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1 IXCHIC

(Bi, || - 1) (i =1,2) ZZh2Zh 0p, ZFLE L THD Banach Z &3 5. FiTHi 5
ROBR D, ARFEEE TIEK S 2T D Banach ZZRIIEREA C 2R D 7 -k LTHD
leeds.

Banach ZE[H KRB AN TEMH R 7 L A VER S WD Z e TH D, FBEE D
575 5 RBUBIER / L 20 HEFR S N5 B IE 2 E R 4 IR IREDFET 5. Z
NSRBI Z N ZOBICFET 2D TR B BEVICHELE->TWVWE Z L2
HohTW0S.

Banach 22l E CTEFR I NLEBRD D 2 FEDBENBEZRFT 5 L &, ZTDEH/N
ORAIREEICE D LS BRHEELEZ TS0 LEHERL TV 00205 5
2352, Wb S IRIFMHE (preserver problem) DK ZRHEHWD 1 D TH 5. FH
Banach 2% o BEBEME S & (R1E 3 % B8 T & 2 FHEBEEIR B 3 2 (RIFFTE ORI <
HHIERIITON TV S, FHEMEHR IMEED 2 AHEOEHZROEHRTHD, Fig
T : B, — By T

IT(x) =Tl =llz -yl (2,9 € B)

=358 ThH3.

D XD R EREE AR T 3 REMEE THEEEEHRO I Itk - T, fucy
DX RS ZRED D VEFIRT 200 COWTHLNCTZ2Z e ZHE
LTW5.
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Banach Z£ff]_FOEFHEBREEBSICE T 2 RIFEDOMILICEWT, EELREERED 1D L
T Banach-Stone ®E# [5, VI, Theorem 2.1] 28I TW5. ZOEHZ AR IZH
b, W opils L HifZ2%H T 5.

X %> %7 b Hausdorff 2% & LU, O(X) % X LOEBFUEHBBIE AN 5% 5
MR e 35, EEOTT f € C(X)ITHLT, fDsup / Va4 ||f]l, &

[flloc = sup [f ()]
zeX

CERT S T & THBZER (C(X), ||-]|,) & Banach 22 72 %. 22T, T Zionf
B 1 TH 2EFHEROES (T ROBERFH LOBAME) &3 %. Banach-Stone
DEHIZZ D &K S Rk BRI BT 2 2R EEREFEMESROMEZIH S 2T L
JAERTH 5.

EIH (Banach-Stone OEE) X; % 2> ¢7 b Hausdorff 25 (i = 1,2) & L,
T:0(Xy) = O(X,) 22 ERMWLERMEHRE 2. o, #iElao: X, - T
YEIMAEG T Xy — X BEFEELT,

T(fy) =a@)f(rly)  (f€C(X1)y € Xp)
LRI RVASN

C OEHNZ, Bz ko 2 ERREFEREROMEZH S22 L TED, 2
D & 5 2 BENIAERHE 1 OERBICEZ AL 2 d#He B e S RIERR E Ofd, $7abb,
BERIEAZOBIRONE Z e RN T WS, X 5ICEER IS ESTE R SR
FAgn 6 2 DOMMHZER X, & X, DBEOFRMEEE 7 X, - Xy PFEINLIKTH 5.
T DT e IFER I BWT, KRG C BEREE L S ITRES NS & &, (HE
EHHBNWIRESINLZ L ZEKRLTWS. Thbb, HEinBBEEMICEES 24
R IIRE ORI IR LA EEGRATFEL TV Z e 2R LTV 5.

—7 T, Mazur Ulam OEH (6, Theorem1.3.5] 7> 5 2 D0 Banach 22 B; & By ®
BOFRT : By — B, WEFNFHMEHRTHELERET 2 &, HIIIC T I3FEREE
BRTH2ZenErN5.

EE (Mazur-Ulam OFIE) B; % Banach 22235 (i=1,2). BT : B, — By
MG EHEBESRT T(0p,) =05, THIEE, TEERETHS. 11201, 05 X
Banach 2%l B; DBLE2RT.

Mazur-Ulam OEMIE 2 DD Banach &[] By & By O DEAGD T(0p,) = 0p, % i
723 RN EEMEROr ¥, ERPETHL I 2FERLTWVWS Z IZZ, Banach Z2fH
D FEHEFERERE S D — BT X HEIINICRBIEE S — T2 2L 2 RL TS, ZOEH
12 & D Banach Z¢[# O RGHERREESG 2R S 256, ERMBITRWEFTHD, £
NEDDIFOERATHL2EGELZRET 2 ZeDBEHARTDH L Zehbhr b, TREERY

N)



X 7= Banach-Stone O I B W T EHFFRHEBIICE R Tldk  ERE 2 KE
L7236, BIRT ORI 5K 372250, ZOMEX 8] OFREH WS Z & THRT
X, ZHUZEX DT oMERSE LN S.

FIE (E#RAZhR Banach-Stone OFEIE) X, %27 I Hausdorff 2/ (i = 1,2)
EL, T:C0Xy) = CXy) 22HWRBEFHEMEGTHRE 5. ZorE, HiBK
a XQ — T tﬁ*ﬁg{% T : X2 — Xl, Fﬁﬁ)o%%gﬁ\%é\ K C X2 iﬁﬁﬁi LT

a(y)f(r(y)) (y € K), a
a(y) f(r(y) (v € Xo\ K)

~—

NI RIRVASR

ZDOEHED O EHEFEMESR T . C(X)) — C(Xy) KWEREEZIRE LG AETHRMEE
B Xy = X\ DBEXINDZZ bbb, ZOEHE Mazur-Ulam OEHD S 2 5D
A RA R 2L D BEEEREE MR TE S N 5 2 & TREMEE M HZEM D BHEIICRFEEN S
TeERLTVWS., IHIUEED f e C(X) LT, U(f) ZRDELIITERT 5.

ay)T(f)(7(y) (y€K),

V)= {a(y)T(f_)(T(y_)) (v € X0\ K).
CDEEBH{RU : C(X)) = C(Xo) ZEB/RT O (1) & 2RNERGIEHESRTH
22epbdd. Thbb, 2 0DEEEKER C(X,) & C(X,) I3IEMESES T 2
Z b CRIDBUEEIMEE & HEIICRE S Banach ZZfi e LCHANCR 2 Z e b 5.
fthic & EFE IR ZE M LIS Dk &2 R BIBZER QLA THRMED Z 2 KD LD Z 2 IS
nTw3 (6,7, 8,9, 10, 11, 12, 16, 19]. Z® Z &% Banach ZZMICTFET 2 ik 4 2 BU#
PRSI HERERSEIC K DIRESN D Z e 2R L TW5. 207k, FHEHEGRDOWR
VFIRTE ¥ ThE 4 72 Banach ZEREICH L TfTbAiTW\W3.

2 N7 MUEERREED 5% % Banach Zf L DFEREE R

ERSERBUIL Y DA H 7 — IRl = B2 #EG R E D> & 7% 5 Banach ZEE Dz & X
7 b AEE BB ED 5 72 5 Banach 22 FOFEFERE GO D IERIITHOATWS.
X Y Zay 7 b Hausdorff 25l e L7zt %, O(X,C(Y)) 3R TER S N5 HA2E
MThH5 .

(2)

C(X,C(Y)={F:X - C(Y) : F1¥ X LT ). (3)
FEDO FeC(X,CY))ITMLT, ZD/ VA ||F| %
1]l = sup [[F'(z)]]oo
zeX

LIEFRT BT, (C(X,C(Y)),|]l) & Banach Z2f ¥ 7 5. 2 DZERIERDEH A &
HHRERZEM C(X xY) b RA—HTE2 e bh b, ZOEHDIFHX [12, Section?)]
DFEESEZEIILZDDTH .

(@V)]



EE 2.1 BHBU:CX,CY) - CXxY)%
U(F)(z,y) = Flz)(y)  (FeC(X,CY)),(z,y) € X xY)
TERTD L, BIRU:C(X,0)) - C(X xY) 3LHERWVERMEHRTH 3.

SO H(5 U BEESIVTH 2 2 LIZEEDP BT SITbh 27D, US I L%
WET 2oL BRT. HEOTEF cC(X,0) 2L VEETS. O X,

UE) (2, y)| = [F(2)m)] < |F@)]o < [[Fll

BRTD (z,y) € X XY THDIULODT, |UWF)|,, <||F]l 2VR 2. KIZHFHED
FERXERT. ||F|, DERDP HEEDEDE e > 01 LT,

17l = 5 < IF @)l (4)
ZilzT x € X BEAET 5. [ARIC sup / VLADERD S
1F@)l = 5 < [F@)©)] (5)
BTy e Y BEET 5. (4) & (5) 25
|Fll = < [F@)@)] = [UF)@y)] < [UEF)].

B ||Fll, —e < |UF)|, HVWR3. 22Te >0 3EEDEDKTH 270,
IF|l ., < |UF)|, AED3io. BEED |UF)|, = |F|l,, AFEAE .

RERICEHR U PEFHTHEIE2RT. GeC(X xY) ZERERCEVEETS. 20D
CEFEEDre X ITHLT, G, Y - C%

G.(y) =G(z,y)  (yeY)

TERTS. FBBGRE X XY ETHEETHLI DS, G, 3Y LTHETHL e
brd. LkhoT, G, eCY)THs. ZITHBF . X—->CY)%

oo

F(z) =G, (x € X)

TERLT, FeCX,CY))Tharztzmd. seX te>0 2 ERCEVEET
5. BBGIRE X xY ECTERZOT, 22Dy e Y IZHL T e OFEREV, &y D
BEEE W, BEL T

€
Gl y) = Gls,t) <5 ((s,8) €Vy x W) (6)
Y 12 >%2 b Hausdorff 2T Y C | W, 25
yey
Yy cJw, (7)
k=i



ERD Yy, Yym EY DFETS. X OFFEEV &Y OWTEEW %

V=V, wW=Um,
k=1

e VeWlkzehzhao b yOEETHS. sV ZERICE DEET 5. (EE
DyeYIHLT(NrobyeW, ke {l,-- m}BFEETS. (s,y) € VW,
THZILLV CV, 25 (s,y) €V, x W, TH3ILHBHDILD. LEs>T (6)
YRS

M@M@—FGMMZK%%w—waH<§

METDycY THDILD., LhoT, scV ThirusiR

[1F(x) = F(s)]|

IN
DO ™

<e

oo

k) Flids TEFTHS. re X BEBIGEINLTTH B0, FeC(X,CY)) T
H%. F OEHEDS

U(F)(z,y) = F(2)(y) = Galy) = Glz,y)  ((,y) € X x V)
BRDIDDT, Bl U BRETTH 5 Z L ARENI. 0

EH 2.112K D, Banach 22 C(X,C(Y)) (i BAEZEHE C(X,Y) e [A—HT5 2
EMTED. ZheERFIR Banach-Stone DEHZHAEDHLESZ Z T, UTOEM
HELND !

EE 2.2 X,V (i = 1,2) Za %2 b Hausdorff ZZff& L, T : C(X;,C (V1)) —
C(X2, C(Y,)) Z 2 EMMPEREMESR 55, 2o, @illla: XoxYo > T
FIMEBAR 7 Xo x Yo — Xy x Yy, BDPOHETES K C Xo x Yo BFELT

a(z, y)U(F)(r(z,y)) ((z,y) € K),

o) T @ g)) (@y) € (o xV)\K) O

U@UN%w—{

i RIRVASR

2 CTOBOERTIEEBEE C(X, C(Y)) ORIGH %M A Lo RS msgc
EHL, 20X5BHAEMCBNTS RO Z L 25K D TohEET 3. FH 2.1 O
B ¥ [ U IR T A EREBIRER O(X X V) O %M v L CHDAT Z LA TE S :

TE 23 ACCOX,ON)) 2EHEBH%EME T3, BHBUA—CX xY) %
UF)(z,y)=F(x)(y) (FeEA, (r,y) € XxY)

9%, ZorE, BRU BEBERVFERGH®RTH .

(n



COFEHICED A LORKERVEFEMEHSRT : A > ATHLT, B=U(A) £8<
T, B S=UoToU:B— BlXxC(X xY) D% B Lo EREE
FREEGR LTRSS 2223 TE 5.

T T

A—>A

R AETIX, BHKZEM CX,C)) O2ETIE R, FEDHE % R OMIEEE 722
A WCHIR LT, 25FEHEROMEPLHESI NS MHEHNERICOWTEE TS, Z
D XS RETZERNCHIR Uz i#ami, & b BEERNRISHPHIAOmHZ R L, é%ﬁaﬁ
TOEMZUEMR - 1R T 2 L THEHETH 3.

—>

ZRERU &5 RFHEITHERBEIED & 72 284 7 Banach 22T & 2 BIEZEH o2
FEHBEGROMELIAT 2B DIR LWL TE (7, 11, 12, 16]. Rz, R
L B BRZER R B BRED sup IV ADTER I N EG BRI AT Z 2,
RIZIBR 2 Arens—Kelley DEH [6, Theorem 2.3.5]| DEHATZ 27 DICEETHS. Z
DEFIIBE 2L 2L o AR TG 2 RIS 2 B, PONREEIZRZLTWS. i
B, FEFHOFEMICOWTIX [6, Theorem 2.3.5] Z ZE W2 E /0. T, ZOEHZ R
RBTDITRHEL BN Ot BEEEAT 5.

TE 2.4 B AEMEENZENE C(X x V) OB, B % B OWMEML 5.
EED (:c,y) eX xYizxtL T 5(w,y) :B—-C%

S (F) = Flz,y)  (FeB) )

CIEFRT . 5(I7y) % A (x,y) B 5 RENBEEE WS, ||(5($7y)”op % 5(9%,) DIERZE
NEETBE Oy DERDD [[d@yllop < 1T oy € (BN ={p € B lglly <1} T
BHBZEDDOMIDB

¥z, RFEMVEEMESR S B — B Z#N5F, XD B* OFARAIEK (B*); D
MZHNE e PNEEL RS, (B*); Ohis (extreme point) & I FH DO MZHTEDTHAR
WKH7bbDTHH, LTOLSCERSNS [5, V, Definition 7.1].

E& 2.5 (mR) B ZEfBIREER O(X xY) OB 2E/M e L, B* & % O R N2E
Me3%. 7, B* OPHNIKkZ

(B )1 ={p € B[ |loll <1}

LRT.



@ € (B*); % (B*); @ #Hm (extreme point) TH % &%, EEDRR S ¢, ¢y € (B*);

Xt LT
:<P1+902
14 2

DEDILDZEZWVD. TiROE, ¢l (B*), DREL2 2HOFPRTRELZLVWETDH .
37, (B) OFTRTOMARKOEAEE oxt(BY), LT

— P11 =P =P

UEDMENENEE 5722 2 AT, ArensKelley DEH 22, ZOEHICXD
ext(B*); BT 2O BARINCIRET 5 Z N TE 5.

EHE 2.6 (Arens—Kelley DEE) B ZdiBizei C(X xY) ofBEin2EMe 3
5. EED p € ext(B*); 1T LT,

P = 20(ay)
%% zeTet (v,y) € X XY DIFET 5.

XHICEHNEREERBEESR S : B > B ZHWVWT B Lo EGHERHE G
S,:B* - B* 2 TOXIICERTAILHTES. ZOERICET 23, [10] %
TEWEEOD.

EE 2.7 S:B— BEEfFREEERERE TS, S, B = B* ZUTOX5ITE
£I5;

S«(@)(f) = Re(p(5(f))) —iRe(p(5(if)))  (p € B, f € B). (10)
D ZLLTOEMDED LD Z SN TWS [9, Proposition 1.

EIE 2.8 B kB ZEM C(X xY) ofJEin e L, B* %2 B OMAZEM &3
%. S:B— BYEREREEFERETERTHS L E, S, B* — B I3 2R IR AL
FIRTH 5.

EHITEH 2.8 25U T OEEDEPNS.

EIE 2.9 B ZEEREAZEM C(X xY) ORI ZEMe L, S: B — B 225 5Y
HFRMEGHREr T2, TOLE,

Si(ext(B*)1) = ext(B");
LD SLD.

SEADEE o € oxt(BY), FAEEICL DEET 5. S.(0) € ext(B*), TH 52 ¥ &R
\3‘. FDDHIZ m, N € (B*)l <

i) = It -



ThHadr3%. B8RS : B - BREFERLFHEMEERTH 2 6EH 28 &b,
S.:B* — B* & £ -2 FIPERMEBRTH 200 55K S, FHHFHTHZ. MAT,

Silpi) =m  (i=1,2)

LB ;€ (B) BIHET 5. WZIC (11) 55

S,.(p) = 5. (@)

VN A RIASYSE»)
_ ¥ + 2
v 2

PEOND. peext(B*) & pr,00 € (B*)1 226 o1 =p=py THZ72D
m = Si(p1) = Si(p) = Sulp2) =2
B DILD. L7edioT, S.(p) € ext(B*)) PMEED ¢ € ext(B*); THDILDODT
S.(ext(B*)1) C ext(B*), (12)

»Eohd. S, : B* — B* e EEEFERMETEGRTH 270, (S.) ' bEL2HE
MILEHRMESR CTH 5. ZDOLDRROEMREZITS 28T (S.) " (ext(B*);) C ext(B*);

zRoND D
ext(B*)1 C S*(eXt(B*)l) (13)

MDD, (12) & (13) 2 HEM 210 D LD T e h3bh 5. O

ZOEBIIES S, D (BY), DR ZRELTVWS I RRLTWS., ZOFER e EH
2.6 ZHAEDLESZ Z L TUTOEENENND.

FIHE 210 S: B - BZEZeNEREEFEHER- TS, £ED 2 e T (r1,1) €
XxY LT
S*(Zé(m,yl)) = W(z,,5,)

72 weTE (x2,y2) € X XY DEIET 5.

FEH 21012k D, BE S, ZEAMER XNz (BY), OlimRlLE2MEXETNWS Z
Ebrd. X BIZHERD R B 2B R ¥ O i SR R 2 A, (9, 10]
WKBII2FELEAT 2 e TE, HEREEEMEHS S B— Bldd 2 FAHEER
EAEL, TOMGTIEBRT: A— ADFIE (8) THEZ NS X511, WEAMIER
RO X OEBRRBE/SIHITR D Z 2PN TS.

Rz, X7 MVIEERRE 2 & 72 % Banach 22 b 25T S IR S4BT 2
FEUCBWT, HAZMEL LTRO LI RMWAREXh 2. #HEEEE D ZOREI
FROWBILZFETWS.



B B; % C(X; xY;) WO Banach Z2[#] (i = 1,2) & L, T : By — By 2 &9 EREE
S GR35, ZorE, BERTHEAMEER T Xo x Yo —» Xy x V) Z#FE L &,
Tiabb, EREZEHR X, xY) £ Xo x Yo REHTHZ RET 2. 20 L TEFEZERD
ERER 7 IIZRDDOMABZERIEETH S L 2B IRIAET D .

Thbb, 2200FMER x : Xo — Xy &1y Yo = VI BFELT,

7(z,y) = (7x (), 7v(y))  ((2,9) € Xa x V3) (14)

DIETREINZ ., FRIDEIRBERVETLZ2DIIED &5 AR TREE D7
A9 D,

bHAABEEER X, x Y, & Xy x Yo ORNCFEMEES 71 Xy x Yo — X x Y] DFIE
L72e LT (14) D&ES12i25 F R, FIZIXTD K S BHIDFEET 5.
Bl XM I=1[0,1]%L, yecliTHLT

1

0y) = gsin(my)  (8(0) =6(1) =0, P(y)] < 3)

BEDS. COLE, FKy SCIHMARE b, T -1 %
2:1:(% —|—<5(y)), 0<z< %,
B+aw) +20-1-a@)(z-1), t<e<t

THZA% (RO —XEHROMED Gh1). H&

hy(z) =

H:IxI—1IxI,  Hxy) = (hx),v)
EZDH., DL E,

o HZFMEHZRTH . EEE, vy ZEETNL 2 — hy(x) 13 ] DFRHEEHRTHD,
Yy hy, BEGUHKFT 5. Lo T H Z@EironHiT, #HEHIE

H  (u,v) = (h,"(u), v)

v

CHHRTE 3.

o H ZESH O(I x I) THFER, 2%V, Houxn =idixr £7%5%.

o H XEME H(x,y) = (1i(2), 2(y)) WER oWV, EE, o ZEEL Ty Z8H
TEE 1T hy(x) 23y WWHKEFELTELT 5.

EHIZZOMERZDRIDREICONWT, FEKED =B LE LY THBRWE
W, IRERITT, KT, 12 2BEC L6, V7 y vEIKZEM Lip(1) 2
% & 2 o T RE 22 BEEZER] C (1, Lip(1)) 25 IS IR 5% 0 S RIH %
RA. ZOMEREMIZANZ72DITREL R DNV OGS ERTHERT 5.

0



E&E BHZEECH() cLip(l) %2025 1 FTOMAXMI0,1] 35, L)%
FAXE [0,1] LA R—ZRIEECDOWTAREMNCH R IR & 7 2 #RE 2R & 3
5. EED fe L) LT, 2D/ | fl % f OREH LR, oF b,

[f [z = esssup | f(z)]
zel

LEFTH LT, (Lo(), | - ||p~) 1& Banach 22 ¥ 72 5.

ZZTHWEAER R (essential supremum) DEFRNR KZ DHWE DFEMICOWT
1, SCZER [20, Definition 3.7] ZZEX iz,

covE, BECERE OV b Lip(l) % 2 h2hAD X 5 1028 T 5 ;

CUI)={feC)| feCc)},
Lip(I) ={g € C(I) | ¢’ € L=(I)}.

A5 2 oDz C(I) & Lip(I) WEBEWIZIEFICMEEEZ WL o0 Fo
Banach ZZMTH 5. FFMZEMICIZIBRRMIMENFEL, FEOBK feCi() &
g € Lip(I) ot L CEBEEFRbzhzh ff e C(I) & g € L) TH 5. -2
WIERIL XS R/ VLAZERTE, F£ED feCY(I) & g e Lip(I) LT/ V4 || f|h
e gl &

11l = [flloc + 1 f Moo Nl = llglloc + 19 l| o (15)
TEHTS. ZorE, (CYD),]-|l) & (Lip(1),| - |l1) i& Banach Z2f & 72 2. LUK,
AZOHA TR CY(I) B Lip(I) ®/ L aEFheh (15) TERSIATY
225, RITEIEZEM O, Lip(I) KB 2MDZLITFD XS ITERT 5.

EE 2.11 (ERZEM CH(I,Lip(1)) CEDMD)  #EZEM CO(1, Lip(1)) %
C(I,Lip(I)) = {F : I — Lip(I) | F (& I EC#ifi}
LEFET L. F,Ge C(I,Lip(1)) XL T,

F(t+h) — F(t)
h

- G(1)

lim
h—0

1

BRDTOLE, Gk F OMEEMY L, G=DF)L¥5.

BHOERBEE - ZEBERB OIS S My B EZHWTE Z %75,
C(I,Lip(I)) OGE T O EA Lipschitz BI$ 22/ Lip(I) TH 2 Z e h s, /L
L | 2T ZERT 2. UL SO tOo, DITOMEEZHHT 5.

AR TEoO FeC(,Lip(l) £ se IITRLT,

F,=F(s), F =F(s)

1C



Y35, ZorE, Fe CU,Lp() »5 F(s) € Lip(I) 7% %7, Banach 22
Lip(I) ®EFE» S F, € Lip(I), F/ € L®() TH3 I XFEET 3. FLTED
FeC(I,Lip(1)) & (s,z) e I x [ITHLT,

F(s)(x) = F(s,x)

3§52 TFeC(I,Lip(l) % F, € Lip(I) (sel) Zifi7z3 [ x I LOHEGEREEK L A
VA3 I8

EE 2.12 (B8R CL(1, Lip(1)))  BE%ZeR C (1, Lip(1)) ORIEER72 22/ CL(I, Lip(1))

%
CY(I,Lip(1)) = {F € C(I,Lip(1)) | D(F) € C(I,Lip(I))}

TEHT 2. EED F e C(I,Lip(I) ISHLTF D/ Va |Flly &
Pl = sup | £l + sup | DF: (16)
v D3 T (CYI, Lip(1), | - ||x) 1& Banach Z2f & 72 % .
feCiI)rgeLip)cLT, B fog: I — Lip(I) %
fogls)=[fls)g (sel) (17)

TERTDY, fege CHI,Lip(I)) TH2 e PEBLICHRTES. ZZT1;: 1 —-C
1 OEERZERERE L, 1) Tf=1;g=12FhZzhfAT 3L

felis,x)=f(s)  ((s,2) € I x1),
11®g<8,l‘):g(l‘) ((S,l‘) EIX[)

MDD, DFD, feCl(I)tgelip)2Zhzn fl; e ;09 RA—HT2
Z & T CYI,Lip(1)) & 2 ©® Banach Z£fi] C(I) & Lip(1) &%, »D 2 MEHOM S
W& Z+D C(I x I) WO Banach 2% TH 2 Z e 3bhd. ERPOHL2R X ST,
CH(I) & Lip(1) 1FE 7= E %52 Banach ZZEMTH 25 f € CY(I) & g € Lip(J)
DENZNDEED fe CI) & g € L) TH3OWMaEEr G T8E-oTw»
% Banach Z6HTH 5. #C [16] TE 2N S 2 MEOMAHEEDE WA C(I, Lip(]))
FOHBEEICY D XS REEERIELTWS D CY(I,Lip(1)) Lo 245 k5 4
L TNz, RS, SSEEBEESR T . C1(I1,Lip(I)) — CY(I, Lip(1)) 23 FIHHE 4
T:I XTI = IxIZFEETIHRIC, o 2 ODMIEEDEND 7 ITRME N

T(z,y) = (@), @) ((@,y) €I <)

DESIWRX2ODFMEM 7, : I — 1 (i=1,2) ITHRICOBESN D, HZVIEESIRS
R EHLPICL, MUTOMREEZE:.

