢] € P! okt LRI, [FME
(i) [¢] € K(V,0)
(it) ptr=D(fHe) > pt"=D(f)

3. 7L XLDEH

B f 2 He ICHIRT 52 & CHRONDEEE re TRLEDYALEAT T V%
Jre TRV He DR O ICHRZFORPraftn V—Ilgd 5 aktn v—H
ThY, W re DY 3 AT 7 J, \Z& Y annihilate &5 b OEIEO 2T ZE M %

H(" V= {v € M5} (On,) | Joth = 0}
LpL.
B re SRR O AR AL LIRS, By IAIRKIES S vz
720 ZOWILIE, flu, O Milnor # &% L.

dimc(HL(]:;_l)) = dim(c(OHg/Jrg).

Parameter - % local cohomology & D5 ([6]) 21T\, dimC(H‘(,::”) > pY(f) A2
D4 BT (€] € P v B 72 D strata 3R, ZOFIEA L LT limiting tangent
space K(V,0) ZRk02D Z LINARETH 5.

S35 Xk
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[9] B. Teissier, Cycles evanescents, sections planes et conditions de Whitney, Astérisques 7-8,
Soc. Math. France. (1973), 285-362.

[10] B. Teissier, Variété polaires, Inventiones Math. 40 (1977), 267-292.
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AR ORI E I 5 2 TOTREUS R OBKR A 77 )T A 7 U DN T

AACKSY: - SCHPPERE 0 B
FERRY: « K2 &AL 1k

(V,p) Z1EH 2 KoTEHEREFS, o - (V,A) — (V,p) ZRESMREE L. Hl
NEGE A= Ui Ay ERERIDIRT %0 MArtin OERTO HAY A7)V &1,
Zy =min{D € @, ZA; | D-A; <0 (Vj), D # 0} THs. —/ Oy ORERA
77N m PEEES D(m,y) = YT, {infrepm{ orda, (W*(f))}} 4;, ZEZB &,
fembBHO., Dm,p) = D((f),v) THO. D(m,p)- A; <0 Dbz, K,
D(m,¥) > Z THY D(m,y) = My, £ET, TNEMKAT7IVTA7IVEMES, L
. (V,p) ORNERFFEAHEEICINT A DR S 7HHLULIIER X 2&D2ERTH
%L %o FF = (0p(—kX)) C Oy LEDB L, THNEER G = P, F"/F"H

& IR R R DBIIC R 5, IERUL G 1E. 2RSS 705 Pinkham DiED
HTX FOFEAHKET D #5238, G=R(X,D) &%, VB CEHZERD
BH. G =R(X,D) THH, BRI, CEHZEFFDHEEOERGRILEICZ >
TWa, Filebld, 2014 FMARITT, 2 e BT EREEAITDOWV T, BT
EWLER R(X, D) DIED&/INIEERTTHHITTAMAE S BBRCIE, F—H My, = Zy,
A, HUDHER X TOR—MHN SHETE 2 H2ME Uiz [4), FEX. WY+ 7)o
DHFRTORBIC DOV TR, Kb b,

Zy OHULHIRR X 12 3501) 5135 = min{a > 0 | deg[aD] > 0}

My, OFULHEIER X 12813 285 = min{a > 0| HO(X, Ox([aD]) # 0}
KR X = P! THA5B1E. HICHi#EE—HNT 5, T T, X = P! THIHHIC
Z =M ORBOIIEOIZ K DFHELKHANK S L0 S ONEGEIDT—XThH 5, BT,
X =P THEHAETYL Z# M 55013, Kummer #EDOFIEICEKD [4],6] T
WDOMRENTNABD, RIEWF T T ORIRM SR Z K DHLMMCTHEDT
H%,

EH 1 20T R = R(X, D) IKDOWC, HHINF D ZD =) p./qa € Div(E)®Q

zeX
EETRT B, e = min{a > 0 | deglaD] > 0} &HBE. h € R, ZHMEE ¢ €
HO(E,0(eD)) ZHWT h=¢T¢ (T 1E QR) ® X1 DyL) &EJ, TDL X,
divi(h) = Z <= X ODFBR 21T p), (ordxh — ep“T> <1

qx
ThHs, pld. 1<p. <q, BERBEETH>T. plp, =1( mod q,) £T %,
1
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FE 2 he R D HTHD T &I, X@%lﬁmh_fqm<ord hfe— <1 &JH