11



EH 2.13 (Hirota [16]) E{% T % Banach 22 C1(I, Lip(I)) LDt SZHREE MR
Figr 35, ZovE, EceT e[AMEER € {id;, 1; —id;} DEIEL,

T(F)(s,z) = cF(m1(s), 72(x)) ((F € CY(I,Lip(1)), (s,z) € I x I))

or

T(F)(s,z) = cF(1(s), 72(x)) ((F € CY(I,Lip(1)), (s,z) € I x I))

BED O, R, id I = TRid(t) =t (te ) TEHRENS [ FOESEET
H5.

ZOFERH S CHI,Lip(1)) Lo EEEEBREGGIIFESRIERAZED LEZh
WHEBHRDP OV 2 e BPHL LI R o2, ZRUCMATER T »oiEsh
72 I x I LOFRMHEESD C* BEZEM & Lipschitz BIZEM Lip(1) ® Z L2 OB
s, 200FMER T & il THEINIZ S NS ZeBb o7z, TOMR
% Banach ZE[E DM MG & BEEERGE DS B WIS EEZRIZLA->TWS Z 2 2REL
JAERTHL VR B,

3 EGRIMZER E EDERZERICEAT S Tingley 5z

TETIEENFEREBROMEZRE L TVWAIARENRERIIE ZICHEELTVWS
D EHSPICT 2HENEH I TWS. 1987 £12 D. Tingley (ZLU T O % 1218
L7.

f8 (D. Tingley [21]) (B, | - |l;) % Banach ZEfie L (i =1,2), S(B;) %
S(Bi) ={z € Bi | [lx]i = 1}

TEE2 B, OWARE L T 5.

(RO RIEIMEER A : S(B) — S(By) KL, S(B)) T A & —8F 2 24%
SIVSIEEAS T« By — By SFHET 2%, ThRbB, Tgm) = A BiliT L5 5%
BTG SERRE SR T BT 5 7.

COMBEIIRHNEERER T : By —» B, OMEZRET 5 LT, RENZRERL
Banach Z%[f] B OHAIERE S(B) ISFELTWS Z e ZFRLTWVWS. SW0RZ NI,
Banach 2% o B ERE 235 BRAE R A C HAUX 2R RO G D 2z K> T—EH
WREZ Ze2FRLTWS. T E THBREBZERZIXC O &3 2k 4 28 i B o
572 % Banach Z£fICREE$ % Tingley MED B EWICHRINTZ /2. —HT—RDEG
AWZDOWVWTI 2 Kt Banach ZEE D5GEE [1] ICTHEWIZEINTW S 3 Kot Lo
A TCRBETORBROLSTHS.

AR R & 72 % Banach Z2fE12B 3 % Tingley BN 2 #IHADAKE R  LTHIS
NTWV2 DA 1994 FD R.S. Wang DFER [22] THS. 2T Q Zfafiar 7 i



Hausdorff 222 L, Co(Q) ZMREAT 0 WRT % Q L o#fEREE D & 7 2 fE2e
T35, EED feCy(Q) icxfLT

[flloc = sup [ f(x)]
e

TEDLND /L LIZED, (Co(Q),] - ||oo) & Banach 2 7% 5. Wang 13 Z D%
I BT 2 ALK FOEEORREFERETSR A S(Co(Q1)) — S(Co(Q)) A3, ZEH
BIRICHRAIRETH 2 2 &, TROBLERFEMEFEMTSR T : Co(Q1) — Co() T
A =Tlscon) Zlii7zTHDOVBFIET 5 L B L7z, S HICEHBIZERM KX D /)
S WVWE 2N B VT D Tingley FIEDEIR X LT WS, Hatori, Oi, Togashi & [13] I1Z
TR ZER C(X) OBRBIRDOBETHRROMRI BT OLND Z e ZHL ML .
BBIRE 1T 1x(x) =1 (v € X) TERINDZEHEK 1x 28H, XROFMHZ2MIT
C(X) ODFESRER ATH 5.

o EHED2H o,y e X THLT, flr)# fly) BiliksE5% f € ABEET 3.

—F T, BITTDOIFEZE LR uniformly closed function algebra D%E TS Cueto-
Avellaneda, Hirota, Miura, Peralta 12 & D Tingley M@ HENICER SN Z & D
o IZENTz [3]. ZOHRZ IR B 7DIZ Choquet boundary & uniformly closed
function algebra ZEFET 5. FLWVERPLERICOWVWTIE, Choquet boundary i [6,
Definition 2.3.7], uniformly closed function algebra {ZDWTIX [3, 8] Z 2t THEW
VSVSE-F AR

E# 3.1 (Choquet boundary) A %ZEiBIEZEH Co(Q) OB DM E T 5. &
r€QITNLT, RIENKEK I, %

0(f) = fla)  (fed)
TEDSLE, QOHIES Ch(A) &

Ch(A) = {z € Q| 4, € ext(A*),}

=i

TR 22/ A @ Choquet boundary ¥\ 9.

E# 3.2 (uniformly closed function algebra) A %3E#ER%ZEM Co(Q) DR B
£95. 2o, ITOEZMZTEE, A% Co(Q) D uniformly closed function
algebra £\

o TED 2 c QITHNLT, flz)#£0 %Y fc ADFLET 3.
o TED2/Hy,2€ QITHLT, g(y) # g(z) Bii/es g € ADFET 3.

Ch(A) X uniformy closed function algebra A I8 3 2 BB OBEERIEFRE FL Q D
PEETH 5. FHIRD 2 DD 37D [8, Proposition 2.2, 2.3] :

ok



o & fe AIKLT, |f(z) = |If|| 7T « € Ch(A) BIFHET 5.
e EED >0k z e Ch(A)ITHLT,

w@) =1=llulle,  |uly)l <e (yeQ\U) (18)

BT uw e ADBEETS. 20 2l u % A D peaking function ¥
W,

[3] TIX peaking function X% FAR TV Z & THAEKT Lo 2 EFHHEROE %
DTo ks cHsZ L.

EI2 3.3 (Cueto-Avellaneda, H, Miura, Peralta [3]) A; % Co(%)(i = 1,2) @
uniformly closed function algebra & 35%. A: S(A;) — S(Ay) BDEFNFHMEBHRTH 5
L=, B Ch(Ay) —» T &[AMEELSR 7 : Ch(Ay) — Ch(A;), #m&EE K C Ch(Ay)
DFEL T

a(y)f(t(y) (y € K)

a()f(7(y)) (y € Ch(Az) \ K) (19)

N RVASR

CORERNPSBIRT : Ay — Ay %

f

- {fooA (7o) v#ow
Oa, (f = 0A1)

CEFTHIET (19225 TE Tisa,) = A 27T R FHEMERICKR 570,
uniformly closed function algebra IZB3 % Tingley FIEIX HEMICHERIN S Z &3
brsd. ZZTHEHLLZVOR, 2HEEETHR A S(A) — S(A) » b RHEES
i Ch(As) — Ch(A)) BHEIN2HTHSB. = OHRIE 2 >0 BAIRE S(A,) ¥
S(Ay) DEEBERGEN — T 2 Z L TR ERI N TV S AHZEH O HEE S —H L
TW3Zex2ERLTWS. 45, uniformly closed function algebra Tl HAIER
i O EEEEREE 1T Banach XM AR OMSE 2RO 2 RN ENZERI G TATVL S WV
Z5.

uniformly closed function algebra (ZEROMEZ D70, EE DEKTORBDIEIC
DWTHLTWA., —/T, —f&® Banach ZZEDOHIZIX, FBIZOWTEH U TV ARWZER
DPRBELSFET S, HIZIE LY 226 (1 < p < 00) D K5 RZEMTIE, BEBOEZ & 1%
EDEAC B IR O RVWEEDRDH L. ZOLHRBEROD L, ROMWHETL S !

FEIZOWTEH T TV 5 2 IER 5 7% W Banach ZZRICBWT S, Tingley RIEIXE E I fF
RENDBFZAIN?

DI T 2 —DoDEZE G 2700, 2022 D Hatori 12 L 5L TH 5. Hatori
1 [15] 12T, Banach 2%f#] B A% complex Mazur-Ulam property % {ifi7z 3720 D 1+475%

14



BrEE527- ZOMEDEED & X b Mazur-Ulam property (& 2011 4212 Cheng ¥
Dong 12X D BA XN ETH D, Tingley ME L BEICEBRLTWS. ZD7kD,
WFETIX Tingley M E A% S L Z 2L LKA R ENT WS, Mazur-Ulam
property \ZB83 25E L WEtIE [4] & [15] Z ZBEWZ E 0.

ST, [15] OFIREH WS Z & Tl B ZER C)(Q) DFT MO —D2TH % ex-
tremely C-regular subspace CIZHEKA O FERENEE D> & ZZE A DOHE 2 HITTE 5 Z
EH» 5. ZDZER/IZE uniformly closed function algebra & IEF I HE % & D
TEBAELZER Co(Q) DPAFR I ZEMTH 5. UTIREDERZT.

E# 3.4 (extremely C-regular subspace) Q ZJFFTa > 82 b Hausdorff ZEff & 5
% . EEEARZER] Co(Q) DA 22 A 25 extremely C-reqular subspace T®H % ¥ 13,
FEED e >0 2EED 29 € Ch(A) BI U 2 DIEREDORESE U C QITHLT,

flwo) =1=flle;  [fW)l<e (yeQ\U) (20)
TR f e ADFET DL TH 5.
ZOEREDTT, [15] »OROEHIBELNS.

FH 3.5 (Hatori [15]) A % Cy(Q2) @ extremely C-regular subspace & L, B Z{EE®D
Banach 22 & § 5. @HFHEEESH A S(A) - S(B) BFEET 2% 61F, Tsa = A
il 3 RN EMCEEMESR T A > BOFET 5.

ZDEMIX, extremely C-regular subspace & B{ERIE D FERERSE S —33 % Banach
2N EE 2RO EMESE S BB —RT 22 2BKLTWVWS. 512, Mazur-
Ulam OFEBICEDFRT : A - BRFERB L L2570, M ORERGED—H S R1TF
XD, Bz i, extremely C-regular subspace (238 W CIXHAIERTH o FREERHE 12
2 RROMEZ REO T 2R ENRHERIZEN TV VWS 2 THS.

4 (-EMEREKZEMICBEY 3 Tingley R

Hatori 12 & % [15] OFEHRIE complex Mazur-Ulam property % 38 U T Tingley [/
DEENRIEEL T &2 52T0w5. — /AT, ZO&REEZMZIROVRENR
Banach 2 b FIET 5. 2 OHAIEIDY Lipschitz BIEZEH Lip(1) < 57 nl e 72 BA%EL
ZEfE] CY(1) 72 ¥ BRI M WS % i 2 72 Banach 22T H 5.

ARETIEZ D & 57 Banach ZE 2 MR L T3 (1 )L LD EFK S 117z Banach 22
B89 % Tingley MEDIFEIZ DWW TR S, Banach Z2[ Lip(7) & (15) TEEIN D /
VLD A T2 7 W ADERES NS, BIZIX, FEED g € Lip(I) THLT gD/ ILA
lglls %

lgllo = 1g9(0)] + 119l 2= (21)

'II:

~



TEDS. 2D % (Lip(I),| - |ls) t& Banach ZEfi & 72 5. Z ® Banach ZEfiiE, XKizik
N5 IZHEIC & D, Banach ZEf] C & L®(1) D (-7 Vv 202 X 2 EMZEM e B g 2 &
TZ 5.

WEA1 CopL>) %, /A4
1z, )lln = [2] + | f]| 2= ((z, f) € Ca L™(I))

Ik o TEFKENS Banach ZEfil & 5.
EE®D g € Lip(1) IR LT, U(g) € Codpn L>() %

TERETE. COLE, BRU : Lip(l) - Can Lo(]) 325 EEEIVSIER ST
5.

SEFADBIEE B U : Lip(l) — C®p L) DERICE D U BDEIBRErOEFH
HRZOWEHLLTHZ. XoT, WHIZ U MBEHTH 2 Z2REERV. TED
(2,f) €Cop L=(I) ZEDEET 2. I LOBESKg %

o) ==+ [ fOam() e

WEDEDS (72720, mid I LD Lebesgue flEX§32). feL>*()TH2ILrb,
g & I B CHxhEfis o g € Lip(I) THS. Lh - T, [20, Theorem 7.20] & g DE
B0

BT, UBRHTHS 2 LARENE, WIS, R U : Lip(I) - C®n L)
B RHIEREWLEHME SR TDH 5. O

(Lip(1), ] - llo) @ & 512, #HED Banach 2D (-EMZEENZ I [15] THZH0
Te sz R WZ BRI 5N TWS [2, Remark 1], JEEE X Miuwra & OHF
[17] 12T, Banach 2%/ (Lip(1), || - ||») CB93 % Tingley M@ % [23] £ 38274 5 F L2 H
WTHEMIZHRRL 7.

FIE 4.2 (H, Miura [17]) A : S(Lip(1)) — S(Lip(1)) % || - ||o (B3 2 242 FRHE
FIRET DY, Tiswpuy = A Bl 5 2B EBIVEBESSR T : Lip(I) — Lip(I) »F
fE£55%.

1€



X 512, Cabezas, Cueto-Avellaneda, Enami, Miura, Peralta (& EO#ER % X 512 —%
{ftL, extremely C-regular subspace A & #HZEEA C @ (*-[ERITH % Banach ZZfIxf
3% Tingley MEZ HEMICARR L7z 2], WEHEEITE HICZ ORRZ HE D Banach 22
Mo C-IERZEETH 2 HBEIHR L7z, fRE2ABN 2SN E IR L 72 % Banach 24
WZDOWTHR 3.

E&E 4.3 ((-BMZEME) AZETRVWESGETS. {By}ia % Banach ZZHoDfEE L,
A 0(By) %

AEA

H By = {(fA)/\eA € HB,\
AeA AeA

TERTS. [EED (fa)rea € LL(B) WHLT, (fa)rea D7 VE(H)aealll &

I sealli =D 1A

AEA

2]%H<w}

v sy, ((4(By), | - |lh) & Banach 2R ¥ 75 5.
Z @ Banach %FEE é}\(B)\) %ﬁ?& {BA})\GA @D El_ﬁﬂ%ﬁ;ﬁ WV,

Z @ Banach ZEffi& [17] TH - 7z (Lip(1), || - ||ls) Z1E L & L72RFEM 7% Banach %
BWEEATVS. BERNARHIIONWTIE [2, 18] ZZBEW &0, JHHEE X (18] 2k
W, (-EMZEEICET S Tingley BN L THENRMERZHETE D, ZoMHiEw
Rz s L .

FIHE 4.4 (Hirota [18]) M, N 2%ETRWESL L, (4,(B,) & (4(B,) ®2hzh
Banach ZEI D% {B,}uem & {Bu}veny O (-OEMZERE T 5. BB A S(G,(B,)) —
S(Un(B,)) BWEHEHMTBRTD L &, Tigp, (p,) = A 2l T 2HELFHHE
BT :0},(B,) — (N(B,) BMFIET 5.

5 SRORE

A THEN L-ERIIREETHOMEO—ETH H, 5%i1F X D —fikfY7%2 Banach 22
AN DHRRZ HiG L TR Z /R L TWL PETH 5. KT, Ak THo it oAl
Ae 72 BEEZERE (C1(T), || - ||1) =° Lipschitz BAEZER (Lip(1), || - ||1) 72 &, BERBRMD S
% i 2 7= Banach 22281 % Tingley BREICHERZ YT, X o R 2HERIVEEZLZX - T
W<,

EIf

AFSE1E JSPS BHiffE: JP24K 22845 OB #5137 DT .
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ZALVEBIANDRBER 2 il 5 2 B HESEREICOWT

BRIEFEA (BB KA E 1)
B=

RFELRTIE, ZLEMRNEICB T 2 IBEORBHL 2R3 2 HHERBEICOWT, R T
77 UHEEHFESE Y LTERT 5. HHEAMEE, %2 KD 2HEBOEROMEDIRE L & b I1E1b
L, 2OZDMEPEO—H e LTIREINZMETH S, 20 &5 2MEE, KOmE, BRosE, £
Y4 BREBIE K2 Y, HARARLTLESTOM 4 RBER THAZBENIHATH 5.

1 BHRREFHEE

RFEMZEEBERBEL LT, 277 7 YREEIH SR TWE., 277 7 UREIZ, 1831 #iZ J. Stefan
W&k o UKD R 2R T 27201 ERMLE Nz, ZoOBEE, BERCBIEOERIBH T I3HE 2
FHNCETUEL DD TH 5.

1.1 BFGERE L HFNEIL

PHREET—HIZ 0°CL BTV KR ER S, HKlt =055, KEOKE (2= 0) 125 % B
X, ERETC (T > 0) 0o, HEOFBYL & ICEES 5KABRL, KO L KoY
REALS. KOBRTE, REETO T Ch bke ORE® 0 °CE TN T 3. = OMEEH
MR RALT B 7 DI R ORE % AV 3

. 2 KD S O
o u(t,z): BEAL L, BEHE 2 105 B
. s(t) : KeKoBR

0° g
o
|
7Ke (RA)
O<u<T
0 T@ﬁ@wdT S
(a) A7 7 7 v BEDO YRR E (b) REES 7 DR 7

4 1: IKOEEERRIC BT IR & BB ORH)
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ZOREDD ETIE, Kt > 012BWT, KOMHEEZ 0 < 2 < s(t), KOFEHE 2z > s(t) L RFT &
MTES. KOBEHTIFREXT C (2=0) »50°C (z=s(t) FTHHRHD L, KOBEHTIZEE
F—HRIC0°CTH S, BEPRA 2 = s(t) ERHE . 2 5 13HMT 2 (s'(t) > 0). ZORfBARETIE, K
SRS N2 BRI Z{RE L, FUHICELE L - BAVKOMEIC DN 5.

HPHERL

257 7 VRIEERE u(t, 2) LKOKOER s(t) ZHVT, RO XS CERMEEN L. Bt € [0,7T]
BT BKOMEEE Q@) = {z €R:0< 2 < s(t)} £F5. u:[0,T] x Qt) >R ¥ s:[0,T] — R &L
TOM REZT

ou 0%u )

i @:0 in Qr:={(t,2) |0<t<T,0<z<s(t)} (1.1)
u(t,0) = f(t) on (0,T) (1.2)
u(t,s(t)) =0 on (0,7) (1.3)
ds ou

2 =—ko—(t.s(1)) on (0,T) (1.4)
s(0) =s0, u(0,2) =up(2) for z € [0, s¢) (1.5)

(1.1) RIIKDOTER TEANPBURE TR > TIED S 2 &, (1.2) BKDIEH (2 = 0) TEJR f(¢) fil
NTWs 2, (1.3)13KEKDER (2 = s(t)) TRIEEN 0 THE I zZnZNRLTWVWS. 2T
BEZDIZ (1.4) ROEHBEREGTH S, Zhud DKICERET 2 BRI KEWVIZY, IKIG#H B3 %
WS YIRS R L 72 D TH 5.

BEERMEO ARG EE :

ZOMBEORANEL &%, Rk 5N EFIR Qr HESEMBEE s(t) CKET L1255, O
%0, Ry FAICROERRD KD 2 RERD 5. - OREEE EIRT 570, ZHERy — 2/s(t) IC XD
BRI EE R [0, 1] W80T 3 T ENTHS.

t t
(t)

yzi%

0,7) x (0,1
Qr

(_

50 0 1
TCDFERER (t, 2) ZAR DEERER (t,y)

2: FHERZRIC X 2 [EE S D JF A

ZHAEORFBEE v(t, y) = u(t, ys(t)) EEEHEK (0,T) x (0,1) TEZRZH, JLOMEIZ v & s BT
ZEVRICEEMZ 5N, ZOEHIC XD, RAGROMEHEEER TOIPBMEICRmESNS.
T &b, D RO WIS FUERIRE % i < 720 o, HlZIXFEAER RO Eow
HER) OMEZEMA TS e hAREL K.
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1.2 "I CEEHICEAT SER

277 7 YEE{(1.1)-(1.5)HE, HL»poHEINTED, IhE TRMBOFESLHOETICHET 28 E
RAERPHISATWS. FlZIE, f(t) =T CGEE) O%HE, Bu 2 BEER s(t) 3T D X 5 1ICEX
N5:

«

u(t,z) ~ e dz (a>0), s(t)~2aVkt

2Vkt
CZTald(1.2) XARLICLDIRESINIERMTH 5. BEOHBETER s(t) DFENE, 2 = s(t) & u(t, 2)
WRATZ2ZICE->TELNS. ZAUIRBRREDRE O ARSI L TEITS 2 22 2R LTV 3.
—D f(t) DFE, [T BT, 50> 0T f(t) (0<t<T) ¥ u (0<2z< s0) BMAATRERBIBTH 2
Bawe, 2777 {(1.1)-(1.5)} 3 —Ef (s,u) 2RO I ZRLTVS. ZI TV (s,u) FRD XS
BEMEBRITHDEND &

(S1) s(t) > 022 s(t) X 0 < t < T CTHEKBAIMD ATRE.
(S2) #EI D (0 < 2 < s(1),0 <t <T)IZBWVT, wy, u,, FEE»D (1.1) Zifiz3.
(S3) (0,T) £T (1.2)-(1.4) ZH#i/=3. F72 s(0) = sp 222 [0, s0] LT u(0,2) = up(z) Zifiz7.

72, [2] Tl sg >0 Tug & fBZNZN[0,s0] EBET[0,T] LTRSHNSHEGETH 2HAE, [3]
Tl sp>0Tug & fBZENZEN(0,50] EBXU[0,T] ETIATHRMBEDOY v > FHLS CHEliOSE
2, A7 7 7 YRIE{(1.1)-(1.5)} 0 —F (s,u) DIEFAERFHL TV 3.

BRERLETCBI MEE LT, &M (1.2) ofbb i

_%@,o) — f(t) on (0,7) (1.6)

ZRLIERAT 7 7 YHE{(1.1), (1.6), (1.3)-(1.5)}AZEF 6 5. [4, 5] TiE f(t) »REICEAL T—EDH
&, ] Ti& f(t) 2 (0,7) RIFATHEGEZGEIC B (s,u) DIFELFEALTWS. %7, [6] Tl&, MR
DEI(1.3) & (14) 2L LEMFEDDETORAT 7 7 VIEOROTFE L —BEEIRIN TV 3.

u(tvs(t)) = F(t)s(t))a

%(tvs(t)) = AL, 5(t))se(t) + p(t, s(1))

ZIZT, F,\ pldzhehliilt el 2 WRFT2BTH 5. ZZ0BTLHERIIILS—HTHS
23, ZhbUhicd (1.1) RICKBEDH 2355 (1.6) Re—RILL2d DR ERT 7 7 VRIS 25
REIBEL DY, BIEDBIED A TW5.

DR, 277 7 RE{(1.1)-(1.5) } DB FOHARN R BONE 22T 5.

EIE 1. (0,7) LT f(t) > 020,50 ETug(z) >0k %

(i) IBEDIFENE : u(t,z) > 0 for (t,2) € Qr
(ii) BHFESFOHEFAME @ (1) > 0 fort € (0,T)

EE 2. OO0 (ug,s1), (ug,s2) WKL, #IEA - BT — XD ugy < upe 222 f1 < fo Wi TRD,
Sl(t) < SQ(t) O HGEE T uy < us.

2z



ER 1 OFRERICHBWT, BHGEROEFMERENETT2 I 2EBRLTWS. ZOREIAEZ, RAMHEE
HIcEOL. b5 (1.1) O &5 BB ERX R LTV 235G, ZORSHEBOER TRAME &
MEZRZR T 5. REEDHE, u(t,0) = f(t) >0, u(0,2) =up >0, u(0,2) =up >0 & DHEBOER I
Tu(t,z) >0 TH2Zer6EHL D (1) BEoN5. KT sEt) EFETu>0THE2I LB TLZ2DT,
Gu(t,s(t)) <0 27D, (14) 2HEE2 D (i) PO VDI b 5. EH 2 3EH 1 e HEEE AV
TREN3.

F7z, UFO LS LEBER s(t) R R"AbH SN TVWS.

t 50 s(t)
s3(t) = s2 + 2/0 f(r)dr + 2/0 zug(2)dz — 2/0 zu(t, z)dz

(FroEH) 71K (1.1) 1 2z ZHF TIXMH [0, s(t)] THEA T 2L
s(t) s(t)
/ zug(t, z)dz — k/ 2y, (t,2)dz =0
0 0
MPEHND. BRI HVS LE—IHEE HEUTO L5124k 5.

( s(t) ult, 2 dz) — s(t)u(t, s(t))s:(t)

([ )
s(t) s(t)
k/ Uy,zdz = k:/ { (uy(t,2)z), — uy(t, z)] dz

= ks (¢, 5(0))s(t) — (ut, s()) — u(t,0)) = kus(t, s(t))s(t) + u(t,0)

ZZT, ut,s(t) =0ZH0TWs. HHEEFEMN s (t) = —ku.(t,s(t)) &b,

S — S—

1d

ks (t,5(1))s(t) = —si(8)s(t) = =5 =5°(t)

THB. THEETORMNHERICRALKRE [0, THAT 2 2 LItk D, RRASENNLL.
ZOFFREAVT, LUFOEBER s(t) ORI EHE NS,

EE 3 (HHER %), B f(t) 2 [)° f = oo 22 limsup f(t) =0 2L TVWdrT5. Z
t—o0
DL X,

£) ~ (2 / t f(T)dT>1/2

Z DRERIE, BRARRFEZT 2 BRI § 2 MR R O RKBTOZXEZ/RLTED, €3 ITBT
5f)eLTf)=at™ (a>0,0<6<1)R f(t) =t a>0)REBETLNS.

2 ZHEMHERADRBZRR
2.1 YEBME SR AT ER

RidT AlE, T LOBICIEEAIZ A TRAR Y RSB LEZBEMETH 2. 2D X532 EM
Bha, MK, 740X —, EEMRRCIRENTE THEHSATED, ZONERTOWERXISR DM
R THANCEETH .
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AWFETIE, KT ANOIEHEDORBHIHRCHEH T 5. BAKNICE, KidT L2 BRICR L 7zBRICHE
HED T ANERICIRB L, MEDIHET 28R 2EE T 5. COBRTE, LBWEDRE M L IREN
B (RE7m v b) oRfEFE R BERINEH S 5 Z e BN EREOETH .

22 EBFHILERE CHFNENL

IEEE AT T0 B IEIRICRIE T o (FOMIEIE—kE 32) 2IRT e 2EX 3. FAlt=01IB
W, KT ADEH (2 =0) MAREELTVEdDOL T2y, FEEHRL I, KD SILEWED
MAL, Y EOER (1RBHEE) CIAEE O WOV (RIZEFHE) BTN SN 5. ILEYE O
T, IEBEOBENEGINCELT 2. ZoMEREFNERT 27DUTOREEHWS.

o 2z RIAT ADED S O HE
o u(t,z): Xl ¢, BEBE 2 1ICB U 2B EOREE

o s(t)  SEEE O L B E O O B
z
" 5 ;
i |
il
0 " ) st ()
t t s(t:
AR GHEE b(t)) R
(a) Kid T 2 NOIEEIRZE D FEKIX (b) IWESORERIFE (RFBHE)

ZOREDDETIE, KLt >012B\WT, REHEHEZ 0 < 2 < s(t), RREBEEEZ 2z > s(t) LRTZ
EDTE S, RBFHTIE, KB (2 =0) 2 HIEIEIBINE N, LB EORER LIZWIIEEL I L
BEZDL. IR LT, t =0 TROITDIREFEBNDHZHDL LT s(0) = so(so IEBNRIEME) T
[0,s0] Tldup>0&75%.

#ENENL

BB E DR (u, 2) IREFE E RIZEFRDER s(t) ZHWT, XD X5 ERLEh
5. &t e [0, T CBI2IEMEOEEZ Q) ={z e R:0<2<s{t)} £F2. u:[0,T]xQ(t) = R
¢ 5:00,T] = RT BZANOEN R %2R T !

U — sz = 0 in (0,T) x (0, 5(t)) (2.1)
—uz(t,0) = B(b(t) — yu(t,0)) on (0,T) (2.2)
—uz(t, 5(t)) = u(t, s(t))s:(t) on (0,T) (2.3)
st(t) = ao(u(t, s(t)) — ¢ (s(t))) on (0,T) (2.4)
s(0) = s, u(0,2) = uo(2) for z € [0, s0] (2.5)

24



22T, b(t) FIARANOILEE OB, B> 0 13RINERERT ST X =&, v > 0 1&KRET O REE P
W 2%, ap > 0370y MEFOEEZGIET 207 X =&, o(s) IZENR CREWFINRERT
BEcHs. (2.1) R, HBEWEMEBAERICE>TEN 2 Z 2R LT, (2.2) X (2.3) RN
BN ZERECEDSEAZNTH L. Z20WHENEK BHIZLINTH 5. EEN 2 = 0 1281 254+
(2.2) 1, BRE T LRATOYEEEZGLART 2. ZOFRMIUTDO XS THERENS .

S

(t) > yu(t,0) DEZF Tuy(t,0) <0 2D, FEEIEMRINEERATRA
yu(t,0) DEZE uy(t,0) =0 &2 D, FEIRETHARL
yu(t,0) DEE D u.(t,0) >0 &b, JEEMIESMED S

. .
S o

— —
~

NN
AR

HEBIR 2 = s(t) 0B 3540 (2.3) 13, EREFND SEH S5, KERXE [t + At 2B 2WE
INZEZEZ B .

s(t) s(t+At)
/ u(t, z)dz — u,(t,0)At = / u(t + At, z)dz.
0 0
At THHAZED, At -0 DMREZYL 3L

s(t)
Cua(t,0) = /0 ws(t, 2)dz + se(t)ult, s(t)

s(t)
- / wns (b, 2)dz + s, (t)ult, 5(2))
=u,(t,s(t)) —us(t,0) + s (t)ul(t, s(t)).

XD, —u,(t,s(t) = ult,s(t))s(t) DEFHNE. ZOHBEER EOZHFEHENLRAT 7 7> VHEEL
REMNZHRZ 5TV 5.

. AT 7 7 VHRE . EEMIRE
w7 0TS W RIBIRIE
Ly
u+#0
u>0 i
1 )x
s(t)

4: BT O /727 7 7 VB RERE DB EIE S & RZ(LHE

N

T

o RIEM

[

VR u(t, s(t) = 0 (HBERTREDSRL), s.(t) = —u.(t,s(t))
Cu(t,s(t) >0 (BERTHBEEDEE), s:(t) = ao(u(t, s(t) — @(s(t)))

RBHETIE, DL u(t,s(t) =052, &M (2.3) 25 u,(t,s(t) =0 &R D EFEIBEL LW,
FEEE (2.3) & (24) RlABGDE S L
—ux(t,s(t)) = u(t, s(t))se(t) = aou(t, s(t))(u(t, s(t)) — @ (s(t)))

i3, UL, BHEATORE ut,st) PREVIEY, BROBEEENEL 22 2 ERLTVWS. Z
DEMAT 7 7 YR DREZENTH D, AREOBENRHHRTH 5.
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EERE DL

S. Nepal et al. [16] T, ¢(r) = ar GIEHHIRIR) OBEITOWT, EET — & L BUEFH RS RO
WepFhigz. N5 RA— &ML LT a = 1/5,1/10,1/20 B X O ag = 10,100,1000 % V7SR, LR
IO RIRAEFOPBE I NS

4 ‘ |
— a=1/5
g |- a= 1/10
Ii‘ 3 Tt = 1/20
a o S &
N ol o
D ’,,’ ................
Y\ /’/./'/—
5 | L |
s
O | ‘ | ‘ ‘ | | |

IRFfE [min]
5: LB 7 v v+ ORFRIFRE | BT — & L BEEE o g

BURAN 212, SRR T 7 7 YEIETIE s(t) ~ VE £V S IRZBOAHISH TV 228, RBMET
i s(t) ~ 10 (5>0) LVWIASRABFBIATYS. 277 7 VT b IBERET b [ URM 42
REKEENTOB IS 2ob 5T, HEEROE S BENAVE FAT 2 O HIREM 0 LS
L BB o(s) OB EICERT 2 L £2 5N 3.

23 FITHRCOBEE. RELBROES

ZILEMKAN OILBWEIREHR 25tk § 2 HHEREE (2.1)-(2.5) 220 TE, ZHE TIZRHMIZ
Bttt s TE k. [9, 10] T, AFRZRBEE L(r), o(r) I L THROFEL —BEEZFEA L T
5. F7o, Bt =0 5 SIREWEDSTRA LYY, SIRARPERKICR S 2w 5 %0

lim / B(b(T) —yu(r,0))dr =0

t—o0

Db T, HHEFEFSRREEIE > TEERICHEMITEZ2ZIBRLTVS.

[11] Tid, MIERERSEMN B(r) = Br 2 OREMFIZNIRLL (0o =0) OHETEREZAT, BOFEL —
BUYEZRLE. MAT, kD X5 BEDFMENRLTD, HHERDRHEEEIH - THRERICHNT 2 2
CERBAOPIC L. BEDOMSETIE, [12) KBWT, B(r) = Br 222 ¢(r) = ar (a > 0) DHFEI, RO
FIEE —BMZAA L. AT, MoRO>MWE» S AREEN W HERWENRER I N, TORR
Foric, (13 T, HESRSEMEEBRC, BEIHN o S LH 2 HREICES 2 L 20
L7.

AFHEETIX, FEBAGRE OGP RWIREDEE, B(r) = Br 52 o(r) = ar KEREHTS. ZIT,
WL OO ZEMzERL THL.



HEFWES C BAHZER
QCRY (d>1) #BES, 1<p<ootT3. LP(Q) ZAMMEK f: Q 5 RU{%oo} T, |fP2Q k
ARSI THEbDDEAL TS, felP(Q) DL X

1/p
|fle(o) = </Q |f(x)|pdx>

B Lo(Q) FATHIBE f TARER ERPAR, $72bDB5 ess sup,cqolf(z)] < o0 &2 DDES
L

|flLoe () := ess sup,eqlf(z)]

rBLL K, WHP(Q) X LP(Q) KBS 2B f TIRTO |a| < 1ITH L T—HEEMD Do f DFEL,
Dof €LP(Q) L2 BELEHRTS. feWIP(Q) DL =

1/p
|f|W1»P(Q) = [Z |Daf|1£p(g)]

la<1

eBL.FIL, p=20rxiX
(u,v) 12 (0) :/u(x)~v(1:)d1: for u,v € L*(Q),
Q

(u, v)wr2(0) = Z / Dou(z) - Dov(z)dx for u,v € WH2(Q)
Q

| <1

EWVSNEEMATVS b~UL hER 2 725, DIk, WH2(Q) = HY(Q) e &L,
AREDORE U TOREZES .

(A1) 5>0,v>0,a0>0,a>0

(A2) s9 > 0, up € L>(0, sp) on [0, so]: up > 0 on [0, so]

(A3) b, b; € L*(0,T): b>0 on [0,T7, b* = max{orélta%XT b(t),TUOLoo(07SO)}

(A2) EBRLTWVWB Z X, FZlt=0TbHObITHIIRELTED (s0 > 0), #FIHHOREEIZIFATHAT
HBEVWHZETHS.

A7 7 7 BRI, < RS FEEDARIBIEL s(t) TKEFEL TV, ZoMEZ RS 5 72 DB

a(t,y) = u(t,ys(t)) (y € [0,1]) & HAWTEEMEK [0,T] x [0,1] LicZ#d 2. oA ERRIEEEH
B EORM ARERRE 2208, FREIC s(t) HBNZEEERD -

. 1 yse(t) .

Uy — 20 Uyy = @) Ty on (0,7) x (0,1) (2.6)
_ S(lt)z]y(t, 0) = B(b(t) — vi(t, 0)) on (0,7) (2.7)
- S(1t> iy (1) = i(t, 1)s (1) on (0,7) (2.8)
s¢(t) = ag(u(t,1) — as(t)) on (0,T) (2.9)
5(0) = s0,4(0,y) = up(yso)(=: to(y)) for y € [0,1] (2.10)



T, [0,T] EoB% s & (0,T) x (0,1) EOREE u 25RDEM% AT F & ZRIE{(2.6)-(2.10) } D fiE

¥

W

I (Y

(S1) s(t) > 02D s(t) X0 <t < T THWHAHELDER.
(S2) 0 <t < TIZBWT, w(t) € (HY(0,1))* (H'(0,1) OFZERM) 2D a,(t) € L?(0,1) T, #Y)%k
7 A MEBUT T 2 U R0 gER R Al S

T~ T 1 ~
/Q <tw<t>,z<t>>dt+j€ 77 i (0) 5, (0)
T T R
«/ (w<tma<>@1wr—é LBb(t) — a(t, 0))=(t, 0)dt

/l/y& £)dydt

(S3) 0 <t < TIZBWT, (3.4) BT, 7, s(0) =so 2 [0,1] £T a(0,y) = do(y) 2T

T 2T, (1), 2(t)) & (HY(0,1))* & HY(0,1) £ DIGHETH 3. (S2) 13, b L (1), yy(t) € L2(0,1)
oI, B (2.6)-(2.8) 2T WS T REKLTED, B a b (2.6)-(2.8) ZIHVEKTHIZZ T
ERLTWVWS

24 TFIRMCEICETYSER

T 4 (BRIRT RO Y — ). (A1)-(A3) OFC, BIE{(2.6)-(2.10) NIRRT — iR %
o, Sabb, 52T > 0BEFEELT, KM (0,77 BT IR (s, 0) BTFET 3.

(GEH 4 OFFHORM) ROGER, KO L5 LTARENS. 7, 52 5h7M8 s(t) KM LT,
KO HBRIE (AP)

- 1 ySt(t) on «

Ut 82(t) Uyy = (t) (OvT) (071)
s(t) —— 1y (t,0) = B(b(t) — va(t,0)) on (0,7)

—S(lt) iy (1, 1) = agilt, 1)(a(t, 1) — as(t))  on (0,T)

u(0,y) = 1o (y) for y € [0, 1]

BfRE, fRat,z) ZRkD 5. K, fRalt,z) ZHVT, (2.9) oS HERE LTS5 0N 2L FOEST:

I(s) =s0+ /0 ap(a(r,1) — as(r))dr

%%, (0,T) Lo 2 FATRES 72 BB DZEM L2(0,T) 2B 2H/MEERT. ZHUTED, NF v DR
BIEEEEAT 5.

(REFAIC B 2 HATAIEEMT) WBIRTE O % kD 2 BE, IR OB 3 2 0 M- (AP). % ¥
HMELTWS: Fe>0I1TMLT,

(t,9) = Sy nlt:9) = L5 ) for (1,9) € (0,7) x (0,1),
—@uy(t,O) = B(b(t) — ~u(t,0)) for t € (0,7,
— 1) = aal D) ~ alpe k)6 D)) for 1€ 0.7),
w(0,y) = toe(y) for y € [0, 1]

2€



ZZT, nid@YNCEZ 60 (0,T) EOBIE, po 13 [—c,e] ITHR— P2 SOMILTFTp.xnidn & pe
Y OEMFETH 2 (713 (0,T) Tl n, (0,T) DAMITIE 0 THBE L 7= TH 3):

(pe xm)(t,1) = /_00 pe(t — s)7(s,1)ds for t € [0,T],

72, o \& {0} € H'(0,1) T |toe|22¢0,1) < |tio|r2(0,1) +1 22 e = 0 D F Gg. — U in L?(0,1) &
7% uy DIYEEETH 5.

Z ORI LT, UROSMAERRICK > THRL I 3 bL~0L M e H EoREHEROHE
i (cf. [8]) ZEH T2 ZeA[EETH 5. BRI, H = L?(0,1) ¥ LT, MYNTER S iz MBI
DEWIT Ot ZRINT, RN FE RS FER

ug(t) + 0 (u(t)) > f(t) in H for t € [0,7)
DICImEZIES. 22T, ' id H EoO#IE R HEGaMEETH D, HMD o 1
ot (u) = {z* € H| (2*,v—u) <9(v) —¥(u) for v € H}

YEFEINS. F()F[0,T]) Lo L2(0,1) 1IcfEE L 352 50 BB TH 3.
EEED PP I RO XS ICTEHET .

1 1 1 u(1)
g [ P+ [ € = alpo e stede
P (u) = 1 o . 1
- /0 B(b(t) —A€)d€ if u € H'(0,1),
+oo  FNLAY.
ZDLE,

0 1 ' 2 = 2&7" orr
5z (57 | a0(@ = atomie. stoyie) = 28> 0 or v >0
o2 L[ _5 or r
o (—o [ 800 =2900) = 2L > 0 tor re

D, ¢ BT 2D 2 BMAODIEL RS ZEh s, o 5 L2(0,1) LOMBIKE 52 2L dbird. Z
DEWGY 2+ € 0Pt (u) B TFD X3 125 5N 5%:

25 = _ST@UW on (0,1),

—)uy(()) = B(b(t) — yu(0)), ——=uy(1) = ao(u?(1) — a(pe *n)(t,1)s(t)).

L7dioT, f(t) = “afny(t) ¥ LT EROREAEAOMGEEAT 5 2 ¥ CELEE (AP). O .
EFROGBZZENTES. 20K, fMRBITe 08 n— 020 EROMNMED»S, FHBIME (AP) ©
fiEzskd 2.

BRI (AP) 1233 20 LUK (AP), 2# 2 TWaHEZ, L2(0,1) LRI o oMtz Hils 272
DTH%. ZAUTED, o &S BREAEXOMGPIREZEA T2 Z LA RoTWd. 2D XD
WU THR LB, A7 7 7 YREOREFIT & 512, de(t) € L2(0,1) 22D 1y, (t) € L2(0,1) &
WO IERIEZELTWS. L LAMRS, GREORENCEE T 200 e ITKFEST 2 Z R EHRK & 72
D, e () 1201y BT 2 —BEARFHEE SN2, ey (t) © L2(0,1) 1B 2 MBREITITE R,
ZOZeps, AUEEDOHROERE LT (S2) DL S RBFHHEAEZEALTVWS,

2C



*ﬁ% 5. %A’?X*—ﬁ? ﬁ, v, &, &U‘ b*, S0, ‘bt|L2(O,T)7 ‘bt|L1(0,T) QCKW??‘%EE@M#@EL“C, J;{‘F
DR D ALD.

(i) spe” T < s(t) < M fort € [0,T)

(i7) 0 <a(t) <u*:=max{aM, :k} on [0,1] fort € [0,T]

ZORIEICE T 5 BT 2 5R1E, RIFHESE L CTHILEME OB ERICHA T 2 Z i3k
WIZEERRHELTWS. —F, ER M ORFETRBICRAZDH 2 e 2RLTWS. ZhsOF RO
Fix, BHER s(t) OZEDR (2.9) ATHEINTVE Z L IKERLTWS. FEic, (2.9) Xz a
DIEEMEEZ WS &

s¢(t) + apas(t) = apu(t,1) >0
Li5Zehbhrs. COMEPSUNOMBRAZEL A TE 2.
(s(t)e®®), = (s¢(t) + apas(t))e®™ >0

L7ehioT, BIEK s(t)e*ot [ EHICEI L THFDERDTH D, Zhz [0,¢) THO TSIk THEH
BR s(t) O FREBARINTRT Z e N TE S, EROEHIE, X WEERBNPLEL R 5. (S2) O
FALCBVWT2z=0-b/y2FT2Z2LT, ROFPFLLEL N TES

lis U —b<t)2 L la 2

2dt< (&) |a(t) v L2(0,1)) + s(t)/o |4y, ()| dy
+ﬂ@U&@<WtU—%?>—%?(MtU—%?)+ﬂﬂﬂum—%yﬁ
‘<i%dﬂ”3@ﬂ<ﬁ@@ﬂLq0J)+‘ﬂ@ﬂD——bsw> for a.c. ¢ € [0,7]. (2.11)

20 (211) ROEDE 3L AEEMAGHETEIET 5L, UFOERMELN 5

At Dsi() (ﬂ(ﬂ 1) — b(’f)> _ stT(t) <ﬂ(t, 1) — b(t)>2

gl gl

= U —s¢(t)u bt) _ selt) i — 92 b(t) b(t) ’

=s,(t)a2(t,1) N)@Dv 5 (%J)Q@J)7+<W>)
Z&S%WtDséﬂ(%?>- (2.12)

(2.12) KOALHE—HHIZOWT, (2.9) R2HUFHT 2 I TUTDO LS IEHEZITS 2N TE 2!

ool P = "G (HOL 4 as0)

2 aon

= gDl + 45 (P ¢ astiao)
= Tioﬂ(t, 1)]s:(t)]* + %“Os(tﬂst(t)‘? n %%Sg(t)
25%23@) (2.13)



X (2.12) & (2.13) 2A%FK (2.11) FUSRA L, KHEXRE [0,t] TOEDZERT 2 2T, ROFHHEiz
BHTZZ e TE2:

b(t)|”

BES
1

o ,
B A =G
R (0)

+ —s2(t) — 52
b(0) |*
b0
S

2

1 t
<=sp|t + %88 + 2’y2/ s3(7)|be (7)) ?dr

£2(0,1)
+/ bi(r |dT—|—2B3/| )[2[be(7)[2dr for t € [0,T).
ORI VY AOREREHEAT B 2 2T, HNOERMERTFEREMS L ATE 5

s(t) < (53 + ;(iﬁ)y/g = M.

ZITRHICHERTAREIR, M x 1/a?? 0S5 REEZFHO VWS 2 Th B (EBITIE M « (b9)V/? &
WIHORIEED - TV 3). D DIl a 2VNEWIEY, FIMREE b BREWIZY, NEADIREH
L ZERMIRLTED., ERTBEINIBHREMIGLTVS

5 OREREH WS Z 8T, MHPRBABINCFEST 2 Z L DIRIAETE 5,

EIE 6 (RN RDOIFIE L —BM). (A1)-(A3) DR, MIRE{(2.6)-(2.10) WERERAKIRINC — B R % F
D, TRbOE, FEOT > 0L T, XM [0,T] ET{(2.6)-(2.10) \3—EfR& (s,0) ZHD.

ZOEMOFEHE, REEFEZERT 2 L WS FECESWTWA. GO 74 74 71, fli#E5 TS
LNIARMEORREZITEHT 22 TH 5.

(REFH DS ) T ZfRORARIFERLI L 52 &, M8 3 DR S [a(t)]1200,1) < w* 222 a(t)|po(0,1) <
u* BEDILD., Lo, t =T D&, a(t) ® L30,1) 2B 2R 2 L°(0,1) I8 3
SRS Gp- € L°(0,1) DFET 2 Zehbh b, £z, HEER s(t) oW TIE (2.9) X & X0 FHi
HELNS:

[s¢(t)| = aglt(t,1) — as(t)| < ap(u” + aM) for a.e. t € [0,T"),

COFHEIE D, {s(t)}icpory PR EDIA—>—FTHZIEh5, t = T DL EDRIZBIT IR
s7- ERDPFETEIdODB. ZOIehb,

s(T*) = lim s(t) > lim e %% >0,
t—T* t—T*

@(T*) = lim a(t) >0

t—1T*
Bbns. LiehioT, s(T*) & a(T*) 2 /sigtt e L CRFMEORMET EZ BEN S 2 Z 2T, i
ZT* XDRIIERS 2 Z e AlaEL 72 5.
D RIFHTOXEEZ BT 2 7012, ERNOILEIIE DR b(t) KRR T —E IR Y %
LarERET L. BRI THS.