HTHB. COME. FHDEIERD FHEIHES BBAETEINY. ol
B, EE 1, [4] OREO—DOOIEEGE TS

X =P OFfE. D OERBNCK BN TS TDEFHEICK T, Z =M IHd
BE/NREGTTORBICEET 2 08+ MR 5N %,

% 3.2t R=R(P',D) IZDWVWT, D &eZ Liddidb £ %,

divy(h) = Z £72% h € RAMFHE <= P OFT 21T pl, < pﬁ_epr><1

4z dz
TH%,
4. (1) [4 X =P, D _12P0—Z P — 1317—21?18 £9%, e=6,[6D]~0
THY. ¢ € k(PY) % div(e) = Z[ D] tz%)ﬂ& DT B L. div(e) + 6D =

%P17+§P18 TH%o pp, =3 TH-T, 3- % >1, R2ICED, BNAKITT
Z DFEBUIRA[TH B, EHIC, Ry =Ry = Rig =0 & Ry IZDWVTODHLIEL [5]
kD, Z # M Hbhs ( ) R 24 = 2(y® +2'%) & R = R(PY, D)
D = Py — %Pl — %P2 — ng ERTTENTES, e=20 L&D, [AEDEL
IC&D, Z#M THZHZ D bhb, BIfE, HADHI>TWE X =P TH-o T,

Gorenstein TH O, M OEEEDRNOHIN DFITH %,

A 5. BIPREATHO, MOHIRT Z =M THSDIC, 2T Z £ M Lix
ZIRMTE. po(Z) > po(M) THBENHHEITREND, ZOT &b, HARKO
REBRY—E RY%W,0(—M) — R, 0 DG TRWVIKINNAET %, filtered ring D
gt DR TIE, H¥. BLWESE L THRA SN TOWEAID, SHROELRNS, KD
MR L9 K o bEBEABND, EEHBEGHINCIE, THICERZHIHNE A
NINHOBNCH B EEZ TN

Ref. [1] Konno, K. Nagashima,D: Osaka J. Math. 49(1) (2012),225-245 [2] Meng,F .-
N. Okuma,T: Kyushu J. Math. 68 (2014),121-137 [3] Pinkham, H.: Math. Ann.,
227 (1977),183-193. [4] Tomari, M., Tomaru, T., Tohoku Math. J. (to appear),
[6] Tomari, M., Watanabe, Kei-ichi: Publ. Res. Inst. Math. Sci, Kyoto Univ.,
25(1989), 681-740 [6] Tomaru, T., BEEKAREAIIFTHIE (to appear)
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INT A= &R T k)L & Bruce-Roberts
)V —HDETHE

M (BERSA)
HIEE— (SR

N 72 R DI D ZTEIRICNBES 2735 X— 2 IR RV, B
K UHhm & IEREE OISR % Bruce-Roberts )V F—8OEIRTEZHE T 5.
WETIE, B LT UY S LEVT, FELT.

1. BERELR

XX, C" DM O DR, Ox i3 X FOERIKBOEST 2R, ERIZEE
d(z) = ¢(x1, 29, ..., 2,) WEDZHEHMZ S = {z € X|p(z) =0} £ T 5. AFETI,
T S IS R BT R RO L T 5.

IERIRNZ RV

0 0 0
v=ay(r)=— + az(x)=— + - - an(x)%,

i, v(¢) € (¢) ZifiTcdT & E SITI> THBHTHZS WS, TTT, (@) Folck-
THERENDG Ox DATT7 IV ZERT. X LT SITIRo T/ T MVGOR T @z
Dery(—log S) TET. IERIEED germ f € OxollH L, RFEROx o lICBIF 21T
WV v(f)|v € Derxo(—logS)) % Igr(ss) THKY. TDEE, Bruce-Roberts 2 )LF—%
per(f,S) &, 2t dime(Ox0/Ipr(ss) &L TEFRENS ([1]). TD Bruce-Roberts
VRN R 2 )V — OS2 R R RRA DG FIC—RIL LI E D TH D,
local Euler obstruction & &R 2 HEXFEETHD T EMNHILNTNS. LML,
ZTOEZFFRTRD S T L1, FREREDNEIT THE5ETH > TE—RINICIE
Med CHREHETH > 7z, I, FHEHEHBOWIZEIC KD, local chomology 75 WHEINAN Y
M VG2 RERK U Bruce-Roberts 2 )V F—8ZEH RS 2 51EN G A2 57z,