FIHE 7 (BOERBEH). E (A1), (A2) 5 X CBESALRE (A3)

be Wh2(]0,00)), by € L0, 00) N L2(0, 50)

loc

Jim b(t) = boo, b= boc € L'(0,00), 0 <b<b* on (0,00).
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PRETS. £z, (s,0) % [0,00) ED{(2.6)-(2.10)}0fr 553, ZDOr %,
s(t)—)bﬁin]R as t — oo.
ay
b L b > 072513,
b

u(t) — %o in X*, weakly in L*(0,1) as t — co.
ZORERIZ, BREIZRIREREDIVEIRE DOMIRIE bo EVFINRTA—&K o, y ITX o TIREZNZ T E
EEIRLTVWS. 51T, by > 0 DEEIIE, MRIAGRDERED —HRIZ boo /7 ITED T ZRL TV,
Fipll7e r — R LT, boo =0 DFET s(t) — 0 &7 D, SEHWEO LD 2 HIBRAMINCTHET 5 2
L23bh s, ZoHE, BESM o ORREEZEENIOWTIEH L2 TR L, BED L 2 A5%ERITIEMHEH
SR TVARVHERREE LTSN TS, 25 LEMBORKHFEH OB, —RINCHEOKRFIZX S
DRI 7 . Z ORI L TIERD & 5 REHEiss b 320,

fHiRE 8 (MRO—kkFHE). RE (A1), (A2), (A3)’ DT, (s,a) & [0,00) LD{(2.6)-(2.10)}Dfke T 5. T
D=, IR ILD:

(RDOKIRE ) HXFT A=K B, v, a & b= max{b*,*y|u0|Loo(0’SO)}, 50, [b¢|£1(0,00) » 10t £2(0,00) 1€
HFSTAIEER. L C>0M0FELT,

(1) 0 <s(t) <L fort >0, (2.14)

b .
(73) 0 < u(t) < maz{al, ;} fort>0 (b = max{b*,7|u0|Loc(07SO)}> (2.15)

(B RIBIIFHE ) C > 0 BFEL T,

2 t 1
—|—/ —— |1, (1)]2 dr
L2(0,1) o s(m) "’ L2

t

+/0 ﬂ(r,1)|st(7)|2d7+/0 s(7)|s¢(T) 2T

t
o,
0
COMEZME 4 T 5 8, ARKZITIZEBER s(t) IJIEQ MREZFS, ILEYIED & 2 i

DHERE N TN DD, FHERAKZTER ST 2L, PRIZ0, T2RLBILEYIED L 2 IEAHKAT 2 0]
REMEZRIOZ e s. ZoEWIXD, HHEFORKHEHEHNZERT 27200 E L Sh 2R

a(t) —

s(t) 5

2
dr < C fort > 0. (2.16)

boo
i(r,0) — ==
(7.0) = =

t
/ |s¢(7)|?dT < oo for t >0
0

ZEZESD ZEDTERN I ORI RKNEELR E o TW0a. L LA S, Ll DEAN = 5FHiz F H
T222T, 2 BT IUTOGZEL T2 2 L HRRETH 5:

boo \ 2
s?(t) — [ — < M for t > 0, .
2 M, fi 0 2.17
Y/ 20,1
b 2
2 oo
sup s°(t) — () < M. 2.18
e (0= () ) (2.18)

L2(t,t+1)

EREDFHIIICBNT, My ¥ My SRt WIKIFELBRWERTH 2. 22T, UTofMEICEH T %:

3



B 9. n % [0,00) LOBKEL, t >0 LTne WH2(0,t) THB LT3, dL, FEIcksRL
C1>0,C0y >0DFELT, UROEEEHZTROIZ:

Inz2(0,4) < C1 for any t >0,  sup |ne|r2(,e41) < Co,
te[0,00)

t—o00DEE, n(t)—0in RAEHILD.

ZDREE 52 — (boo/ay)? I L THAT 2 Z2ICED, t = 00 DEE s2(t) D (boo/ay)? 1T R TULH
THIehbhb. ZOMRIE, ¢ — oo DL EFEHBBER s(t) B boo /oy ITIURT 2 Z L ZEKRL TV

(FHE (2.17) & (2.18) D BRI ZREH) (2.18) I2DWTIE, (52(t) — (boo/ay)?)s = 25(t)s:(t) TH 3
CRIWERLT, i (2.16) ZHWS I TERBIEOND. I T, (2.17) OBHOAEFEL R
N5 5.

FFECDIZ, UTDESIZ3DDIHIZDIT 5.

- ()

2(t) — aiu (t, 1)‘

<

1, b \ 2
- t _ =
oz (1:0) <cv7>

W, SHEOMIZIEREZ 5. I lcowTid, (2.9) 225865 HER

1. 1
s¢(t) (au(t, 1)+ s(t)> = agu <a2 2(t,1) — 32(t)> .
EHGV2 L, RO XS ZFHEAAIRETH %:

(ié(ﬂ2(t,l)-— ﬂ2(t,0))’4—

=l + 1, + I3.

(s(t) + éﬂ(t, 1)) st(t)'
< |Is1 + §|a<t, 1>|] sl

L7ehio T, RORIBATFHE (2.14) & (2.15) LFHEiX (2.16) Z#HAEDE S Z T, I BT 28I
MizF2 e TES :

/'Il T < oy </ (Is <T>|2+12ﬂ<7,1)|2>|st(7>|2d7)
§<aoa)2<L/o slsPar+ 2% [t vl Par )

5 (L + )C for t > 0. (2.19)

= (apa)?

L oW, HARMWZBEFRR

a(t,1) —a(t,0) = /0 Uy (t,y)dy

LEHMizX (2.14) ZFHWS Z & T, AR D 30!

/Ot/olIvzy(r,y)IQdydT:/Ots(f)/o1 8(1)|uy(7 v)|*dydr

t
gL/ /h%@wR@m§chm>0.
0 Jo s(m)
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ZOfER Y (2.15), (2.16) &b, L ICHT2FHEi%ZS2 2 e BN TE :

A”bﬁﬂﬁrg(;JQZTOWﬁJM+Wﬁﬂ)VLTﬁﬂﬂ@ﬁ@>ﬁ

%\ 2
< (2“2 ) LC for t > 0. (2.20)
RZIC, (2.15) & (2.16) &b I3 ICBHT 25HliH 152 Z & A TE %!

AH&@NMTS(;JQAXﬂMnmL+%w2 Q)M

1 boo )’
< (az(u* + 7)) C for t > 0. (2.21)

boo

a(r,0) — S

BN, (2.19), (2.20), (2.21) 2MAEDES Z LT, R BFHIR (2.17) B LD Z L Hb0 5
(EH 7 OB 0 DZEFE)) boe £ 0 DAL, t — 0o DL ZIHMER s(t) 23 boo /ay IIERT 2 Z 22
5, s(t) PR FREFHOZ 2RI IEDNTE S:

s(t) > sy for t > 0.

ZIZT, s \ERAICERELRVWERTH 2. ZOMEL (2.16) ITHM T 2 22T, XhBWiHiiz &
HEZeMNTE 3!

a(t) —

e L/ |ty (T |L2o1
/|st |d¢+/t i(r,0)
X510, 9 (S2) &b 2 € HY(0,1) 1SR LTUURAL D 32D,
(t), 2)]
! 1
| 0z = e s 0):0)

dr < C for t > 0. (2.22)

5000 7ate.0)200) + [ 200120

1
vz 0,0 |2ylL20,1) + S *[se(t)[|2(1)]

+ %Blb(t) —ya(t, 0)]|2(0)] + glst(t)HZ(l)l

*

1 -
+ o (|St( )|t )|L2(0,1)|Zy|L2(0,1) + |5nt(t)||u(t)\L2(0,1)|Z|L2(0,1)) )

:@$%f@£ﬁ@15i@ﬁ MCH LT, EH T ICB 3 EAN I (216) ZHW5 2 LT, @ O
RIBNC BT B IR 7R AR 135 L AT E 5

t
/ ‘atﬁHl(O,l))*dt < oo for t > 0. (223)
0

(2.22) & (2.23) TIH S NABIE 0 W3 2582 &, BEYIZBIRZERICHE VT, ¢ — co D& ZF DI
oo BIFET B2 EDbD 5. 22T, #FN (S2) ICBWTHREITt = 00 21T 22ICE 2T, i &
Soo = boo /oy UL R DHERZWMT-FT D25

1 1 _

5 (uooyazy)Lz(O 1) — 876<b00 - 7“00(0)>Z<0) =0 for z € Hl(oa 1)

S50 00

H



L7z oT, FEoEHEAT 2% (0,1) THR—=1+Z2dD K5 REBEIM I ATRERBEBUCRES % &,
5 (llooy, 7)) 1201) = 0 THBIY, FTHDD, —Flieeyy =0 THZ I EDDH5

T e HY0,1) T 2(0) £0bLIE 2 € HU0,1) T 2(1) £ 0 1CBET S ¥, itoy(1) = 0 2D
~liooy (0) = 7B (boo =Yoo (0)) A S RIZ, llooyy = 0 & D (0,1) LTI T 5 T & T ooy (1) = ficoy (0)
EROBINUTBESBNI EDRD, iaey(0) =0, THDD ie(0) = b= L7 3.

=T, —lisoyy = 0 0n (0,1) 2D fiogy (0) = Gy (1) =0 THZ Z &1, ad[0,1] LT—ETHBZ
LEEIKT 2720, loo = b= D302 B, LIAoT, EHTICH M0 BT 251 %15 2.

3 HEMERETETIOIGE

1 RITTORE R ERZHTEY UT, EED 3 XTTMENCB I 2R BHR 2R T 22 RKITY AT LAANIG
S22 TES. ZOYRATLE, BRERQ C RICBIIA2ILEGTERYL, Bz e QTO 1 R0
BEREEE LD THS.

by — Ab = —p(b(t, z) — yu(t, z,0)) for (t,z) € Q(T) := (0,T) x Q (3.1)
% = on S(T) := (0,T) x 9 (3.2)
Ut — Uy, = 0 on Q(T) :=Q(T) x (0, s(t, z)) (3.3)
—u,(t,z,0) = 8(b(t,x) — yu(t, x,0)) for (t,z) € Q(T) (3.4)
—uy(t,z,s(t,z)) = u(t, x, s(t,x)))s(t, ) for (t,x) € Q(T) (3.5)
si(t, x) = ag(u(t, z, s(t, x)) — p(s(t, z))) for (t,x) € Q(T) (3.6)
b(0,2) = bo(x), s(0,z) = so(x) in Q (3.7)
uw(0,z, 2) = up(x, 2) for (z,2) € Qs5,(R2) 1= Q2 x [0, 80 (3.8)

22T, ONFHEE Q OBERERT. OV AT AT, HER (3.1) PVERN THLEE 23 AN I
INRDOIET 2 Z e ik L, HERXER (3.2) 205 (3.6) BFE 2 KB 2 EEHADRBBEELRL
TW5. HERRIZ, 200RZ2BEMEREGZE THELICHEELTWS I TH S,

ZRICETNDDLERBTA T 71X, K € QIZBWTHILAR 1 XTiREAENETL, ZA6H
BRI BEREZBE L THEAINZ L WIMETH 2. ZomBIRBEF VKD, ML 3 0T
REFOMBANOIEYERER, 1 ZorHEROHE AR EZIEH Lo TRl 2 2 L 250[REICR 5.

ZRICRIE DRI (cf. [15]) IcBWVTIE, 2 BFEOREN 7 7a—F2HHLTW5. 1 BETIE, 5
2 HNIIBEF OIBE DA b(t,2) I LT, FMz BT 2 1 ZoiREMER <

nlt.9) = Sz inltn) = S tay)  for (69) € QU X (0.1),
—dimﬂﬂtxﬁ):ﬁwﬁﬂﬂ—vﬂﬁxﬂ» for t € (0,7,
—dfxy@@gal):ﬁdgmlﬁdtx) for t € (0,T),
st(t) = ag(t(t,z, 1) — p(s(t,x))) for t € (0,7,
(0.2) = sola), (0, .y) = uo(ys(0, 2)) (= io(x,v)) for y € [0,1].

Z ORI L7z (2.6)-(2.10) & FERIC, (3.1)-(3.6) ZEEMEIR (0,T) x (0,1) KL L7=dDTH
5. BRrICBWT, TOLXTHEZMEL 28T (s(t, ), u(t,z, 2)) ZKD 2. H2ERETIE, Foh



T iREMZ TR E 2 5 <

by — Ab = —p(b(t,z) — vyu(t,z,0)) in Q(T)
— =0 on S(T')
b(0,x) = bo(x) in Q

IOt oT, HILWREDMb(t,z) ZREL, 2B KRIEIC7 4 — NNy 322 TR
RROMBERENT 5.

O REMRC B 25D BELREMIEREE, BERE u(t, 2,0) OZEMEE « (BT 2 AT REET
H5. 2 BEBEOBYAREICEWT, HEAOALDIE u(t, z,0) Pl ZIXMEK Q ETHEIATRETRITA
X, Rbo(t,z) EARDFZZeHNTERY. ZDOIZERTDIE, a(t,z,0) 25z € Q B L TrHEIREET
RIERsRV. LA L, v 3ER B2 1 ZULRBEMEOR YL L TERINTWE78, » OB
¥ LCORPIEZEATIERY. ZosE, Q LoREAATER & 2 e Q 2B 2 EET MO MEE
BLEY AT LKA ORETH 20, mANRBEETFAD Q 2B 2 ERIMER [14) e X b ks 3.

(FTHIME DREE) B D0, so € C(Q) 22D up € C(Qs,(Q) T 5. ZDr =, ZiisdBEK
o € C(Ax(0,1) k3. ZORER, soid Q ETHEKE, G 13 Qx (0,1) THETHL L 2E
RLTW2., EH6ZHVWEILT, o QIXBF21XTREMEDR (s(t,z),u(t,z,2)) DIF
EROH» 5. koT, x € QB 2% (s(x),u(z) = (s(t,z),a(t,z,2)), 2’ € QB 3E%
(s(z'),u(z")) = (s(t,z'),u(t, 2, z)) B, TN6DMHDAEIHT 5K

k k

(a(x) — a(z")) — %ﬂyy(@ - Wﬂyy(ml)
Ly sl
- S(CE) y( ) S(l'/) y( )
PORDAERDING SN S:
3 3711@) = 5o+ 525510(8) = ) o)
< <8(w)uy(x)(t7 1) — @uy(x )(¢, 1)) (a(z)(t,1) —a2)(t,1))
- (5@ 60 = )0 ) @) 0) - i) 6.0)

s(x")
COREROEGUDOKIEE ZNENFMT 2 Z 2 T, UROEBERFHMANXEHFZ Z LA TE !
1d "y 1d )
>di i(z) — u(z )|2L2(0,1) + 5@@(@ — s(2")?

k . -
+ WW;(%‘) - Uy(x/)ﬁz(o,l)
<Cilb(x, 1) — b2’ 1) * + Colt(z) — a(2")|72(0 1) + Cals(x) — s(2’) .

X



ZIZT, MBHES BT, C, Cy, O3 3FNZFHNEEHTH 2. ZoBRICHLTIZarw +—
NOAREREHEHTZ22 T

() — @)Lz 0,0) + |s(@) — s(a”)[?

< [rao<x> o) ago) + [s0(x) — sola)P
t

+ C’l/ b(z,7) — b(z!, 7)2dr | 2(C2+C)T
0

Btel0,T]BELz,2/ € QITHLTHDILD. s0€C(Q) LipeC(Qx(0,1) THBIEhs, Z0D
R a(z) B Q ETL20,1) KBELTHERTHZ L, BEU s(x) 2 Q ETHETHE Z L Z2EKLT
W3, ZhED, d(z) & s(z) B Q ETAETH S Z L hbrs.

EEDISATIE, so€ C(Q) ¥ dg € C(Qx (0,1)) WS EMTMNEFZ L L2720, —RINLREL
LTso€ L2(N) &aye L2Ax(0,1) FZ 2. ZOHE, j - 00 DL E, 59 — s in L2(Q) »D
fig; — o in L2(Q x (0,1)) £ 723 & 5 7EMBIEK {so;} € C=(Q) & {ig;} € O®(Q2 x (0,1)) L 5.
ZDH T, UNoELIFHE

it 9) = Syt ) = S ) for (1) € QD) x (0.1),
—S(tlfx)ﬂy(t,x, 0) = B(bj(z,t) — yu(t, z,0)) for t € (0,7,
—Sziﬁ@ALxJ):ﬂﬁgmlﬁdtx) for t € (0,T),
s¢(t) = ag(u(t, z, 1) — p(s(t, x))) for t € (0,7,
5(0) = o5, @(0,y) = to;(y) for y € [0,1].

BEZDI LT, TR (sc(x), Ge(x)) D Q _FITBT 28, $4b5 Q LTAHEITH S 2 L AHEIESH
5. LIehoT, BLROWRBE T e - 0 %2175 22T, Frao B3 1 XRBEMEDMRE (s(x), u(x))
EHRAET 2 2 i, ATHIBIBOMRSAHTH 2 & WO HANLREEDLS, a(t,2,0) 2z c QELTH
HIREETH 2 Z e DGR TE .

TOLThEL Lo 2 B Fu e 22T, [15] KBWT 3 XucHkhc BT 2 I RBHELKE RS
BERITCY AT LOFOFEL =ML R L. AREHETIE, A7 7 7 VREERHRERL LT, IBWER
BE TSNS 2 BEERRER E JOHICOWTHKRT 5.
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Recent developments in the spectral theory for the
layer potential operators

W OEA (EAKRE)”

1. [FL®IC

AR TIX, Layer Potential Operators D AR MVEEG & JIEHIZOWTHEMA L2V, &
FOFFAMIZHIAT 5 Z 1T LT, Layer Potential Operators (&, AT 2K Q @
(Lipschitz) Bi5t 0Q 2B W TEFE X115 Boundary Integral Operators D—fi272 - T
WT, 2 — L INEHRDRRY b EHEEZ I o TWS. 22
T Boundary Integral Operators & I, #7738 £ 72 2B F 100 x 0Q — R @iz
FEFR SN 00 LOBIRZER H(0N) Z2F X, € H(ONQ) TR L,

T[W)(z) := /89 F(z,y)¢(y) dSy

DXSITEHRINBBIEIEHE T H(09) - H(OQ) DL TH%. 7271, S, 1399
FOEABRHEZEZL TN,

=T, B, BIRO0 LIS, SIS LT, SIBEIR T : H(0Q) — H(0Q) 132 h
BRODICERTETVWD LTS, ZOLTHIBIERAHRT ODARZ VAV EEZEZ T, IBHT 5
ZehFADOHNTH S 2.

72720, 2N TIE Qr oQOBFEAEL BV, [INVISHZ R OB EFRZME T,
QLI BEYNTERI N HQ) 2E 2, H(Q) & H(0Q) DRNHEREFRIH 5 2
LAZ. AC ZDIIES - H(Q) = H(OQ) 23, —M—8TYEARTE 5722 55 &,

STITS on H(Q) = T on H(0N)

LioTWVWS. BRI, TOARY vV EFARZ S, STITS DARY MILEFHARD
Teilikd. EBE ToOXSBFHFIE RN LBHETOMRIATE R (BRI,
31, 51, T4 BEDNBEILRS). 2L, ~BARCEERELFMCAP LRV LD
ZL, IR T 570, ARMTRE LAAREOHWMIL L 2 2 EFHFR L LT, 55 LD Layer
Potential Operators ¥ MHIN 2 b DEFZEZ T, AXRY ML ¥ OWEZHEN LW, B
RENCIE, Q ORI & 72 2 B2 Z H(O) 2EZ 5 Z2IilT 5 3 D%, 5
FEDOBEE Y € H(0N) ZEEFRSM A LT, S Q OFFIREE Sy € H(Q) ZXEX ¥
5. TIZOWTE, —HERT VY UEHZE ® ZHERT V¥ vy UMEHZLIEH
5, R TERINAEHRITOVTHNA LW,

Z DFETIRN T 2388 O RER, g GRERS: JP19K14553, 19H01799, 20K03655, 21K 13805,
25K07032, 25K07081) DB EZ 372 DTH 5. £7z, R#EERIL, (2023 F HAEES () WEOT
RGBS FilEEE) “Layer Potential Type Operator D AR MLHER ¥ 2 DJSHICANT T 7 [82]
2 EATHEFE UTERL L 7.
2010 Mathematics Subject Classification: 47A45 (primary), 31B25 (secondary)
F—7 — I ! layer potential type operator, Neumann-Poincaré operator, spectrum

* T 390-8621 REFIERANATIE 3-1-1 SRS BRAAEECERE A SRS FE 519

e-mail: miyanishi@shinshu-u.ac. jp

web: http://math.shinshu-u.ac.jp/ "miyanishi/

UM Fi3—faz, X7 M EBEBR Y 3525 2 e SR 2 (42, 74, 107) 72 8, BRI B D).
2 D well-definedness, TEFZROF T ER Y S (B, FEBEOEAR), —BICH S TRV,

S LRI, B A& RREAR D 7T R D .

A1, Dhirichlet % Neumann 32584, 55 3 IR RS 2 2
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R ZEHBRT VY MR, FEEGOTEZL ORI D L Z L &, B
ELTHHELRLTVOT, ISHFIS & EHT L.
2. Layer Potential Operators
EHRARXR=ILRTLTHLDITS QCR” (n=2,3) 2 H5H % Lipschitz #HE & 5
5. B OO EOw#E Y REEE ¢ W20t LT, §1 THAST L7z Boundary Integral Operators @
Ble LT, —EHERT ¥ v WEHAR AN EHZR Soq &, ZEERT V¥ v UE
FZE Ko ZHAT L2, BRI, SR EOFHRBEE LTUTO XS ITEERT 5.

Soald)(x) = ., o(y)E(x,y)ds,, =€ 0 (1)
Koalo)(z) :== o o(y) - Op, E(x,y) ds,, =z € 00 (2)
7272 L, L g | f
o og|r — Y|, ifn = 27
E(z,y) = { e ,
Tr oy’ ifn=3

3575 AMEAKOEAMR. TFe, ds, ZHEROQOHHE b LI MRERL, 0, 1%
(M=) RIS TH B (1),

o

ZDEE, HARBEKZEM o = p(0Q) IR LT, Koq : p — o FBEMEHARICRD
[11, 33, 34, 107],  HIZHEHR IO CHH (o > 0) 2 oI, a ¥ 7 MEHRICRS Z
EMTHoTWS (FIZIX, [78, Theorem 7.3.2], [11] R EZZMR). X HICHEIZKR -
T, 00D CHRTH Y X2 THUX, Koo 1T EYIIREAEZER] p(00) a7 MiTik s Z
Ly oo TET [55]7.

—HERT V¥ v UERZE S \ZDWTH 706, 60TV ([115] R EZR). fFi
2, —BERT V¥ v MERZE Soo 1, BEFHUTREBUN cusp Z B ATWT S, L2(090)
b arynRs MR TVS.

FRO XS, 777 AMEARITHIET 2R T V2 ¥ MEHRIR-TH, KED
FERCIGHD D 2 DT (B2 [74, 107) DRPLAFOHER L), AR TIEZ HICH%
o T, L, EEDPMIAL CVWEZEBRT Vv ILERE Ko IOV THRTE X
72\, 22T, ZHBERT 2y UERRIX, BRI %2 1T o TWw5 C. Neumann &
H. Poincaré D% %> T[86, 91], / 4 <> « K7V HULAEAZ L IR TWBED
T, DT, ZEERT Yy I UWERHRE /AR RV HLIERER Koo E U, BERE
AR5 AT, EHFEDARY ARG L HEFRIPIROBEFRZ R 2 Z iz Lzwv. 22K
TEZIGE T T, ARY MILOZEEDBRIICZEIL T2 2 dENT S, AT, AXRT b
DOEHNIVHEHRFICHZE L, JOHABIE LT Transmission Problem % Cloaking & FEIX
NBBR, Dirichlet-Neumann map & OBAfR, & 512, REHY7ZRE Partition Problem
KOWTHN THEE .

S, BT & OBk & RAE R EF RICH$ % Layer Potential Type Operator % E#%

T3 L BHKTWS ([2, 84 75 ¥ 2 BIH).

SHEEFUCHD D 256, TR IRR L TREREZFTERINS B DL F 5 (Rademacher’s theorem).

TEBIZFE L <, regular Semmes-Kenig-Toro domains, % L £ 1%, VMO, ¥ FEEH % HEIR Q OB 00
DIFEET, AV 87 MERT Do TWB GEFICHER) .

AC



3. /AR s RT7VHLIERZEDEK

3.1. EREMEANDHA (BEMEBEERHS)

A<y s B7 A VIERZEIZ, BRI ERARM 5 77782 o0 55 FUE R E o A g
WL TEZ L DD 72 X TE 72 ([28, 32, 64, 76, 86, 91, 114] 2 ¥). Hlz1X, 77
7 A RO EREE LT,

Au=0in QCR" n=2or3; ulsgg =1 € L*(09) (3)
BEZTHD. L, Q0 CH oA FHEES L 513,

Sal¢](z) = /aQ E(z,y)¢(y)ds,, = eR"

Dal¢](x) := o ¢(y) - On, Bz, y)dsy, = € R™\IQ

L% ZZ7T u(z) = Dold)(z) & TR, 777 AMERARDOHEARMBEZFHNTWVWSE DT,
HEIIZ Au =0 in Q 2725, AR (3) THEAZKMFOEE W Z RO/ 0121, Jump

formula [11]

Dqlo)|+(z) = (ZF%I+ IC3Q> [¢](x) a.e.x € 00N
On,Sad]|+(x) = (:l:%[+ IC};Q) [¢](z) a.e.x € 00

ZFRIF ML T, Dolo]|—(z) = (3] + Koq) [0](2) = ¢(z) Zifi/z 3 & 512 ¢(z) & RO
RV, ERE, /A< Y - R VAHVEHZE Koo D3a 287 b THH, ART FUH
(—1/2,1/2] & ENB Z &5 [11, 64, 65, 90], Fredholm DEH (Neumann #%E) [41]
W&o TC, ¢(x) € L200) DIFIER 5.

J A= U FYERE

Au=0in Q €R", n=2or 3; dyulsq =1 € L3(9) on O (4)

IZOWVWTH, u=Sf¢] 2EZANZ, 0,,8[0d]|+(2) = (£3] + K}q) [0](z) = ¢(z) TH
576, [ARRIC U CTHESYERED AR 2R S 2 e 23K 2 2. DUFTIEANc 7z 5w,
) A UEREERR BRCHA LBEHERR g b /A~ > - K7 U LIESR
EERZ LTI B

3.2. YRR RADIGHA (Transmission problem, Cloakings etc.)

Jump formula 1%, FLTRAITD DX Z~7 1) 7L eI 2 5 EWE 01, HRTEA
DR, T4V 7L - 24 VEBRUABIGHEINTWS. HlZIX, plasmon eigenvalue
EMHEN S ER e HWT, X &= 7V 7 UTERN LT TV 3.

8 Lipschitz fEIR D2, [37, 109] 72 ¥
98 : H(ON) = H(Q) & Dq : H(OQ) — H(Q) X, B 0Q LoBEKE Q LOBEKEMIEXE 3.

102 13, Koo @ L2(00) TORGEERE. %5, Ko 3, LX(09Q) LTz B OIETR.

HEE | 1E, + 24D & D (non-tangential) MR, — A3l 5 D (non-tangential) #5ifR.

12 4 = YBIRGFMOBETIE, o € LE0Q) :={v € L? | [, bds = 0} IS L TAlfEL 72 5.
BBz C(T) % H-V2(D) R E DAY, Al ERT 2 PR TV S, XHIFLVWAAL
XRRIZDWTI, [76, 111] 2S5,

BRZ, HEAYD 2BEE S5, L2 HOHEATRWICHED ST Kog & Ky DEFMEIZ—HT 2.

BWF4 oL 742 Y ER A, Jump formula [11] 265 & A = (=3 + Kj)Sy0 L RES.

41



(XZ=FVTN) V(eVu+wu =0, w=0 (quasi-static)

1 in R™\Q uly = ul- (Continuity of potential)

g =
€ inQ Qu|, =e2|_  (Continuity of flux)

R, X X< TV T ADHERE h(r) ~ 0% R* LOFNBEK L U, r u(z) =

h(z)+ Sh](x) ERT ZEMNTES. EHIT HF 00 ET (Continuity of flux) Z /=3

DT,
9 0

— Sl = STl (5)

¥ 725 TW5. Jump formula ZFH 3 UL, ZSW]|L = (£5] + Kjo)[¢] on 9Q &7
D, (5)ITRALTEMT S Z LT,

e+1 . B
(m] — lCdQ) [1/)] =0 on 8(2

#18%. 0%, ;AL F A<y - R VA UERAROBERMEANKC,) & AeET, X

2(e—1)

DR D9 5.

—%<)\(IC59):2(6+_11)<%©6<0. (6)

BRI (6) 2B Wz 2, VA=Y « K7 U I AFHZROEIEREK » ZHF BT,

HEReDDIPBARCRKRZEZEIICHEKRLZIEEZERLTWVWS. ZOLII XXX T

U7 EREIN 2 REOE L, BOFBERPADERRIENSET L E L TERLE
AT W3 (9, 10, 12, 20, 20] 2 &),

Z T CHEAEME N 1HIG L THRNT={H e 13, plasmon eigenvalue & FHIA TV 5.

A5
FERX, JEITEPEICR 2 X X<
FERc<0 TVTNV(ANIYE) DA A=Y
B 1< 0
JEHTE JEHT R n = /en <0

3.3. Cloaking

AR T ) T7NMZNE, A== L Y X YYIBR TEANOE KRS H 5 DT, —D
72T BGEDISHBIT, BIEYE L L DGR E#EE 2T, Cloaking & FHIN 2RI
DWTEIE L TH L. FIZIZ, §3.2 TRz X X< 7 1V 7LD plasmon eigenvalues (2D
W, BRI (6) 2 VAU, MEESHCE T 2 BRGOWHAZEEI %KD 5 Z L 23 Hk
DEDPDPoTVS[12]. THIT, BRI >0 T2 X FERE

ez{ec+i5 in Q, 7)

€m in RN\ Q.

£ &RF &, Cloaking DERILIE, XOAFEATEZ SN TWS [9, 12, 29, 60, 61, 73, 77).

V-eVu=a-Vi, inR?
(8)

w(x) = O0(|z|™%) as |z| = .
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72720, a # 0FENRZ bV, ATFHEBD i 2 € RA\NQIZH L TTF A REEE S, £ LT
5. T (8) 1ITxt L,

|Vus|| 2@ — 00 as d | 0. 9)
£ 72% & %12, Cloaking 232 = % ¥ FER. Cloaking & IXZDHDMED  fENEEZEKL
TH D, plasmon eigenvalue e IZXf) LT Cloaking 23%4E T % [12]. T HIZ, €. = —ep
D ¢ =T Cloaking BHEETEZdH D, ZD L %, Cloaking by anomalous localized
resonance (CALR) &IN5, Fl 21X 2 KOG, 0Q 23Rl 772 513 (CALR)
DIEE B, 3T T INHERE 7 51X, (CALR) FHEE Z 5780\ T 2 H35h o Tz [12].

——_

\
/

LT~

A

\[_\\
| —\

Cloaking region X&’x"? J 7V (Negative index)

Fil ZEA X =IKNE, Z KT FHOFRIHETEDO X Z<7 1) 71 (EKEDD
RNENHG) REL &, ZDJE DI Cloaking region (4 UK X WIS TR £ A 7= 5851
DNER) BFHET 2HETOREAXTH 5. ZDHFIZ, Cloaking region 1285 % &L 3 ¥k
(RF72 ) ZBNTH RZARLSRBIEFERLTVD (IEDZTHENTRE TR W).

R &< 7V 7% Colaking BRRIE, IENZ 1 5 FHR T HIUIHFHICWOTHEZ S
L, BEIZX 27V 7V (NTYE) BERRATRER IR (BREXRS, BEBRLHIEA
REOVBELREHEINODOH . ZHALYHERE LTD X&X~<7 1 7L % Cloaking
WDOWTIERDIZH XD Z WD T, ReEE TIIVER D Review & LT [59] ZHENT
ZDEDHTELB,

M, BOEYIEL L NV O EE R DITHOITWT, HEO—D2 LT, /4= - K
7 VERZDEREOHNIZEF %2 W23 Z ¥ T, A#EE b RS & ek
BTwn3.

EIE 3.1. 18] Q C R® ZIRFRIMNRIE SR E T 5. Ker(Kon) =0 D& &, (CALR)
BERZHRV. Thbb, HEERC > 0HMBFELT

HVU(;HLQ(Q) <C asd—0. (10)

DL, I A=Y - R U AVIEHZROEIGE - EEBEBUCBEMR L ZEH b EHAE
TE2 XD o TRE., TEIRITIE U 7GR R O AT & % 72 3ERH S ATREIC
2o TKR7-.

4. JMIY * RT7VHALIERZEDARI FIL

HIEiETIZ, /A~ « R7Z VA UIERHFEL AXRT VORI E RT3, AR
MLOREEIZEF U THERFE . 22T, FEMIBEmRIcE2 2L T, B
15 ZE 5k [59] 121, 200 22 2 SCHRAHBH I N T W2 0T, EKICE U TSRIEZ 20,
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DB 22/ " —FI72 8 LT, AR MV 2HERIFER L TR 3 721512
L7z, 16

4.1. JARY « RT7VALIEARZRTRLSEODN B ZERM 0(0Q) = H
T BTHHST 2 /24~y « R7 VA LIEHZOWEZIANS. £3, —HBER
T VYR MZOWTIE, Sog : HV2(0Q) — HY2(0Q) pHISHTE D 17 Plemelj D5
H[90] & ML B

SoaKsq = KaaSan (11)

ZilzLTWE B 2tDGE BB QO 2 Ay —VEB L7z E 2T, 3RILDY;
BEZDFF L TIUX, —Son & positive definite RIEHRICRZ 22 b0 o>TW0W5.
DED, e E (u, v)y = (u, —Ssav) 12(00) £BL &, HIFEIL~UL FZE-ICZ
Dol Il o0 ER2TWVS. ZOHIETHIAF M0, K ldH
FRRECHREAZR S, OF D, AT MVEEBIZZ > TW5 1,

X, A CH (a > 0) DFE, Kig WKIEIERIEDSH D, ) 4 <> « BT U H LAE
HZDEEMEIE, L2(0Q) ETEZTH, H ETEZ R D —HT 3. X5, Kgg &
Ko DIEAED —8 T 2 2. ZOHEEIPLZL DT, K d Koo [FABIC, 7 4= -
A7V HUERAZRE IR TV S,

4.2. BDH Y (FEEFHD 2 RIT)
Xorpnz chec, ARMED0 XD RKREVAar, as, ..., a, ZEDIQIZOVWTIE, /A~
Ve RT YAVAERRIZ LY (00Q),C(0Q) R H ETARTH-oTH Ay 7 P TRV
Do TWVW53, 3, TAVF -/ H ~ HV2(00) FicBW T, /iffid.1 Tk
Nk, 74>« R7 A VIEHRIZACHERIZR D, X 512 essential spectrum
(HEREARZ PV EHEOERAL) o T3,
EIE 4.1. [88, 89] Q % 2XILO BT, HHVBX N C? e 725 curvilinear
polygon (K12 Z8) £$5. ZDOL X,

Tess(ICha) = {x eR ‘ |z] < max 1 } on H.

ha

1,---.n

’7T—OZj

X 2. P Qy
€3]
(%) o3
W

T/, BEZER o & LTL2(00)RC0N) R $5L, /4~ - K7 VI LAEH
RIFHOHEZ TR VD, Hl 21X, Kyq D essential norm?' #H > THA 3 &,

2

162 DFATHIZEZ, (81, 82 2L ICH —EBM L TH 5.

THEOQ) X ERED Y R 722/ % £ 7.

BXBIIEEL LI, [65] 25

YR g IZDWTIE, PR (4, v)y = (u, (—Soa) ~ 1) 12(s0) £E ZTBIIE, HY?(0Q) & RfEkL L~
M o BOABRIERZEEEZ HNh 5.

WL INF—ZEMICBIT B /A< - R7 VA LERZOZEE (11, 12, 65, 111] R %2 SR,

21 Essential spectral radius ¥ Z X% Td B\,

™ — O

(12)

1
, [ Koallc ess = 5 sup
7

1
[ KoqllL? ess = §Sinsgp z 5
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DIRENTWVS 2292, 102]. T ZCTHETANZI, BIBZE-IC X o TARY PAEED
EEOPZEL TN Zeitdh 5. [P ZZRREAN ZBBZEEICOWT D, /D /7R
DI FUERTE O ARV BUER T b 5 Galerkin (K12 BEE U TREKRIIFH 2
TNTWVD ([74, 111] %, 205 IEROCESIR).

4.3. ADH B HEE (3 R7T)

SATCIT BT S, BIRZEIICIE U TARY MILOWIEIZZE(NT 5. 3XTO5E, B2
& dQ,(y) = 0n, E(x,y) ds, EBL &,

1
Kaalle = lim sup — dQ(y 13
Homle ess =timowp o | a0 (o) (13)

LHoTWS B T X X —H FI2BWTIE, 00 % 3 XTTZ2 o o BIEFR
HT, Hir € NDAT AERLR s ZROTCRE R 25HRZLE, LY vy P
REREEE IOV TARBEN R RS AR EIF TV 53], X SICHEICKR - T, ZHkD ¥
XD S, 2ITDOFERITEM L Z25EHR & LT, Y AAR curvilinear 723 D723 A
D HEDRBERIARY Mo (Kho) ZHEIL TWS Z & 23770 o T &7 (HE#R) [75].
4.4. BODWBRIRERZFOHE

BRI CH (o > 0) ROGE I, B

On, E(2,y) < Clo —y|*™"  (z #y)

iz L, /A=Y « R7 ¥ H LIEHZRIE Weakly singular kernel & FEXN 2T 7% %
Foz ek, HETHCON) ETdar iy MEARICKR DR CEEE> IR 5.
i, L2(09) ETHRCEREEZRFOZLICRZDT, TN bk ZEEREDT

0,(Kaa) = { Aj(Kaa) | [Mo(Kaa)| > (M (Kaa)| > [Xa(Kaq)| > -+ }

EELZRIRT S, FIE, EEBEE1LIZOWT Kog[l] =1/2TH D, \(Kga) = 1/21F
BHIEEMEICR>TW5. £/, (ELADEEMERHD 5 5DT, ZHEh

oy (Kaa) = { A (Kaa) | Ag (Kaa) > A7 (Kaa) > A5 (Kog) > --- 1,

o, (Kaa) ={ Aj (Kaa) | A1 (Kaa) < Ay (Kaa) < A3 (Kaa) < -+ }

ERLUTBL. ERAPESH,261F, @HKS &5 2B THINIEOZE/MTD,
EEMHIEZ T 20T, LT TR L2000 HRE EXTHELLIRL.
4.4.1. 2 RTDIZE

2 RITCDG AT W 8 2 812 8o T, A (Koa) = —A; (Ka) (G =1,2,--)
ATRENTWVS [28,90]. X512, BHMEIE R Y REMMAETH S [57,97. 2% 0, /

2 KCon D essential norm 1%, CH¥p Lo a v ky MEAZR2ERZE# L 2OERZE VL || Koq — C,
D TR

[Koallp ess = igf [Koa — Cllp

YLTEHEINS.
BN, [111] DB E k% S
A A OEHECTRERHICR 5 WEE, VTHRORARE D ED TRERICKR>TWVWS.
BPF, OBEEEIEEZ RN 2ICT 5.
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A= R7 U HVERRIIT 2 FART MLVRKERRNS (TR, M %M (5
1) TREZZAHL L 7K 0.
AR MVEREIE (A4~ « R7 VA ULERAROEEHEIZ R U7 ABRAE)

Up(ICElllpse) Up(lCHlppope ) 0 (ICLimagon de Pascal)

(ERH) (F5F) 0Q = {(x, y)€R2|“’2+y =1 (a>b} 55k,

I

1 1 a-5b
=>Up(’CaQ)={§7i2( "

BEGIZ A TH, M (Koa) = —A; (Koa) ( =1,2,-++) ERo T3,

AT XS ICEKBHEDD 2 DT, 2 2Tk, BEEHEOEHLZEINE K-
TN LW, BR OO CFRoBEICX, —RERDOIHE LT, HADE S 1 &I
JEUT, EHEOHIHMEDZIEIRED 75> TW5 [45, 58, 85]. X BT, AR
7 E X, () oflo X 512, BREEOREBIREZ~T Z &b HKTWw 3 [18].

2RICICIR > THRKRZAERD D D | RFHTIE 4.2 THNRZAD D 2 FHIHMW & 5
R OWT, FHHE D EE U Rl OFERICHlN 2 72N o 72w [19, 45].

4.4.2. 3RTDIHE

3RTLDHE ?‘%’675%( ST & 72 273, 2 00C DG E L 3FERE CES . EEE,
BRI 0 = 52 DGE, /A< K7 A VERZEODEHE Poincaré [91] 1IZX o T
RKdDohTHD, S ]f/\“C%L\’C%\E) &

)/, j € N}.

1 1111 1 1 1 1 1 1
B A T TR TS TS TRRETc e SR TCT s T
6’676 10" 10 E 0’10 (2k + 1) - (2k + 1)
3 5 2k+1

Yo TWa. IELBOEEMEOMIES 2V E, BADOBEEMEARENS Z bR, X
5, FEHEOMEZEENE, j = P EHEZRZ CTAS L

1
A (Kg2) ~ 1371/2 (14)

THZIEDRBRIADPD. —RINCEZ 572012, RD X 5 BiEREG.
EE 4.2. [79)Q % CPf (k>2,a>0)DFREHE T2, 2ok X,

3W(99) — 2m (D12,
MJ'(’C‘?“)'N{ ( )1287T ( )} i oo

772U, W(0Q) & x(09) &, ZhzhsEi il E o Willmore energy & A4 7 — 124
fiifg & LT, Willmore energy &1, S5t Lo iR 2 H e 55 & %

(15)

W(oQ) = [ H(z)dS, (16)
o0



THEZLNZETH D, Blashcke DEH [27, 71, 13|12 L > T, ALY RAEHARZRITR

e MHILENTWS. #R, A4 5 —EBMHARERTH 255, |\, (Koq)| DEHE

ZENIX Y RABEWALTH 5 (47 Willmore conjecture & Z DFETRI [71] 72 E).
i, BRE DG W(S?) = 4m, x(S?) =2 TH 205,

3W(89)) — 2y (O /2 1
0 (o) ~ { O 2O v 2o (17)

LD, (14) =BT 2L biENDOND. BB, X (Koo) DWHIHEE) 2 512K D
5B TETVD [83]. ZORR, IFMRKIETIE I, IEADEFME A (Kaa) £
NZNOWHAEINEIA Y AEMAZRICE RO e Do TWVW5.

5. oA

5.1. % (Cloaking R RIER L)

§3.3 THihRzEEBD, XX~<T7 VY 7 R Cloaking 12X, / 4~ « K7 > Hh LIEH
RoOEHMESCEAEBEROZEEIFMH I ATV, BEYHICE % 53, WEESRM D
TR CGR) orlfgtEe BB RM T TR GR) oSO D-0I1IZ, /4~ « R
7 Y IIAERRITBEACHHAIN TS ([74, 107 2 ESHR).

5.2. #fAF (FHMEROFER)
§442 THINIZ LI, BRITTD /) A< « BTV HVVIEREZED ZRZ b IR
BOREATICHN S . R o, BEMBEITICED S8 (quasiconformal constant) (&
& 5T, Fredholm [EHfE (/ 4~ - K7 Y A ULIEHZRD 1/2 LIS O EKEEE) 237k
F5ZrREBHLNTVWS [5, 97, 105].

oI, HIZARYZ PLEHWE Z 8T, RO EZRT I L HAREICR - TE
7. 1IZFAD—HlE LT, §4.4.2 THNz Willmore energy & EHBROEABRRZHE2 Z &
HHK TS,

EIE 5.1. [16] L2 S0 R AN O C R3 12DV T,

3W(09) — 4m\ /?
= () = e

TR, ko k3R, B O EHEORME L HAEZ R L, Area(00Q) 1357
FROHEEEZERL TV (FSHILIE, 00D EKED & ).

(Fl) < (hi) 13 2R B LEFIF LR WEEBIASHK 2 & 00, ()< (H50) O
2R R ILEFRIE LR WERIRBERBE TS 3.

GEHDFN). Son R Koo 13 L2(0Q) LD a > 27 WMERZETH D, —1 BED M 1EH
RICKDREDPHEK D Z e 0o TWB (B TEAECEM O ERARIC X 2 KRB
DWTE, Bl 2R (3, 79, 83, 103]. ). £z, SjoKoa = AGBHOHBEIEHZZCK S Z 2
5, B TIEE L R WA [16, Theorem 5.16] £ D

7_ < lim inf In(Kon) < lim sup In(Kon)

< 7. 19
n—oo 0, (Ss0) nooo  0n(Saq) ™ (19)
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ZIT, 04(Koa) & Koo D n BEHORRME, 37205, \/KjoKoq DEHE?. R
00(So0) B Soo DnBEHDFEET, Son 13T b Z DIEADHCHEERAZ RO THEE
BEZDHDICH->TWD. Tz, 7 2 r  DHEHKZMEARADOKRENARY FILDKX
[ s (A) = [7_, 7, ] ITHIET 5.
2T, EHA2 LIRFFARRIC, Kog & Son DRIEMEOHREZREDEET 2 L, 0,(Koq) ~
[z} s g, (Sp0) ~ {520} P e LA T
83]. #iH,
. <3W(8Q) - 477)1/2 -
- 2Area(0N2) =
/5. 22T, AROREORMIERETH D, £ VR og(4) 1
Lﬁ% —2M& & + N§§

A o R TR 2
DI, F-HAEK & FoEAWKTREINS (ZDOFTEOFMIL (79, 83] S
fB). £7z, 0B DEMATERROAEN ZRZ P, ¥ Y ALOED 153 fE (ER) 12
RBZEHNHLENTED (1], D%,

[7-, 7] = 0ess(A) = Ran(oo(A)) = {o0(A)(x, )| (z,8) € S*(9)} (20)

TH5. ZZT, S*(0N)1F cosphere bundle (unit cotangent bundle S*(9€) = 9 x S?)
TH5. ZOEBEZFZIC FHEROR/MEL EHRKRME R ZHWT [k, 5y ] 1IZMHR S
W, Ko T, e, 4] = [ke, ke O

5.3. {#F (Partitions) (EADFHHENICDOWLT).

X 51T, B REAN S JSHATREIC 2 2. 2 2 TWS BN OF B ENZ, 1 2B 55
BADEBICHTS. DFD S0V Loyik =1 2 RBEIBDEREZS. 1% 18,
31 s tﬁ%ﬂbf, ﬁﬁ1@§&ﬁ’%tﬁ%%és = {L2N+1,K | K= L2, 72N+17N €
N} 2155, 20L&, SOERZRKZVIHICIINRS Z 212k D, B {a;}jen BEON
5. o%Dh,

l=a;>a,>as3--->0

D &SI, BFHBABIIBELNS.
JARYRT AR OEREONE L 5 TIEORRE LT, R0 5%:

FI 5.2, 80 EEDC > 121K LT, b 2 BAOAMAEINTFEL T
aj ~ Cj_l/Q.

C<1/2127%25 Z &lFz\w.
FE 5.21000WTH, AR MLEFBLAVERRRERETH 3.

6. IS (2025/9/8KFR) THAD > TLWEWI L

BBIZ, 7A=Y« R7 VA LERZEDRRY FUICEE LT, RIGDZRTEZ BN L
TEBELWV. MfIzh, AR LB =X RS- X AEERY (16, 85], KEIZH
PR TWED, FUDRRVDT, T —HiREZHRMT 2 Cid#fl L TE E 0.
26 K50 Ko : L2(0Q) — L2(09) 13IEEL D H OB MEHRROT, IEAD TR ((EHHR) 2 EH/TE 3.

2T X, BRI S2 et T B/ A<y c R VA ULEHZEARS MADLBART bV —REEIES &,
(s2(p) = 2o N (Ks2) = (1-2""P)C(p—1) 752 TWB. L, (1Y —~ 8 —XB%k [85].
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6.1. f#tf
QRILDRAGHEETT S, /A4~ - K7 VA VUVIEHRDOARY ML IEfEICHIES
2DIFREETDHS. 1/2ZBRVT2ARY P L% 0(K),) £ RT &, IE/TE (002 = square)
ZolX

0 (K uare) = Tess(Kiquare) = [1/4, —1/4]

square square

TH 3 ([88, 89, 112] DEKAL. ZEMIEH (§4.1BM,) TEZATWVWD.). & ZABEAHKT
Bzl E BEB1CEELT, ORI LYH2—EDEEREZ 2 2994, 1/4 X
DREVEFMEIHEET 2. 2D X5 REHTE% rectangle, £ THERT &

O-(K::ectangleL) 7é Oess (]C;:ectangleL) = [1/47 _1/4]

%%, LOBECHFRHEELG LI, BEAETLHIFETEITTLAVL [52]. LOF
EHEALERZHDESHITESRLL OISR, 7L, L - coDEEDARY ML
0 (Kictanglo, ) PHEREHNZ OV T Ao TET WS [19].

T k5 BHEIE, 3 RTEOMWHEIRRHRERL 10, M & 5 mBEDTHEE
2 TRAET 2 L B2 (MIREENE [13)).

6.2. 3 RJT cloaking
§3.312B VT, 2 XC CIIMEMAREEIC X 2~ 7 V) 7LV ZBLE T % &, cloaking 2334
HAERZN U7z, 3XITTIIEMNFEBIC X 2~ 7 V) 7L EEE LT, cloaking &
FELRBD» o7 (EH31). LEDDE D, 3RITITHBWVT, cloaking (IEMEIZIE CALR)
DIFEAT B (BEARNC R CEE S ) B SEIBIE R D 2 o Tz, S5 0012
H ZAEN 0257 DHEEL D 55, b LINIEOMENHINIRET 20D L
v, HLETHERO—oTH D FEHIE AT

HRFRT, =2 2D & SIC, AV AR OHEZIERO—BBICFH ORI, cloak-
ing (CALR) B'RET 3 NMIMFNICKBRICL o TV, WHELTEOWIES &
DT, FHIRPUETE T OLRETETOARVEHFRELTWS %,

6.3. 2o

2RITCDREZBIE, 74 « R VHULAEHZBDZARY FILIZA Y ZAZEHTHD
HIHMET, BRIC—H LTV (FART MLERK). SKTTORIET, /4~ + K
7 Y AVAERRITH T 2 AR MVERRIRIIHEBZELELSNC RO 0 o ThRL.

Bz, BRI [ AR M vE S TXZFORITERENCR 2 Z 21X, EH 4205
XN, HUTHEVWERREFE T (/A1 « R7VYALERRICHLT) FEARY
RILICGRBZBIIER DD > TLVARL.