T, o fOBRBICEIR/STA—REZEGUGEZEZ 5. T A—XDfEICK
D, WX T 8IVIGIEE B A A, Bruce-Roberts 2 )V H—8E 29 %. T 2 THIY
T AHERIEICK D, /3T A—2DIREEIC X D W) Bruce-Roberts X )LV —#H 21t
TEONEMBTENTES. GRILETORERELHLEZDIE, 785 A—2fFE local
cohomology R TCTH 5. 737 A—Z{}& local cohomology % & &, local chomology ®
B (B WKXOEERIEINTEROTETHS. 73T A—2{JZE local cohomology
ROFTEFEEER (2, 3 ICK DN TN TBOFRRICERZEIN TV S.

a;(x) € Ox, i=1,2,...,n

AHFFEIRP A HiBE FUERS 15K17513 LARERS 156K04891 DB ZEZIF TH D 9.
2010 Mathematics Subject Classification: 32505
F—T—F 7)Y XL, R MV, RffakeEnd—
LT 770-8502  (HESTTREH =GN 1-1 M RARE SRS
e-mail: nabeshima@tokushima-u.ac.jp
27 305-8571  DLIETRTER 1-1-1 T KA RAGHECEYE R B
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2. FEBIE LA

RIFFTEOMMETH O, ANE f, ¢, HiJ1l&, Bruce-Roberts 2 )L F—8DHEICIE U
12785 A= 72D 7#E & | 77 E]DE stratum IZ 513 % Bruce-Roberts )V F—Hr S
5%, FHROBET, N'?X AT ERNEIR T MV ETE T 5.

1. B. Teissier [5] D&% 1729 generic 72 BIERZ /3T A— 2} & local cohomology H7%
flio>TkD 3.

2. Polar variety &iERHIID DX T 78T A—Z{FE local cohomology RDFIHEEIT, Z
DI8T A—Zff¥E local cohomology HN 5T N VGOFEICHE IR A T 7 IVEDIRS
A—Z(FEZA R Z— REEZFET 5. (B4, TOARYEZ— REED SN
MV OREZH B EMWMTES.)

3. Q. THELNERAXVE—FEEZFHL,) NIA—XFEDIIRA TTIVA L IN=2y
T7NIV XL, BEURERCBT %785 A—2 & syzygy al HIC K D INS A—2{FF
WEHINYT b IViGERD S,

4. AT 7V Igg(s,s) I & D annihilate €41% local chomology $D7x 9 X7 FILVZEHD, /3
T A—Z{}& local chomology R7ZR&%.

5. /8T A—2A{} & local cohomology M52 % (FHITHRENS) T FIVZERDORIT, HHIS
9 % Bruce-Roberts )V F—#L k3.

CDOFMRIEZ, FIEBAEE AT L Risa/Asri [4 ICEHFIC K DI N,

Bl JERICHN R RS 2RO 2 DB HAZ f =22+ +tay, o=+  +saf b
B CTT, tEsiE(sih) € CPERBIRTA—RK, 1 & yREMTHS. COLE,
FLao7aro L, @il s ETo fo ONF A—%{+%) Bruce-Roberts 2 )L} —
Bz RD &K 5 1TKT,

& LS5 A2 (5,1) BVO\V(1, ) KBS BB, 11,

EULIST A= (5, ) WV (s)\V(t,5) ICJBT 575X, 9,

& LSS A—X& (5,6) D (CA\V(ts)) U (V(s, ) BT 275 51E, 10,
LB, CTT, V() = {(s,0))s € C}, V(s) = {(0,)|t € C}, V(st) = V(s) UV(2),
V(t,s) = {(0,0)} ZEKT %.

SEX
[1] J. W. Bruce and R. M. Roberts, Critical points of functions on an analytic varietie,
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homology classes associated with semi-quasihomogeneous singularities and standard bases,
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ZIIRT A—Zf&Ka /) 2 — D-INEEOHEE
—parametric Poincaré-Birkhoff-Witt fREXDFIF—

MRl (TR
INFEUHE - (BIREE) 2
HEHE—  (HBRY)

1. F

n ZRZHEKX 1T U, RIMAMERZRIER Dx[s] I3 % f° D annihilater 17 77 )b
Ann(f*) 252 % (13, 5]). TOAT 7V REAFTFEXR) DS, fOLFEBORE, %
*E%LCHWL?LFT\D/ S —D-InfZEETE 5 ([8).