Fiz, /A<y K7V HVULIERARPIEDQEEME L 2R 2 WK X, BRI prolate
spheroid L2»RZ-D22 > TWARW. HBHID Poincaréd DEtHE [91) 2 A TH, SKITTOXET
A~y - R7 U HULERZROBERMEIZTNTIE L 2o T\, 1980 FERDIRRIC &
DEHEERROH2»D 6,7, 8], EiX HICIEDOBEBELIMEVREAFETHD EFEIN
3 & DIC% > TET (prolate spheroid DA LD o TWRWY). BRAIZ, IEMR
M B D EHEDERICFEET % [83]. () MANETH - TH, ADEHIED
BFET 20D Eon->TNW3[6,7, 8, 23].

BEREREREOBEABE LA T 2 &, ZE 3T LB, /7A=Y - R7 VA LVIERZEDFHE
RIEAI 3 (HREREOERCEIAI  OLOMR " LIFENS KNS 3.
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6.4. 1/2F8E 1/6 T8

RIRIC, ERIRBICBWT, /A< « K7 VA LVIERROEEEICET 2 FEDEN
L7z, §442'f%>-f~” L& 20, BKEOQITNT 2D 24~ « KT VA LIEHRD
EHEOES

1 1111 1 1 1 1 1 1
2 /6°6°6'10"10°10710" 10 2(2k + 1) 2(2k +1)
1 3 5 2k+1

ThHote. Mp31/2 & 722w e (118, 318, 518, ...) DEFED S 7% 550 Bl
FEL TS, —R ERICL2 R0 2 OMED, FHETH LT 5 2 LAY EEH &
N7z [72, 93] Ld, EHI—ROZERBIZIIN L TR D Lol H 5 [21].

il 202, BUEETE (B 72 DAKVAY) & 4 REHE 0Q = {(z,y, 2) | 2 +y* +222 =
1} C R ETHEITL, /A~y - R UVHAERAZRDOEEEEZ LR OBATIENG &

0.5
0.332---,0.211 -+ ,—0.043 - - -
0.30---,0.22---,0.12++- ,—0.11--- , —0.03- - -

RIS TBY, &M (11, 3, 5, ...) oflX, 2 eh
1

11
202 2
DEIICRZE. —ROEMADRF THDILDEIEEEDH S (1/2 F18).

F72, 12—/ A=Y - K7 U W UAFHAROEHREICZ 2 DT, ZDRDHE 2 [H
BEPEIC > TWS. BRI T 1/6 72D7205, ZOfEHIX, F_EHEORNE &5
ZERTFRINTVWS. OF D, 3RFTICHITHMOEFTIE F= IEIﬁﬁEH:l/GJ:ch
TV EHFRINTWVS (1/6 F18). (28, 1/2 7D 1/6 DM LT
FAEAAE T WS, 72, 1/2 PR D I TR, 1/6 TREB D LD [85].) IRTE, 1/2F
Bri1/6F8%z, —ROEMERATRRT 3FKITREDHOH AL
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ISOMETRIC GELFAND TRANSFORMS OF COMPLETE PICK
SPACES

FethE K (KENTA KOJIN)

W, TV 7Y b [15]) 1Ko &, FEMAR (multiplier algebra) @ Gelfand 24
PERICR D (F7213IE0H Shilov BEFRDSAHERIZ /2 3) 5848 Pick 22X, HALM
# o Hardy ZEHICR 2 Z & /RS

1. EA

KRB TIX [15] ZHENT 2. XA NI H 5584 Pick 2R WS ZFREH &%
Pick fHEEM 20) ICHR T 2. ST OEHOFREARS. D={2€C||2| <1}
ZHAEAME, H<(D) 2 D _ LoFFIERIBEHEADOMK T Banach TR 3%, /L4
& |¢lloo = stelglaﬁ(z)l EEZS.

FIE 1.1 (Pick fiffEM). D LOnHORR 2 21, .. ., 2, & nADEZ K wy,. .., w,
B5Z SN, 6 € H(D) T ¢l < 15D ¢(21) = w; (i = 1,...,n) 7T b
DPIFET 5 72D DRET MR, n x n 1751

=27 ]2
PEIEEEICRZZETHD.

Z OFERIZIERIBI B O 2823 [EE M THI CTHRTE 2 Z e 2R L TE D, H35
BIEGR D 272 & TERZR OG0 & S BIREE W [4, 5]. £z, H flfEHEGRCBV
THHERREZR LB EKASNTWS (B2 [16]). 1967 4, Sarason
(23] 1% H(D) 23D ko Hardy 22 H? ORFERE Mult(H?) LF—HTE2 %
W, EHE 1.1 OIEARGRIRIEA L 5 2 /2. ZD1&, Agler [1] 1Z Pick IO HHRE
HARR O L OFAR e VL R 2R L, Agler [1], McCullough [17, 18], Quiggin
[21] 12 & o T, 1TFHED Pick fHFEEFEAK D SLOBAEK L A~V b ZE OFFEAN 1T 23
5z oMl 2D &S 22 M % 58S Pick 22 ¥ FECX, Hardy Z2f#, Dirichlet Z2[, 5
il D Sobolev ZE2H 72 ¥ SHARMNZHITH 5. X 512, Agler-McCarthy [3] 25EED
BERY5E 4 Pick ZE#IEH % B L~UL b ZE[] £ 1203 % Drury-Arveson ZE[] HZ 123
DiAD B Z e BRIz, ZIT, HEIZE AL NZER £ OBIEAIER B ETERX
NF=ZEHD Hardy ZEHTH 5. Agler-McCarthy OEHIZTESL Pick 222 Hardy
e ELOWEZZEFTFHE L 2REL, ZLOMEENEN LRI L TE .
FEIE, Beurling D EFR inner-outer 77 f#72 ¥ Hardy 22RO & 725 R D584 Pick
EEOREI—BLTE S, T2bb, 5782 Pick 22 Hardy 24 0@ Y] 72— (b
D—DTH%. 554 Pick ZEEOBFHER L BBIFIZ 4] TH D, ¥ —_ A F [12] Tl
MBS DFER BN SIh TV 3.

FREDERIIBDOETITD 22 LT, RIAZEDEE L - IR EIBN B,

Date: August 25, 2025.



(1) Hartz 10 IMEEDORBAEARENIANA KRIEMRTDH 2 X 5 72584 Pick ZERNEA
BHHNC Hardy Z2[EICBR2 Z & 2R L 7=,
(2) ##iE (14, Theorem 3.9] \IMEREDRELEMNR 0 1N LT |[9]loc = |ty
MR D 3L D5E R Pick ZERNIIAEMNC Hardy ZZHNCR 2 Z & 2R L 7=,
FROHER (1), (2) DWITh2rOREZN-F & &, FERE Mult(Hy) D Gelfand
EHUIFRICR 2 (FHE 3 ). F7z, #HE D John E. McCarthy KO NIZHEH,
Michael Hartz K3 X — L THE L TN E o 2RO TR AMKOEETH 5.

F48 1.2 (Hartz—Clouatre, 2015). REMEDIEATHE Shilov 55t (C*-envelope) A3H]
FIRIT 72 2 5842 Pick Z21E, AREMNC Hardy ZERICR 2. D F b, AR —HEER
1275 % I, % @ Shilov 555 & JEATH#E Shilov B 03 —8§ 5 584 Pick Z22Rii% Hardy
ZERHICIR % .

Z DO TRIZEYE L T, Clouatre-Timko [6, Theorem 2.4] 1%, L~V M2Ef H |
DEFVERRER B(H) DEMN VLA C B(H) 3L, A OIERHE
Shilov BaS D AIERIC 72 2 72 D BEA73 51, A D Gelfand D TELEREEHR
B ZEEWSEFEERLREZ MErs, BEAID Gelfand BENERTH 3 &
5 72584 Pick ZEH ORI 2 52 5 Z L IZHRTH 5.

2. 524 Pick 22

B X FTERINERBMEBBOK T L~V 2B H, PBERZEILRNIL
MR (BEREIRILEZER) TH2 2%, TEDM 2 € X KHNLT, H, DX b
I ky T2 —DFEL T

f(I) = <f» kZ)Hk (f € Hk)
iR EWS . CO, H, OB E: X x X - ClE
k(‘rvy) = <ky7kz>Hk (‘rvy S X)

TREHFEIND. LD, Bk : X x X — CHPEER (/- EEHE) TH D
Y, EEDOnH ..., an€X ..., e, €CIIHLT,

n
ZC?CjkI((L’i,CL'j) >0
i,

i3 e THD. ZDEMFEn x n T4
[k(xi, z5)]7 =1

DEIEEMETH S L LAETH S, HAEKE AL P ZEIEHEERIC & o THE
Ehd. BEKL LV NER H, BPBHITH 2 21d, ROZo%-3 e Z2Wn
I5: (1) BAab z,y € X ITHL, ky & ky 3—XM, 2) EED z,y € X ITHLT
k(z,y) # 0. KRR TIEXEIREAEZE LNV M EROAEE X D

R, BAERE AL N ERICER T 2R ERT 5. H, 2HE5 X LOHE
e ~or bZER E LR, 2 OREBRE (multiplier algebra) &

Mult(Hy) ={¢: X - C | EED f € H, WL T, ¢f € Hy}

TEHRIND. W7o 78S, (TED ¢ € Mult(Hy,) & Hy, LOBEREIEIERE
My:frr ¢f ZBEDSD. £ZT, ¢ & My ZRA—HT 2 &, |dlmum) = 1Mol B,
12X o T Mult(Hy) EERERE Y 722, $bb, Mult(Hy) & B(Hy) DHAIIEA

loc ADr % a" € A LSRN
2RAHER SIZHERTH .



OB e BE 23 2B, FED ¢ € Mult(Hy) IS LT, [[8]loo < [|¢]IMute(ry) 2°
DD, FHS, R OREEHRIEREBTH 5.
BHAEME AL 2B O BRI OBE RO — 20X F# D Lo Hardy

by
H2={f€0(D) Z|f‘<n>|2<oo}
n=0

TH%. 2T, 0D) & D LOERBEEE, f(n)1E f DEATO n K Taylor (£5
TH5. WA, H? 1 FBHIZEM (2(Zso) & HARZFA—HTE 3. Hardy ZZH D4
& Szegd #

ES(z,w) = T (z,w € D)

TH3. £z, Mult(H?) = H*(D) THH, fEED ¢ € Mult(H?)(= H*(D)) IZxL
T [|¢lImurecmz) = |lloo B IO, ZHEHDFEEEMNS &, EH 1.1 IZROBIC
BAEZE LU P EBOSETEEHIONS:

FIE 2.1 (Pick flifEM). D LOnHORR DM 21, .. ., 2, & nADEZE wy,. .., w,
D5 Z 5N, ¢ € Mult(H?) T ||¢llwmuemzy < 152 ¢(z) =w; (i=1,...,n) &
725 b ODEET 2 720 DB TEMHE, n x n {751

[(1 — wi@)ks(zi, Zj)] Zj:l
MPELIEEBEICRLZ I THS.

Hardy ZZRIEED 5 KR EINTE D, BIRECERSEH TV S (FEARD
BRZEIX[4,22] REERE). #2T, Hardy 220 & FBEDEEDZ K D LOFAE
Be~Or M EMZRT ZEIZEHATH D, ZDEZD—DOHMN5ES Pick ZEEZ v
Z 5. 54 Pick ZZRNIATHUED Pick iR EHAE D 122 TH 3.

E&E 2.2. H, 88 X LOBEDHITEEM e~V MERIE 375, Hy, H5EE Pick
EHRTH2 X B nma,...,z, € X BEE D m x m 75 Wy,... W,
WXL T
(I = WiW§)k(wi, ;)]3 =

ﬁ)ﬂﬁﬁﬁ{ﬁtﬁ l’obi, P e M,,,(C)@Mult(Hk) C B(Cm®Hk,) T ”(I)”MM(C)Q@MuIt(Hk) <1
MO P(x) =W, (i =1,...,n) ZiiTHOVHEET2HEES. 22T, ¢ €
M., (C) @ Mult(Hy) & Mult(Hy,) DICHETD m x mAT5 & = [y 5]7—1 £ EZXT
K.

Bl 2.3. (1) 8t € RISHL, D x D LOBIEKE k(z,w) = Y (n+ 1)'2"0"

n=0
(z,w €D) TEDS. T2L, kb IFEKICRZDT, HFtcRIIFHLTD LOIER
REEOHS A S A% B L~V N 2B Hy, DSEE B4 FRIC, Hy,_, & Dirichlet 22/, Hy,
¥ Hardy Z%[#, Hg, 13 Bergman 2 TH 3. t < 0 DR, Hy, 13582 Pick 227
% [4, Lemma 7.38], [11, Lemma 2.3]. 723, t > 0 O Mult(Hy,) = H>(D) 52
I+ Intuteare,) = 11 lloo 23X D AZD.
(2) BBk By = {2z € C? | ||2]|ca < 1} EOFHER LA~ N ZE X 2. E

t € RIHL, By x By EOBEE ki(2,w) := Z(n—i— Dz, w)ga (2,w € By) TEHR

n=0

3M; € Mult(Hy) 3RS0
YR k(z, w) A5 2 1ICOWTER, w I OWTRKIERIR S Hy, FFRIBOR S 2mIck 5.



T3, 328, k BHERICRZDT, &t e RISHLTB, LOFRIBEA R FAE
Be oL S22 Hy, 258 ¥ 5. FHIZ, Hy_, 1& Dirichlet 2%/, Hy, 1% Drury—Arveson
ZETHS. t <0 DI, Hg, 13584 Pick ZEf1272 5 [4, Lemma 7.38], [11, Lemma
2.3).

(3) BAX [0, 1] EofrnhEeBasT

1 1
1] =/0 |f(w)|2dw+/0 /(@) d < oo

w723 b DK% Sobolev ZE[M ¥ W5 . Sobolev ZERNIHAM L L~V N ZERTH
b, ZDOFARE

k(2 y) = cosech(1) cosh (1 —x)cosh (y) (y <z)
’ cosech(1) cosh (1 — y) cosh (z) (x <vy).

THZ 50 3. Sobolev ZEMIZ5E4 Pick ZEMITH 3 [2] ([4, 21] REDBEITK D).

B8 X FOBBDE T BRI R EEME LA VER H, 2 EZ S, Moy e X2
MU, k(z,x0) =1 (z € X)DWOILDE X, Hy, 13 zg TIEREIhTWVWR 20D, E
X, BRI EER e L~V P ERIEH B M rg € X TIERLXATw S & LTkt
ZRDI (FMHE [4, Section 2.6]). 5842 Pick ZEMICDWT, ROFHT I HI S
TW\W3.

FEIE 2.4 (Agler-McCarthy [3]). Hy Z8& X LOBEBMNT zo € X TIEHLEHh
7B AR LAV MBI T 5. ZORE ITNIZFEETS 5.
(1) Hy 3584 Pick ZEfETH 5.
(2) 1- @ X LOBAERKTHS.
(3) AL R E b, Bl b: X — Be — {2 € € | ||2]le < 1} BTEHEL T,
b(zo) = 0 22D

k() = !

- R c X
=) e Y EN)
DD LD,
BT, S84 Pick ZZM O BAR DI Hardy 22/ OB
1
S _
Wz w) = 1—zw
YHELLTOWR Z e b b, FEEE 5E4L Pick 22013 Hardy 25/ & AR OME %%
BEOZEDPHLITR o TETED, BIfED KR ENATVS [4, 12]. FIRIE, 572
£ Pick Z2f12X} L T Beurling O EHS inner-outer 7 f#7 ¥ 255 TE 5.

(z,w e D)

3. BANACH BR & C*-Bj

C LOBMMZITIR A/ VA |- | KELUTEMTH D, 22FERED a,b € A
WX LT ||ab|| < ||a|l||b]] 23EK D SZDOKE, A % BAIRY Banach TR W5, FiC, M&
ar a* PEBRIN, TED a € AHLT |la*all = |Ja]|? A3 D 32D B Banach
Rz BAN CERE WD . (Mult(Hg), || - M) EERAATAIE Banach B8, 22> %
2 MZER QL O(Q) EHEAR AT CH-B], e~V M2ZER H 120t LT B(H) &
BN C*-BRTH 5.

BN A AT Banach BRD Gelfand Z487% fHELICEHIAS 5. BAAYATR Banach 31 A
L@ 0 TRVEIEIBER x : A — C

x(1) =1, x(ab) = x(a)x(b) (a,be€ A)



T E 2B VS A RO A(A) B0 (weak *-topology)
Ta ¥ %7 b Hausdorff ZZfI127% 35 EED a € A WKL, A(A) Lo
aeC(AA) &

a(x) := x(a) (x € A(A))
TEDD. T2, Wit ar a FHERMUEHRTHDH, 51T

lalloc == sup [x(a)| < [lalla (a € A)
XEA(A)
DD ILD. ZOMEAS ar a e C(A(A) & Gelfand B2 5. Gelfand A
1% contractive 72203 —RICFERE L IZR 5 0.
1 BTN ARHEOFBICOVWTHET 2. AT PLO—GHD» 6, EED
a € AWK LT ||d?|| = ||a||® 23 D ALDW;, Gelfand ZEAEE, Thbb

lalleo = llalla (a € A)

DES. B~V N2 EORFERE o € B(H) 234 KIEFHOK, ||o”| = |la||™
(n € N) DR DD (13, &8 6.3.10). L7=hioT, (EHD ¢ € Mult(Hy) X L
My € B(Hy) 234 RIEHZ 51, Mult(Hy) O Gelfand ZHUIFERTH 5. £z,
[6%[loe = [[0]1% DT, ERED ¢ € Mult(Hy) I U [[6]mus(a,) = [l AL D AL
D75 51X, Mult(Hy) D Gelfand ZH#UIEFERTH 5.

iz, BAIATHE C3R A @ Gelfand ZHUCOWTHIAT 5. a = o 2T
a€e AEED x € A(A)ITHLT, x(a) e RDBEDILD. 512, BFH L Rk
FEDac AlT

a+a* a—a*

2 '

Y HOHETTOMEAE S IR TE 2D T,
x(a*) =x(a) (a €A x € AA))
BHED 0. LeAio T, Gelfand 2548 A5 a s a € C(A(A)) 1 « BN 5. %

7z, ADSHHERZ HITEED a € AL Ta*a = aa* DY ILDODT, ||la*al = [|al?
ZHW2 L,

lall* = la*al* = ||(a*a)*a*a| = ||a*aa*a|| = |la*a*aal| = ||(a*)*a®| = |l
EoTERD a € AWK LT ||a?] = ||al|? 2K D ILODT, HEALIATH C*FBR A D
Gelfand ZHUIHEETH 5. T 7=, Stone-Weierstrass DEF D &5 Gelfand 2T 25T
1B, LA e, BIIATH C* B A1 C(A(A) EIA—HTE 2. LidsoT, B
{7y C*-BRiE 3 > %7 b Hausdorff 22 Q 7213 C(Q) O “IERTHHR" & AE 5.

a =

2”2.

4. JEATH% SuiLov Hi5t (C*-ENVELOPE)

Z DETIX [19] 1I2E-D W TIERIHA Shilov B (C*-envelope) ZFANT 5. BN
VN H 2L, B(H) DN R 1 € A C B(H) % ERERB LR, 72
B,ac AL a* € A BIEBRLRW. 2R, HEMKe L ~ov bZE- H 25 L,
Mult(Hy) C B(Hy) WWERZRMRETH 2. % THIAT 253, IEAHE Shilov HEFUIEH
FRBAZED NO"CIRTH S, X512, ADP—HIROKHE A D Shilov HEFR E
DEERIEER ¥ —BT % DT, JEATHE Shilov HEFR ¥ MUIN 26, EFIEREA C B(H)
EneNIEZXL, My(A) = {[aijlij= | aij € A} LERTZ. T5&, nxnifT
FIps C* LOBFUERZR R ED % D L FEkIC, M, (A) & B(H") DfERZEAE L A

Savovy M ADHMIKITH S Z e hOHRES.
6C*_envelope ¥ MERDAMEHER A3, & & CIIIFRES OB G2 E 2 TIERI Shilov HIH & IE.3.



3. ZZC, H' 3 H%ZnEHEMLTTESZ AL MNERTH S, MIEEH
p: A— B(K )XneNkﬁb pn: Mp(A) = B(K™) %

pullaij)) = [p(aiz)]  (lai;] € Mn(A))
TEDS. EEDn e NIZHLU p, DEFERETH 3, p x TEFEREHRL VLS. AL
WRERERLOLIIFRETH 3.

EER A C B(H) L ADVERT 3 CB C*(A) C B(H) 13 ARET
(B(H) NT) /Mo CHBTH 5. —77, EQ%EEH’W%{%& p: A— B(K)ITHL,
A Y p(A) BA—ETEZDT, C*(p(A) C B(K) b7 A2 et CHBEY Rt
3. %7, C(p(A)) & p(A) (= A) B ET (B(K) NT) /ho CXBITH . D% D,
AR5, A2BUR/ND CFBR C*(A) IFBTH 5 B(K) OELT KT
T2, 22T, {C(p(A) | pid A LOREFRERMESR )T oFTRINDD DR
JERTH Shilov HIH ¥ IR, BEEICIE, DU RO &M 275 OB O (A) C B(K) £52
REREFRMER . A — B(K) Ol % IEA[#: Shilov 3HR (F7:1& C*-envelope)
eV

(1) C*((A)) = CZ(A).
(2) EEORESEEMEAMER p . A - B(L) <L, 2 «EFRHEG «
C*(p(A)) — C*(A) T m(pla)) = u(a) (a € A) ZHliT=TdODIEIET 3.
SF D, (FROELERERBEE p: A— B(L) KL, C*(p(A))/ ker = C7(A)
TH5. C:HA) DPFET 272 6 «-FIEZFRNT—RIZEE 225, £ DFFEIE Hamana
[9] AV L7z

EE 4.1 ([9)). EEOIEMABRE A K LT Cr (A) BFET 5.

X 0= CH- R B O Z TR 1 € A C B 2 ERAZERBEER. — KD
ERZEREB AT LTS I_H‘ik L CHER]#E Shilov 557 C*(A) DERTE 3. HIE,
R D C*IR B 13 Gelfand-Naimark OEHIC X T, 3% B(H) O C*-Er %
LR «-FIENC AR B, X B2, C N A —BICEEZDT, TED n e NIIXHL
T M, (B) C B(H") &2 THW.

Q% a>%7 b Hausdorff 22f, AC C(Q) Z2—HRET2. I VL3 | 2%
Z5.

T 4.2 ([19, Theorem 15.17 and Corollary 15.18]). —#IR A C C(Q) XL,
CHA) = C(0sA) B DID. ZZT, dsA C QX AD ShilowFERTHZ. F
Bbb, 0 A el ar o F%/E:\“G‘Zbé:

(1) sup|f(@) = swp 1F)] (f € A)
(2) b LB Y cOm L 0 (1) TR BIE, 0sAC Y DD 1O,

FE 4.3, FEHOEE» S, fFAZRED Geldfand 22 A BEEEFRETHNIZL
CHA) = C(0sA) BK DD, FHIEAZNRE A D Gelfand ZEPEFERES 2 L
THREERLBES W EZ 5N 30, Vi b b #HE BN B %25 S
VAQALE

FTHEI12ICELT, MTFTOBRITERATH 5.

TEIE 4.4 (6, Theorem 2.4]). A7z 2 VL ABWEZERI A ¢ B(H) LT, TR
WBFAMET®H 5 :

TR O 7 IR EADRE R VR, LALLM EHEKZESICRSRVOT, 2Ok
EETRBRW.
8% LT XAUSBH S &, &8, completely contractive i& [19, Theorem 3.9] 72545 .

ol



(1) CI(A) ZrTi.

(2) A D Gelfand ZHUIFEER.

(3) HaMMLAL 770 J C C*(A) BFIEL T, C*(A)/J DAHRET, S 5ICH
B q: C*(A) — C*(A)/J »® A ETIRTERERITRS.

3FT?§% Shilov HEFUIEFZHITHE L T 3 IEAT#E Choquet BFRD AR CHEUET

5. FEH

FEEACDIDWVT, f(2) =0 (2 € A) RIi7- BB f € H> B f = 0 TR 2,
AZ H? O—BMEEL V. fIZR, ~HOEED S D NOBEAIE H2 o—&BiE
HEETH 5.

RIABEDOEEHTH 5.
FIH 5.1 ([15, Theorem 1.2]). Hy ZHEH X LOBBHI K TRINTES Pick 22/ & 3
5. BT, Hy ¥ v € X TIERLINTWE 3%, ZOK, UTEFAETH 5

(1) Mult(Hy) @ Gelfand P EE.

)
(2) Mult(Hy) @ Gelfand Z#»5e2FE.
(3) C*(Mult(Hy)) 75>ﬂ¥“‘
(4) H> O—EMEG ACD L 2EHER j: X - ADTFELT, jlzo) =0 &
1
k I = = ) € X
S % R

v RIRYASS
X B, FROWVWTND DL ( LIz > TR TOEME) A D DO,
H? - Hy, fr>foj
Fa=xY—{EHZRICRD,
H>®(D) — Mult(Hg), ¢+ doj
BREFERFAMNTHICRS.