CTlE, TNSOKRZ n ZHEZ A fF OREIC RERADER) 3T A—2WVE
ih%%ﬁk?f%ﬁﬁ‘% T L 7%x# 2 %. Poincaré-Birkhoft-Witt [REUCBIF 2 T LT F—
HEFITRZ NG A= 22 B0 XS BRGEIIRET 5 2 EMAJRETH AT &, 2D )vd
UALZHWT, f$OINTRA—=2F AT T IVDENRZRDZ T EMNAREL 5%
CEZWMET S, WHELT, fONTA—RZ2EZTHEICE B, /37 XA—2JkK
0/ 2 —D-IEEDEIEAIREL 75 5.

2. Briangom et Maisonobe DFHEZEE Z DILTK

=C", K = @&io< n 2% x—(:zl,.. ) %IEJ@%%K[:E], ZIA BRI D

%I,Efﬁf € K[ [, f*® Dx[s ]k:}bb%ﬁft%%“ﬁw&
Annp,5)(f*) = {P € Dx|[s]|Pf* = 0}

T, J. Briancom & P. Maisonobe([2]) (&, Poincaré-Birkhoff-Witt REUC 13 % 7
L7 —REERZHVS T LT, TOFEA T 7 IVOERRZIFRINC KD 255
25 Z Tz LTHZ O ([6]) TH 5.

L HLOERE ZRELROEET 21F%.
:{fa+ afo 0 ofo 0 of 8 a}.

Dz Ot Omy Dmadt Oy’ 0w, 0t O,
Z T, 8 Lsix 8 (%s—&— 1 %3729 £ 9% (Poincaré-Birkhoff-Witt 1820 .

2. M2 AWET B XS REEFICH LT, (T) DFLTF—HIEG % Dy[s, 2]
T 5.
ARWFHIRPEZE IS T35 (B) MRS 15K17513 & RIIZT (C) AEE S 15K04891 DB
ZRZIFTBOET
2010 Mathematics Subject Classification: 32505
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3. GHDER L RO &S HRENE LIS RIS Annp, 1 (f) DERRE 5B,

ETC, TTT NI A=RZ2BCHEEREZS. FTHNLERILA T T IVO4
R DFHRIEZ Poincaré-Birkhoft-Witt fREICH T 2 7 L 7 F—EKEHRICE DN T
W5, BIE, B> 25 I\ Risa/Asir | C, Poincaré-Birkhoff-Witt fRE(Icx L 2L
TF—REFIHEZITH T EMTES ([9). [FTLTF—HEEATT7IVOENZH
WK LR EFRZRER TONT A—=2 & J LT F—RK (AN T LT F—
HIKR) A7)V XL ([7,8])] 7% [Briangom & Maisonobe AV Mz Poincaré-
Birkhoft-Witt {UBAV AT A= & J Y& KRR 22 7T, (T) D/8T A= f&
VU7 F—REIMKATREL 55, TNBIc&D,

INTA—ZFERA T 7 IVDERFR

FHRTES. b, (RU{f) DY LT F—RERHET BT LICkDELNS
(8]). /85 X—Zff %5 LT F— R AR TH 5 DT,

ZIEN [ MRBUCER/NT A — 223 CHEICH L TH --BBDIR, RIRICHET 2
NS A—ZtKRO/ X —D-hng#

EHERKATRETH 5. b-BIROMERTIE, Dx[s]-INHE
Dx|[s]/Annp,q(f*), Dx[s]/(Annp,q(f*) + DxI[s|f)

PEEARERRE LTS, CNSOMBHE, BIliES = {x € X|f(z) = 0} 17
BIMEL GATVS. £z, bEIOMR, RICHRET 580/ I—DBHE, @il
i S DR AR A OWIE G A TR DT, AN SO & EHE S
DTH5.

HWHTIE, FEENETOY S LOFELTS TETHS.

Z 3

G. M. Bergman, Diamond lemma for ring theory, Adv. math. 29 (1978), 178-218.
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