Z DFERE [10] & [14, Theorem 3.9 O—f(LTH 3. %7z, T 1.2 OFENMHF
RTHH 5.

TEE 5.1 OREHOMIE 2R % . FEH 5.1 TROIFAPELTE (1)=4) TH 5. &
D IEREICIX, Gelfand ZEDERER 513, T 2.412B1F 3 AL M ZEHE € 551 0T
TEeHBIHTHE. ZNERTIDDTAT 4 7hbN5. EH 2.4 2HE 2T, fliH
DI=DITHRSHEMARIGETH 2 2 TICHMER By = {(21,22) € C? | |212 + |22]2 < 1}
D Drury-Arveson ZERICOWTHE 2 3. —xDGEIIEHEICR 203, REAN LT 4
F 4 TIIED LR, FHTHREICK 2 DR TR 23—k X A7z Schwarz D
HETH 5. HEL Schwarz DRIEIL, |9l < 1 & ¢(0) = 0 Ziifi 7= 3 ERIBIEL
€ HXD) LT, o) < |2| (z €D) BKDILD, DI, HD 2D TEEMN
BALT 37513, O ZHNT ¢(2) = 2 ERITE B L 2T 5. EER
DI ERDZFEHTOEKRTO—EMTH 5. Schwarz DFfEA 2 i Pick i
YIAfER Z e B E X, 5E4 Pick 259972 2 S Pick &2 E&RT 5.

EE 5.2. H, 285 X LOBBORTHAEKE LAV FEME T5. Bizd 2 5
xr1,T2 € Xe2 @@*ﬁ%ﬁ w1, W € C Kﬂbf

(1= |wi)k(z1,21) (1 — wiwz)k(z1, 22)

(1 — wown)k(z, 1) (1 — |wal*)k(z2, 22)



DR S, (| ¢llmuem,) < 122 ¢(w) = w; (i = 1,2) ZMizzd ¢ € Mult(Hy)
DT 28, Hy, % 2 & Pick Z2f & MEA.

BH & 512584 Pick Z2ME 2 55 Pick ZERICTH 5. 2 i Pick ZZRICH LT, —f&Ib X
7= Schwarz OFIEDIEL D 3TD.

%8 5.3 ([11, Proposition 3.7])). Hy ZH8E& X FOBEEBD TR 2 5 Pick 22
35, BT, Hy 320 € X TIEHLEINTWE T 5. ZODHK,

1 1/2
sup{Red(z) | [|9lImule(a,) < 1and ¢(zg) =0} = (1 - k(m,x))

PEED 2 IZOWTHRD LD, ¢ # 29 BOHIXZDHEIXIEICKES. X5, 2 # 20 72
S, LD EREZERT 2 ¢ 3 —HICEE 5.
Hy, = H? O}, Z OFERIGEH M7 Schwarz ORI & 720,
T, By _£® Drury-Arveson 22 H DEEICOWTaEam L & 5. Hy OFAEMKIZ
1
1 — (2171 + 20w02)

k(z,w) = (2= (21,22), w = (w1, w2) € By)

THEzon%. Ho2IT H2 ZFA (0,0) TEMREXA TV, FEEMEK 2, 2 12D
W, 21,20 € Mult(H2) THbH, X512

I— M., M; —M.,M; >0 (5.1)
DD LD, ZAUIIEEIAZED, HI A3 By EOHABEAMK L L~UL N E#TH B
Yl (z1,22) € Bo LT 1 — |21]? — |22 > 0 B3 D 32D Z & 20 & RN IZH
BTEBLES. FHS T — M., M}, > 0 BDT, ||21]lyue(mz) < 1 TH3. 0<a<1
iz TIEOFEB a c REVEDEELT, (a,0) € By ISR L CHIE 5.3 8% T
5. MEICBIEEEHAVE L, 2= (a,0), 20 = (0,0) DHFEEEZ S, fliHRE

Bho,
1 1/2
(1 - k(w)) -

1/2
DBHH25DT, Rezi(z) = a = (1 - @) , z1(zo) = 0 DI D LD, i 5.3

BB —BMEH S, Mult(H2) @ Gelfand BB ER Y WS RED T, MLTFOH
BEiT2T 21 # ¢ € Mult(HZ) 2T EAUITFEIHR BN 5!

(1) H¢||Mult(H§) < 17

(2) ¢($0) = 07

(3) Reo(z) = <1 - ﬁ) e

d(z1,22) = 21 —&-%z% EBL. HBEDIT ¢(20) =0, Rep(x) = a DS D 3D, Mult(H3)
D Gelfand ZEOPFER AET 2. DN,

[ llnturecagy = sup IX(My)]
XEA(Mult(H2))

B IO, K (5.1) 5

I 0| |M, M,||M, M, *_ I— M, M; —M,M; 0 >0
0 I 0 0 0 0 o 0 I| =



ﬁﬁbﬁo.;of,mM“]%2‘51ﬁb#5.pszmmumutua

Proposition 3.8] 225, fEE®D x € A(Mult(H2)) 2R LT

(G
MK D LDODT,
L+ )7 = | [} ) MO BRI 1 s

%ﬁégbt#of/ﬁu®xeA@mh())kﬁbf

IX(Mg)| < [x(M-,)| + 5 Ix( =) < IX(Mey)] + 5 (1*\X( =) (by (5.2))
<1 (by [X(M:)] < 1).

WE, Mult(H3) @ Gelfand Z2HUIFRESZ L REL TWB DT, ||My| < 125 D7
D, koT, M3 ICBITEZ—REMICFETS. —MROBETHFEKROFHEMICL -
T, EH24 2B 2 L)L NER ER1IRITTENS ZEDRES.
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SERREIT ATRER DI A & 2 A RARHIRENAX

LE BRIN (FHE R

1 FC®IC

HRECB U 2 M0 R EPRREBGER 21X U & LT, BEmoM o R, BHYHERm
Vo RREWRIICEN S . HTH Gauss DL

(1) o (%)) = S OO, = et

|
n=0 ’y)nn

i B TR (Gauss DS MMA )
(1.2) r(1—xz)y" +[y— (a+ B+ 1)zly —afy =0

D &S ZIROKIBEBHIH RN D 2 HERIIIEHDIED 5 <, BkA tiﬁ@ﬂ%@%@biﬁﬁb“ﬁn
L7228 o C, M7 0 KIBEMT O F1E 2 500 U TRBEBD RN D2 2 TR ZHEP L TnL Z
BEERAR T —~D—D2TH5.

HE X 0T — <0 LT Katz BEROH A, A ZHED TV 5. Katz B & 13 N. Katz [14] 12
ko TR X N7z, Fuchs BUARERUICH T 2R TH %. Fuchs BIAER 2 IEEFHEER P! = CU {0}
LOBEEMD TR TH > TRERL LTHRERBRROAZFROHDD I LT, —fRIC

(1.3) % = (Zq: As >u A; € Mat(N, C)

T — a;
=1 v

LW LB (V25 0) O TRIN S, BT 3 & 512, Gauss OBBEMMH TR (1.2) & K41
BB P ZBEYNCRET S TIDRBICEEZET D TES. Katz 3 Z DO EAITH LT
Euler Z2#t (NFBIIC & 2B HAH)

2) / FO) (@ — ) dt

12k 3 % middle convolution & W5 E#ZEA L, Fuchs ARKOWMKICH - REREZ b6 L. Z

DZHE Fuchs B EN% Fuchs BRI T AHEN T, —RicAEXOBBz 2 5. &6
FROKIBEE 2R T 2HBREL £/ MR I - Vo ZEIEHUIC X - TE S Z(LT 2 2 HRNICE
T E S ([5], [17]) 2 &6, EmEOWMI AR O KIEHN 2 X b ROV O KIS Icmsg s €
ZZeAEEY 2B, ZAUC & D KIBENTATREZ: Fuchs B A EROEFIZ K E A - /2. I1Z T middle
convolution (ZBHE LT Katz 238 A L 72 ##31E Fuchs Bt 32 #7242 8% 5 2, Painlevé
HRER, HEGHREII LD L T2HRLBRTTFOMFBICKERA V%7 P25 X7 (cf. [12], [3]). FKC
Katz Bl E A D Fuchs B 2 13RS 20— fROBIEE B TTRERNLRE TS ([15, 18, 19)).

* T321-8505 HEARURTFERE HUER] 350 FHERE R HFBH M
e-mail: sadachi@a.utsunomiya-u.ac.jp
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Rz Z 23 EMD ARERC T 2GR TH 25, 1M [6] 1% Katz B O S 3RM S 172
RO ARTH 2 Z e 2 RIRE, BEEDAHER L XN 2 BT REM D 7R ICH LT middle
convolution # ZZEHIt T % Z & TEXIT Katz HEROHBE 2 5 2 7-. T OMRITSELER MM 77 1ER
ZRUHE T I2EERFEMIAEXROMBITCERRIZT TR, ZRETHS AT WD o 7 KIfET
AIRERSTERE A AIRERD 7 7 X DOF 7R FERBAEEICT 2 b DTH o 7z ([16]). @ERIT Katz BERDOH IS
BEOWERBENFRERB XU 20 e UTREMT & M 2R OMRIIBEERICHED 5TV 5.
25 LAEROTT, #lE BT E I o TREE ZFO 2B AIEER I L T middle Laplace
transform & FEIEN % Katz FERIRBESEH R BEA L, ZOREARNRMEEZIALZ ([1]). ZAUIRHEE
FEMEZFROHENXS BRICRA 2HHHATH D, KT LT AME L HIFRFL Tn 3.

AT, T OB L 72 5 7z Katz BEG OB 2 AFEICER T 2 5712 o T (B2 5 < #EF
WA 5NN THA S NEDEDT) AN T 5. H TERIT Katz BERPHXL [1] ONEO—H%, &
W2 S A ROER MBI BEE S 2 B2 52N @ L TlER S 5.

2 (—&E#) Katz iR

% 31 Fuchs B RRTH § 2 Katz Ham OB 2 BARGI 2 2 27253 58X 2 (FEHIIC D W TR [
[7] 7 DHFRIR (], BEHE [11] 2 TS FE W), §1 TR & 512 Fuchs RS ER ¥ 3EREHE EHR

P! = CU {oo} LOMBHMNAEATH > TRERL LTHREREADAZRFODODZ LT, —fic
du A
(2.1) o =A@, Ar) = > P A; € Mat(N, C)

i=1
LWL 1R (S 2T L) o TREIND. ZOHERE {ag= 00, a1,...,a,} C PLICRFRFAERD.
HICBN 175 A 13 @ = a; 1ICBU 2RO RPN EREZ R - T0 21750T, BEITR L ENn 5. £/
t=1/z 2 LTHER (2.1) 2F SR 2L t =0 (& 2 = 00) KB 2 FEATHID

Agi=—(Ay + A +---+ A
WCh2Zepbhd. BHOOAREBEL TUTOREEZBL:
% A; (0 <i<q) ODEAMIZET 0 LU OBBGE R FiTz 7m0,
Z DIRE % IEHMBEY (non-resonance) L FERZ X b H 5.

ffl 2.1. Gauss DERMMD FTER (1.2) 1% {0,1, 00} ICHEER R A E RO Fuchs AR TH 2. 2%
(2.1) DIBITR T 72DITIERD L S ICF IRV REEHAR Y Lz

y
I
<5>
b ST SR N S

du _ A1 A2

T z—1

=¥, 22T

— 0 B - 0 0 B 0 0
Al_(o 1—7)? A2_(—Oé 'Y_O[—B—l)’ Ao—f(A1+A2)N<O 5)

TH5.

6/



X CHEEREA Y VORI OV THBICHIAL TH <. TAIIEFICKRHHICS 21E, Z0HD[ED
TRPDIET 2, DF DHBERNFHEK (2 —a)? (p € C) KWIHWIRZFVETZ IO RREADOZILTHS.
EERDIEr=a DEAHT

(2.3) U(z) = Gz)(z —a)t, G(z)=1+0(zx — a;)

Y S O HAMRTH (RZDIEIEE AT T E 3475) B0, = 2T Qo) 13 2 = a; DIEHETIORS
BIHRBORFECH Y, (¢ — a)d 134751 OHIBIEUE F T

(2.4) (z — a)Az — pAilog(z—a)

TERINZZAMBAMTH 2 (OF DB E L THEEZMES 2D IR EEET 208 NDH 5). Z
DFR (2.3) 2S5 e AKX (2.1) D z = a; BT 2RAE), $ROEBAE/ FOZ 2RO X S51CL
TkDoND. T x=0q; DEYZEDMEIC—ET 2R Y UT, T 1o TERBATII U(z) Z fFHT
B d 2 2E25. 758 Z0OFMERORRE (2.4) 1B 3 log(z — a;) D log(x — a;) + 2mi L7525
Zehn U(s) ik

U(x) — Uz)e*m 4
EWIEERZIT S, OFh AN (2.1) OEERBTH (2.3) OREME

eQTriAi

LW ERITINC X o TR E N2 DTH 2. EHARMTH (2.3) DELD 712130 & AEITH] % 200 2L E
MDD D, FAUT K BERBATHI DR D B 21% 24 [oxt5 2B H2E 22T 2 2 IicEEL T, XD
Y ICRFTE FRrI —%EHRT 5.

EE 2.2. 24 0 GL(N,C) OFEAIC X 2 HEH [ A %, HER (2.1) D 2 = a; KB 2RBFAE/ K
OX—tw5.

D &L, —ODMERRMICHE T 2MOMESLZMIEXLE &L < D2 D, 200 3AREINTHEBIT
Hl A ik o Titide g, —77, HRORERZ £72 < X 5 72847, FIZ XD 2R ELDE D TOHRAMT
Fl e Bl DR E D AZFRNTHGRE L 7 & 2 OIR 2 80 (HEHE) 2, HoRESZ—FALTR-oTL %5 &
DI HAE L7z & E DR (B R r I —KRBl) 22 BEIZAERRT & Eh, Rohizr 72
(P 21 rigid, TAUCDOWTIIER) 283 2 T2 PR TR A R 75152 I AR TOh R,

2.1 Fuchs B¥AERICXF T S middle convolution

Katz 13 C\ {a1,a9,...,a,} EDRFTHR (Fuchs BHBEXDE Fr I —£B 2 EMAR0R) 1T LT
addition ¢ middle convolution ¥\ 95 2 DDEEZEFE L ([14]). Z0EREBFEEZH VLSO
T, (P72 L HHMEFICL o TL) BMELR DD TDH o 72h3, £ D& Dettweiler—Reiter 2% Katz DEFH %
Fuchs BT RBADE /) Fu I —RINIHT 2B ARBRMEL LTHERMLL, 51220 fr <y
F3 % & 51 Fuchs BAFEAICH T % addition & middle convolution ZEFH L7 ([4], [5]). T I Tl
Dettweiler-Reiter 12 & % Fuchs BAEAUCHF % addition & middle convolution DEFEZIENT 5.

E&E 2.3. a=(a,q9,...,0,) € C? ¥ LT, Fuchs 52 (2.1) 1&xf LT Fuchs A5 2

dv i A; + o
z =Bl B =3 T

Tr — a;

EIE X B EWE o 12 &% addition £ W\, add, TRS. TIZTA +o; 13 A +oly ZEBKT 3
(AT Z0EZM D 2 ff5). FERNFEBEEZFE ML T addo(A(z)) = B(z) £ ELZ e b H 3.
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middle convolution DEFICITD LHEMIES. T AeChTX—-&22 LT, FERX (2.1) icxfLT

On - . Oy
(2.5) Gi=|A - Ai+x - A |G
On - .o On

WS gN x gN {THl%2E 2% (1<i<q). T2 LEHRFIET
U1
Ko = D e (@) | viekerd; (1<i<q)p, Koo :=ker(Gi+Ga+ - +G,)
Vq
ENFND (G, Ca,...,Gy) FETH S Z LHHDDH NG, L oT (Gr,Ca,...,Cy) 12

CIV /(Ko + Koo) NOIEREFIER . ZDIEA%R S Z 2175 OM%E (G1,Ga,...,Gy) E LTUFRD &
SICERT 5.

E&E 2.4. A€ C &9 5. Fuchs AR (2.1) 120 LT Fuchs BAER

(2.6) Z—Z = B(z)v, B(z)= Z ;

XE X 2 #EEE NI X % middle convolution ¥ W, mcy, TR, Zhd addition Ak, HFER L
BB E R L T mex(A(z) = B(z) e RT 2 dH 5.

CDEBENPSTIICONZILL LT,

e addition, middle convolution {Z4F5 R DAIEZZ X 720,

o addition (XX DO (REATHI DY 4 X) ZZEZ 720 (N — N).

e middle convolution 3 HEADRERZ —MRITEZ 5 (N — ¢N — dim(Ko + Ko)).
e middle convolution DFRIFFEGZER CI /(Ko + Koo) DEEDED HITKFET 5.

CWnokZ BB FoND.
il 2.5. Gauss OEERMAM I TER (2.2) (2% LT middle convolution %L TA%. D HIC
(27) a,B,'y,’y—oz,’y—ﬁ,’y—oz—,B,a—B§§Z

PIRETE. ANECERTA—RLTEHE

A i 0 0
a _<A1+>\ Ag)_ 0 1—9y4+X —a y—a—p-1
7 o o) |o 0 0 0 ’
0 0 0 0
0 0 0 0
G _<O 0 )_ 0 0 0 0
274 A+2) o B A 0
0 1—v —a vy—a—F—-1+2A

5. R Ky KD B.

o= () e {(707)



B

1 0
0 0
(B0
0 «
5. Koo td N OHUD FITHKIET 508
{0} (A#0,a,8)
Ko (A=0)
B
—«
(A =a)
)
—«

2%, ZZTREAN=0LTAD. T3¢

1 0 1

0 0 —1
(28) ICO+IC00:< K ’y—a—ﬂ—l ’ 1 >

0 « -1

LB, % C/ (Ko + Koo) XT3 Gy, Go DYER G1, G2 ZEUD T 72DIERD X S icF iU k.
F7(2.8) IR ML ERI- T C* OEERIED, 206 2WAITHEES. Hl21X1(0,0,0,1) ZHioT

1 0 -1 0
0 0 1 0
P= 0 —a—-fB+~y—-1 -1 0
0 « 1 1

YLES. O PEHVT Gy, Gy ZHEMEHT 2

B 0 0|l —a—-B+y—1 0 0 0 0
_ 0 00 1 _ 0 0 0
PGP = 00 0|—-a—B+~v—-1 |’ PT'GyP = 0 g 0 0 ’
0 0 0] pB—7y+1 00 0] —a+y—1

EWVS KSRk T ey 2=l END (ZHE Ko+ Koo 23 (G1,G2) RETH 2 ZICE2). ZTOET
T 370y 2RZFREN G, Go THB. 2D G =F—-v+1,Go=—-a+y—1. {£>TB
E8F X —& 2§ 3 middle convolution mcg DFEFR L U THER 1 072K

dv B—v+1 —a+vy-1
- = + v
dx x r—1

MHE 57z, middle convolution I & > THERDKHENZENT 2205 2B Zofilr o b R THN S.

iz addition, middle convolution OFMTHIZRERZINT 5. £ addition {ZDWTIE, (2.1) OFIZ
U TH — 4

v(z) = u(x) H(m —a;)™

i=1

/C



RS 2 ICHIHT B,
#t\W T middle convolution IZDOWTHE X 5. ZAUIMNTHINIEIRD 3 2T v S THEEINS.
Step 1 (ARHDILK). HEX (2.1) DF u(z) ZHWT
oyt (Mo ) )

z—ai’x—a2 T x—a

EWVWS gN RZ M 2EZ S, TREMTONERZM T I e BHrDd NS,

dUu
2.9 -T)—=(A-1U
(2:9) (e =T) = (A1)
7Rl
allN A1 AQ e Aq
CEQIN A1 A2 e Aq
T= . , A= 0 :
anN A1 A2 e Aq

TH5. ZOHER (2.9) BZHRREROABERICE> TVWE I IRERLTEL. Z0X4 FOHER
IFARARE L IEEN, %12 middle Laplace transform %% x 2 B & EE 2 &E % R- 3.
Step 2 (Euler ). T U(x) I LT X 287 X —& £ F 3% Euler £t

V(z) = /A Ult) (@ — 1) dt

BEZ D (RO A BRIICIS U CEVICEEET 5. B121Z {ar, ..., a0, 00} D55 2 FERERE SIS
ZEBEV). T CAUMEREOL

mdi — xd— —A—1,
(2.10) v v
4 4
dx dx
ZHIERZT. 2oZens V(e ik
dv

(:c—T)E =(A+ NV
Zie 3 e Bbd s (fFeh: Buler ZHBARARETEXNZ AN 77— 7 25 3). CoLHBEXOMIDE
e (x—T) ' 2235

(2.11) % = (i xGia) 1%

=1

L%, ZZTHEBUTY G & (2.5) T2 605 gN x gN 1751.

Step 3 (BZERI CIV /(Ko + Koo) ANDEHE). HER (2.11) ZRGZEH CV /(Ko + Koo) N T B 2T
BRI ZOHT e 2ER 2. £3 Ko+ Koo DEEZ uy, uz, ..., Um ELTE I Uy, .., 0N &
HoTCN oHERES. ZhoEHAT

P: (ulv'"1u'ﬂl7v'fn+17"'7qu)

YF 5. TBY Ko+ Koo 9 (Gr,Ga ... ,Gy) FERZEDE

* | *
G;,P=P -

/1



i n. ZZTHADTHNDZENE (m,gN —m) x (m,qN —m) TH%. 2O P 2T
V=PV,

eI Wik

dVy PGP
i R Cl I /4
dx (; T — a; 0

ES
(e <T>
Y55, ST FADOHENE (m,gN —m) TH 5. b LZAL L2

v = (OqumJTqume) Vo

iU vl

dv 1 Gl
%_ (§xai>v

Ziiz 3. ZAUEAER (2.1) W mey ZHELTE SN 2 52K (2.6) i<t 5700, Lizdi > T (2.6) OfF
v(z) ¥ (2.1) Off u(x) ZFHWT
v(x) = Q/ U(t)(x —t)> dt
A

CHRFRTEZZ Do, 22T Q = (OyN—mm, Ign—m)P~L. 2% D middle convolution 175
1 (2.1) OEZRILK L, # 21T Buler 28 & $UBZEHR ($52) 25 Z 2 ICMIGLTW2DTH 5.
Xz middle convolution DB IZDOWTIERNS. ZD/2DICE T IIPERLE - B2 E%ERL LS.

E&E 2.6. Fuchs BHRER (2.1) 2BHITH 2 21k (A1, Ag, ..., A)-AREH D =MD APKR D, DF D
{0} ¥ CN LW EE NS,

EFE 2.7. 2 20D Fuchs B5ER

du 1 ;
o =A@, A(2) = Z -, A; € Mat(N,C)

dv B
5. =Bv, Bl) = > ., B; € Mat(N, C)

8
\
&

LT, $% P e GL(N,C) BEELT
(B1,Bs,...,By) = (P"'A1P,P ' AyP,..., P 1A, P)

DO & 200HBEREIRAMETH 2 2V, Ax) ~ B(z) e RT. 24T 2 2D HERIELRITH
N R A 5

(2.12) v=Pu, PeGL(N,C)
KXo THBIESZLEMIGELTWA.

BRI 72 Fuchs BUABERE FERZAERD TN TH2 2 ITERELTEL. DEo%HFH0D v T,
middle convolution DHEIZRD & S TR 51 3.



FIE 2.8 (Katz [14], Dettweiler-Reiter [4]). Fuchs BUARERK (2.1) 2N TH 22 F5. ZOr &=

o EED A € CITX LT mey(A(z)) 1ZBTHY
o mco(A(z)) ~ A(z)
o fEE®D A\, € CITH LT mey omey,(A(z)) ~ mext,(A(z))

DD LD,

2.2 Fuchs B¥ATER D rigidity

Katz BEmD b 5 — 2 OHULIEER T H 3 rigidity (ZEATREN) 2N 35 ZZTwH ek
1%, BRERAICBI 2 REHEEE L 2ICHERZ MR TE S, EW0WS T REL TV 5.

Fuchs BUAER (2.1) OFERA v = q; KB 2 RMEENIEBITI A, THdkEh 2 Z 33 TIEHAL
7. RATE/ a3 -0k L Fkk, BABITHOEEEEZEZ 2L, v = a; BT 2RAE#HEZERT T
&y LCIRERITH A 20 DT < GLN,C) 1 & 5488 O, = [A] #EZ 5 ORERTHB. L
Tobio TRE R DA E & B R AICB T 2 RZEEsEE iz Fuchs BAFER O moduli 24 & LT

e}

WO BDONREZLNDG. TIT ~IFER 2.7 068N S, BEATHIOMICE S 2 FEBE %

M_{(A07A17"'7Aq)€00><01X~-~XOq

(Ao, A1,...,A)) ~ (P *AgP, P A, P,...,P"*A,P), P € GL(N,C)
TH5.

E#E 2.9. Fuchs MATREK (2.1) 2 5F F % moduli 22 M 25 1 MDA 545 L %, WMo AEN (2.1) &
rigid TH 2205,

D% D Fuchs BIARER (2.1) 28 rigid TH 2 W5 Z 21&, FRR LIBT3 RAEHO A0 5 HERE
BT — DEBEROTBICIRE->TLES 22 TH 5. rigid TIERWIGEIZDATESE) & 13T 723
FIR—K (Thbb M OEEES5 2 587 A—2) B8R (21) KEET 2. ZORFRXA—RDIL 2T
JEH )= RSA=R LWV,

Bl 2.10. RE (2.7) DT Gauss OEBRMAMT HFEX (2.2) (& rigid TH 3.
IOk & Katz O FEEHIIRTHZ OIS,

EIE 2.11 (Katz [14]). Fuchs 27515 (2.1) 238t D rigid 72 51X, addition & middle convolution %
HREIERT 2 2 e TR L oABER W =0 ~EHBTE 3.

LTEBHL7z3E D addition ¥ middle convolution (& Z N ZNHICHK L CIEERBIC X 257 - &y
Euler Z# 2 i3 Z 2B LTWA. ZDZ &5 5B rigid 72 Fuchs B A ERICIT B RO Z HFE S
B T 22EMETTRRTEZMMPEFEET S ZepFEEN2 (FE-E0 [9]). 20 &5 RESRRIE
Euler(-Selberg &) #0#R L BRI, KIBBHTICIFRICERTH 5 Z L ICERELTHL.

*L rigidity I DWW THHHAICEE L < il 2 RIBIZZ VA S LR ER A, Katz BB 3 BELMRROTI 2T (KEHIK)
NS TWEEEEY.



3 &I Katz 356
TR (6] VD B U I o ORI R R (RS ML) 2450 n ZMODSE LM ATHER (BYF Plaff R)
(3.1) du=Qu, Q=Y Agdlogfu, Ay €Mat(N,C)
HeA

12%¢ U C middle convolution ##55R L, BT Katz HiwmDFEBE 52 7-. 22T A CHIcBIT 3@
HECE, fg 13 HC ADERZHNTH 3. 24U Fuchs BAER (2.1) OZERILICH 722D TH 5.
—RERIZ DWW TR [6], 3EE (1] KX 2R EZRL T0AREL it LT, ARRTIRSEREEM
BB D 2 BRI % VT Katz #EEH O &Rt/ middle Laplace transform OEXREAD 7 4 77 %
BHT B ZicT 5

C? OEEE%E (z,y) £ LT, C?P NO@VHALE A= {H,, Hy,Hs, Hy, H5 } %
H={zx=0}, Hy={z=1}, Hy={x =y}, Hi={y=0}, H; ={y=1}
TERTS. T2 Aho THERRE 2 RO/E Plaff R

d d d(x —
(3.2) du=Qu, Q= AHli +AH27x + An, =~ 1)
z z—1 T—y y fy—1

YWIHETET S, oA ERIE
‘9“:<AH1+@+ﬂ>u

oz T r—1 x—y

o _ (AHS L Am AH&)u

dy \y—-= y y-1

ERT L HTE, Fuchs HITEKX (2.1) OBRLRZZBIICTL o T0WE Z bbb 5. L L Fuchs #47
BROGEE - T, ZOKE Plaff & (3.2) DBZ RO DIEMTH An,, . . ., Ap, BEETEDFTRESRY

(3.3) AQ=QAQ

B/ T REND B (ZHUINMTOWE d?u =02 58h»rn3). W2 Ay, ..., Ay, DM (3.3) &k
T FRRREAES IR SR WEED S B W CHIIERE O RO — FAETEEFDE D 32D (cf. I [3]).
FEBRIC (3.2) DFERMEIFRESRM (3.3) 2170 Any, ..., Ap, TR LTEETLTADL

[AH17AH5] = [AszAH4] =0,
(3.4) [An,, Any + Any) = [Any, Any + Ay = [Any, Any + An] = O,

[AszAHs +AH5} = [AH37AH5 + AHQ] = [AHsaAHQ +AH3] =0
LWL 5. ZZT[A,B]=AB—-BAT®»5%.
AR 3.1, —BRICHYE Plaff R (3.1) OB TRESM (3.3) 134T0 Ay ITH§ 20k LTEHEE R
T TES (cf KM [6]).

DEDEEENAMRICEVTE, FTERDODLEMRHIZ2E5Z2 226 LTHLY. ZoHEEITER
FDFIREROMAZE L <, LA LZAL RICHEL LTW3.

*2 RIS [1] BB R 0T, ARORBIM EFTEOMITICRNEENTH 5.
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EE 3.2, Gauss DR

o5 (%5) = > Ol = N0

n=0

2 ZROTHEIR UTe Appell OERAHE Fy, Fo, F3, Fy 2\ b OO0 H %:

;81,82 - () mtn(B)m(B2)n m n
f <0‘ ; 2 ’x’y) N m;o (7+)m+:zm!n!2 Y
a§51752 (O& m—‘,—n(ﬁl)m(ﬂ?)n m, n
Fy < 1,72 3L ) m;() 72 nm'n' Ty,
Py (a17a2;51,/32 ;w’y) _ ZO (01)771((;;jn)+i€r1l'>:'(62)n myn

P ) m+n m+n AYmAnF)min m,n
4<7 V2 ) Z (71)m (v2)nm!n! Y

m,n=0

BB 2.1 O XS ICHYNKHBEBANZ bLEES Z LT, (3.2) OFOMY Plaff T2z 3 2 2
Mo TWwa™, =R LE OFEIEIN=3T, F, ), F, D583 N=4Tdh3.

3.1 HEEHESBER Pfaff RICXT T B middle convolution

JR [6] & middle convolution D EHNTHIEIR (§2.1 THHLZ 3 27 v 7) & H L T middle con-
volution ZZZBUL L 7. ZOEANLRT A 77 3HBEHICET 3AERNICK L T Katz ® middle
convolution ZHEL7ZE E, HOZHICEATIAERDNESEDLZI I ZEHITZI VWS DTHS. 22
TRAERX 3.2) ZHWTZID7AF72ESFERT 20%2HWL, « 771AD middle convolution % EFHS
%. 7272 L Z D% O middle Laplace transform OFHAD L5 X HE 2T, [FEiL [6) 3D LES HET
BT 2221075 (¥ 9D IIERDER 3.4 TN 3).

Step 1. AR (3.2) O u(x,y) ZHWT

Ulz,y) =* <U(1’,y)’ u(z,y) U(fv,y)) (UL, Uy, Us)

T z—1" z—y

52,821 THMALZ K SITZHIUT ¢ FTANCBI L TRAREGER

ou

(@-T)5- =

(A— DU
BT, 2L

On An, Ab, Amn,
(3.5) T = In , A=Ay, A A, |-
yln Afg, Ap, Am,

TH2. HOTU(z,y) Ay HIANHT2 T HEAE KD 2 7D &K 7 DR OU, /0y, OUz/dy, OUs/dy
ou, 0 (U(x,y)>

ZitET 5. 7
_ 9 ou
oy Oy x Ay

1/ A A Ap,
}(%+ﬂ4lﬁu
y o y-—1

T\Yy—7z

*3 Fy 13O T RE D FE (R [13]).



L2208, DRI DTN UTERD 0500 fid
L Y E
rTYy—x Y T —y

oUy  Ag, <u(9€,y) U(%y)) A, w(z,y) | An, u(,y)
—_— = o) [ +
Ay Y Y T y—1 =z

ZHOWTEET

(3.6)

T T—y

1 A
= ;{(AHS +AH4)U1 — AHgUd} —+ " i{f’l U1

2195, FtkOFRET

U,  Ap,
oy
LN D. BREIC OU3 /0y I22WVW Tk

oU; D (u(m,y)) YY)

(3.7)

1
Uy + ﬁ{(AHS + AHS)UZ — AH3U3}

oy oy\aw-y) w-ydy (z-y)?
b
s _ 0 (uxy))_ 1 Ou  uzy)
or Oz \xz—y ) xz—ydx (z—y)?
ZHlAGDET
oUs _ 1 (ou o\ o
oy  x— oy Oz Ox
1 A A A A
_ <H1+ Hy | Ar, H5>u U3
x—y x r—1 y -1 Or
_ ( ( ) AHQ < T y) _i_u(xvy))_i_@(]g AH\) U _%
Y rx—1 T —y Y y— ox
A A oU.
= (U 4 Us) + S (~Uz+Us) + H4U+ H°U3f—3
Y ox
£
oU: oU:
= = *{ A, Ui + (Ag, + Ag)Us}t + 7{ Ap,Us + (A, + A, )Us} — >
dy Yy — ox
LB, Zht (3.6), (3.7) xAOETRIRE L.
@E 3.3. 3N RZ b U(z,y) EROFTERE M-S
(xfT)aU (A-DU
(3.8) Ox
' U _ (G Gm\, o U
oy y y—1 o
ZZT
AH3 +AH4 0] 7AH3 AH5 0] O
(3.9) GH4 = O AH4 O s GH5 = 0] AH3 + AH5 —AH3
—Ap, O Ap,+Apm, 0 —Am, Am, + Apy
&
O
Gay = 0]
I
TH5.

/€



Step 2. R B8 ITH LT, A€ C 2T A=K ETF 2 ¢ FHD Euler 44

(3.10) V(z,y) = /AU(t,y)(acft))‘ dt

WG B EMZRDZE (2.10) 23, 55 & o HAOSTERNIEMD TEXOGEERAKA S 7 -2 7
LT

@-1 L = (a0 o QK:(Gm—%Gm—%Gm)V
Ox ox x x—1 z—y
7%, 22T
A, + X Ap, Am, (0] (0] (@] 0 (0] (0]
Gy, = (@] 0 O |,Gu,=|A4, Aw,+X Ap,|,Gu,=1| O (0] (0]
(0] O O (0] (@] O A, Amg, Apg,+ A
TH 3. y HEOHBRRITOVWTIE
oV (Gg, Gy, o
ay_( y +y—1>v O
— (%+%>V*Gmy <GH1 + GHz + GHg)V
Y y—1 T z—1 z—y
:(GH3 +GH4+ GHs)V
y—z oy y—1
L BDT, {67 V(x,y) Dii7z$ 3N Y Plall &
dx d(x —y) dy dy

d
(811) AV =C3QV. C5(Q) =G, o + Gty + Gty —

2195,

AR 3.4, ERF 0] 3ZE 38 DL I U(r,y) OHid y HAHOHERIRDTES T, # (3.10) ©
WM ZFEEHE T2 22T 3.11) ZEHELTVWS. o TW3 I L EAEMICIXFELZD, % T middle
Laplace transform %% 2 2213 Uz, y) O y HAEOFHERZME S 77 0MEH 02 DB OMEN R T 0o
TR TIZME 3.8 2REAT 2 HEE L o AN [I] 2EFE L P TIOERNMLOHEIK DT 205, BS
DHD—DDT L =7 AN—TH o).

Step 3. WD IEX DG AR

(3.12) K§>_{ (2) € (CN)?
U3

LERTD. THRLINLDOEAEME—EBOL TICHHALZ LS (G, Gh,, Gu,) DIEFHTARE
TH3. XLIEEEIAEESN (3.4) DT T (Gg,,Gr,) PIEATHILETHZ2Zehbhb. {EoT
(Gu,,Guy, Gy, G, G, ) ERZEM CIV /(K2 + K2) NOEfAZFI &R T. ZOEAERTITHI%
(Guy, Gy, Ghy, G, Gry) ERULTRD KD ICEHRT 3.

’UiEkerAHi (1§’L§3)}, ’C:éo = ker(GH1+GH2+GH3)

E&E 3.5. A\ c C ¥ 5. ¥ Pfaff & (3.2) ICH L THYIE Pfaff %

dr d

(3.13)  dv=mci(Qv, mci(Q) =Gg,— + G, dy
x

T - d(r — _ d _
e, 8=y a0, WG, W
z—1 T—y y y—1

2GS 28EE A2 X% © O middle convolution ¥ W\, mef THT.



Z ZETIHN LT ERERHER, 771K (3.13) Offld

va) = Q [ Ul =1 e

EWS X512 (3.2) Off u(z,y) ZHERL TES 7RI ML U(z,y) ZHVWTRRTES ZLICHERELT
BL. 2T QIIEZ%EM CN /(KR + K2) NOFEIHIET 2B ERTH 5.

AXE 3.6. EREOURERIE Plaff 2 BAMNICE X2 Z 2 X#LWEETH 3 2 IR0, 2o
middle convolution 1Z EARINCHRTE Plaff REZBEFED Plalf R oMK T 2 HEEZ5ATWS. fHlziR
du =0 ¥\> AR GFERICH LT middle convolution < addition (3 2.3 ¥ Pfaff R BRI
RT2) ZRAEBRT 5 2 & CREBDFIRERIRE Plaff R BARICRET 2 Z LI TE 5.

AR 3.7, BRI ER (3.2) KB Ay, R A, 3O ThHh-oThMibRV. ZoHEHER (3.2)
X Hy R Hs #FRAESCEE RV, L LEBROMBICHENS Gy, G, DERR (3.9) 2R3 L Ay,
R A, WO LTS Gy, Gy, 130 IR SIN. THEFERUC X T Hy, Hs D7 ICRELAES
b %, 2% D middle convolution ICk > THERESHEICEZIZBENHDI I 2EKL TV
(FAZEFIN DR ¥ o /R G, 2 Gu, 75 O IXRBGEFHEARV). ZOHRI—EHOLEICEA
LARVWELEBRAEDODDTH 5.

Bl 3.8. a1, 0,3 € C\ {0} &5 2. P& 1 OFYY Plaff R

d d d(x —
(3.14) du = (alﬁ + oo v + a3 (x y)> U
T z—1 T—y

WXL T, A€ CENRTI X=X LT3z /5AD middle convolution 2% 2 2 ¥ BEEL 3 D FFER
dx

d d(x — d d
(3.15) dv:(G1§+02x -+ Gy @=9) 6, . g, y)v

x—y Yy y—1
MESNB. 22T

a1+ as asg 0 0 0 0 0 0
Gy = 0 0 0],G=|ag ax+X az3],Gs=|0 0 0
0 0 0 0 0 0 a; ay a3+ A

ag 0 —ag 0 0 0
G4 = 0 0 0 5 G5 = 0 0% —Q3
—a; 0 og 0 —a2 o

TH2 (ZOHBEKE=K2 ={0} THZDT Step 3 FFHETH 2 Z 2IHER). THAUFER 3.2 TN
7= Appell ® Fy Oiii7e T HER e REINCFHTHTH 5.

F7AEK (3.14) i u(z,y) = 2% (x — D)2 (z —y)* LWHBEROZ 26, HEK (3.15) OREDE
DERRBERITE SN S:

_ At 1)¥2 (4 — o) (o — AT g — @ dt dt,

Vi) = [ene-nma-nse- ot a= (G0 )

CHUIERME Fy OFORREZE5Z2TWS. ORI ZHTT 2 2 2 THER (3.15) ORI (ki

M, £/ Fua I—0BH) 25A[R8IC72 5. 2 ZH 5 & 512 addition % middle convolution Z &K 5

Middle convolution OFARZME & UTEM 2.8 REH 2.11 DZZEHRRAK D 37D.

EIE 3.9 (FM [0]). #¥ Plaff & (3.2) (& h—MiciX (3.1)) @ o AAIDFREALENITH 2 & &, RO
DAL,

/¢



o FED A€ CITMLT dv=mck(Q)v D z RO FTERIZETH.

o mcf(Q2) ~ Q

o fEED A, pe CIiTHLT mef omef () ~me3, ,(Q)

o © D FERAM rigid 72 512, x A D addition & middle convolution ZERMEIEHK T 2 Z & T
PS8 1 DRI Plaff AT E 3.

7272 LAMEBETR ~ & EM T EROGE R, EBITFIC X 275 —I&H (2.12) K& > THERDPB L&
ST LERTS.

3.2 #HZ Pfaff RICK T S middle Laplace transform

— R, ZERDOCTROEE S middle convolution D F — X Step 1 TH X b= HERE KAMHER

HER
du
(x — T)% = Au

ANEWT B TH o7z (22T T IEESD x 12 &k S0t AaITH, A ZERITH). RKAREARAXIZ T
DEFMEE v = oo ZMEERER L T2 Fuchs BAREATH D, FZEHABRBOHTEITWEIZeh 5
4 DD EHL HED R W, ©2F D middle convolution & RARETER & Euler £ OMHMEOR X %
ERLEERTHILERD. 2O EHRICRDE A EETNS.

5¥M 3.10. middle convolution @ Step 2 IZH1} % Euler 12 MO ZEHUCE D B X 2 AN Z 2
7357

Z DEE &2 KR Plaff 3 (3.2) I TE® T, Laplace ZHOHEICFEITLTAH LS.
Step 1. LI L AR EET 2. HERX (3.2) DM u(z,y) ZHWT

Ulz,y) = (U(fr»y)7 u(@,y) U(I,y)) (UL, Uy, Us)

T z—1" z—y

Y¥ 5 CHARAR (3.8), TRbb

ou
-T)—=(A-1
(w-T) o = (A=~ DU
U _ (Gu | Gy ¢ U
oy y y—1 Y ox

Zii/ed. ZZTT,Al3Zehzh (35) THALNS.
Step 2. /7TEFR (3.8) 126 LT z /51D Laplace 254

Vix,y) ::/AU(t,y)e_m dt

EEZTAHAD (B A BEIPINRT 2 E51CL3). TR ECHISGATWS X5 IKEHAROER

9 ., .
(3.16) Ox 5
x — —%
EHIEREZT. 5z HAOFENX
1%



YZENT S COHERT v KT 2EMOTER LA L v =0 IKHEERES, v = oo ICTHEERR &
ZFD. 2% D Fuchs I TR WI LICHEEL LS. Mz ¢z TEl-T

oV A
(3.17) =" (T+ 5) v

rRLUTEL. 20O HERE Birkhoff 1B4EH2 ¥ MEIZN 5.
BT (3.8) @y HHOHEROEREEZ L5, FHEOEN (3.16) 2E 25 ¥ y HAorERNE

(3.18)

oV (Gu, . Gu,
' ( y y—1
2T 5. ZoHBERD y BT IEM RN AT B2y = 0,1 KHEERRA, v = oo I HEE
REREFHOAHENTH .

XoT(3.17) & (3.18) #F 2T V(x,y) Dli/= TFEE 3N ORI Paff R

) V = Gay(zV)

d d
dV = L*(Q)V, L*(Q) = —Tdx — A% — 2Gyy dy + GH‘*?y + Gy

On
G, = Iy
On

EBLET =Gy +2G,y EREZILICHETS. FTOEFEREMELTO2Z I LT, Euler &
IZBI LT Laplace 1% & 2 %5 &

PESNE. 22T

o RRENESDIBRIED 2
o REEREMDBIN S (Fuchs BTH U W)
o Laplace Zf#i%E 2 WA (505G v) DA HFERICOWT b RiEEREEDTN 2

WS Zehbhb.
Step 3. middle convolution DHE & FARICEIZERIANOFHIZ K o TEEIR D 2 HLD 13 (7R DR
RHRET)BRIEDTEZ0ESINEZRD L, ROEWD LD by b.

B 3.11. SERFENTIRESAT (3.4) &z THIY Pfaff % (3.2) TN LTKE % (3.12) TEHT 3. T4

bbb
U1
K§ o= vy | € ((CN)3
U3

YF5. FHE KE & (Gy,Gays A, Gry,, Grry) FETH 5.

v Eker Ag, (1<i< 3)}

1> THTHNDM (Go, Goy, A, Grr,, G, ) FHEZERH CN /K ~NOIEHZS ISR IS £ DMEHER TS
Ol % (_Bm _Bzya _BHl ) BH4, BH;) ERD LVCW@ X5 Ki%%’g"z):

EE 3.12. #E Pfaff & (3.2) 120 L THIE Plaff &

L _ _dr - ody - d
(3.19)  dv= ML (v, ML (Q) = (By +yByy) dx + xBay dy + By, % n BH%/ n BHsy—_yl

PG E 2 #1E% 2 /7O middle Laplace transform ¥ W\, ML* T#£7T.



Z ZETIHN LT EREHER, 771K (3.19) Offld

v(z,y) = Q/A U(t,y)e " dt

EWS &5 (3.2) DI u(z,y) ZIERL TE-72R7 MV U(z,y) ZHWTRRTES Z L ICHTEFERT 5.
22T QIIFZER CIN/KE NSNS 2R EITH 5.

EE 3.13. Step 2 OHFZ IR X 512 middle Laplace transform (& middle convolution ¥ & - THE
ERFE SRR LT T TWRW. §€- T middle Laplace transform 23D & 5427 5 X TEH U T
WREHIR DD EFARZ DS —ODMEE 2 5.

FE 313 WCHEL T, @ [1] THRoZ— MBI O2NTA LIBRTHE L. ZOFMXTIE
(3.20) du=Qu, Q= (Ay+yAsy)de+ (Ay + zAzy)dy + Z Agdlog fu,
HeA

L5 R LT Plafl % (A,, Ayy, Ay, Ay € Mat(N,C)) TH-T

(i) Ay & Agy EO0FHS KA LATAE
(i) Ay NA, £ 0RBIE Ay = 0. 22T A, = {H € A|(fur)s £ 0}, Ay = {H € A|(f), # 0}.

EWVWISEHETTT D DI LT ERE L FREDFIET ¢ /7MO middle Laplace transform ZE#& L, 5
22 DEMERTTHER (3.20) 2EPEHIC I > THETWA Z e 2R LE (AYIFEDENIESE
R B5MWI I TIIEMT 2). &M (1), (i) 2723741 (3.20) 126 LT, middle Laplace transform
@ Step 2 % Laplace £

— = -,
(3.21) O P & W) = / U(t)e® dt
xr — % A

ICHLY B % % Z ¥ T inverse middle Laplace transform ML™® $EHE L. 7277 L ZOERETHEE
IO

(3.22) MLE o MLTH(Q) ~ Q, ML 0 MLY(Q) ~ Q,

EHS TRV, ERREOZER: (3.16) & (3.21) WZ2h2h HBEXOBBEEZ T, B WVICHERIC
BoTW\W3 Z EIFHH SN TH %53, middle Laplace & inverse middle Laplace (& 2424 Step 1, Step
3 THEROMEEZ EFEETVE25THS. £ I TiiX [1] TEREFHL 7.

EIE 3.14 ([1]). &M (1), (i) 2z THER (3.20) O 2 FAOLFEXDENTHE LT, ZOL EWE
PN (3.22) BRI DILD. F/2 MLE(Q), ML Q) D x HADHBERTOTNBENTH 3.

AE 3.15. Middle Laplace transform % {# 21, middle convolution % i E R 214 % 7 U 7244 Plaff
R (3.20) WCETHRT 2 Z e TES B [1] 2 ZSRLFZEIV). FMEERERZROHEMS HERIC
DWTJIE [15], it [18], il [19] 232 2D 575 T middle convolution ZEFE L TE D, #iEE
DHEZES DWROZELIEEZ TV L ARES.

8l



33 B&flr L TOSEBIFHER

3.3.1 Humbert DBHREIEE O,
ag,a0,a3 € C\ {0} &5 5. B 1 OFYTE Plaff &

d d d(x —
du = (ali—l-ag i + as (@ y))u
T z—1 T —y

W20 LT z /M@ middle Laplace transform %% 2 % & {3 0 2R

dv = [f(G +yG$y)dacfAd— fomydy+G4 +Gr

(3.23) 1] %
BRONDE (Z0HE KL = {0} DT Step 3 I ARETHZZ L c:?‘z%f). T

0
0 0 Q. oz Q3
Gm = 1 , Gwy 0 , A= Q1 Qg Q3
0 (e%1 2 Q3
0 —043 0 0
Gy = 0 a3 —a3
0 —Qg Qg

TRAEAR M @1 Oz THIE Plal R AEMWTHMETH 2. %

o

]

TH3. ZHE Humbert ® 2 &
T=ZBHDIED i S RO TR

_ (o5} _ (o) _ a3 —txr = - __t @ dt dt
bRFFIELNS.
332 EEOSRIERAERS cFy

Y Pfaff & (3.23) ICX BIEMEAM L TAED. (a1 —az,—as —a3) ECZERFIRAXA—X T3y

H D addition
W - add%—al—aa —a2—u3)(v)

s, 712X (3.23) &
dy

dy
—(Gy +nyy)dm—A——xGlydy+(G4—a1—ag)?+(G5—a2—a3)y 1 %74

dw =
2T 5. 222 y A inverse middle Laplace transform ZMi3. ZDHED KLY &
KY =ker(Gy — a1 — a3) @ ker(Gs — ag — as)

THY, 5HETZ2L dmK, =2 TH22epbhd. HoTHROLNZHBRAOBEIEIIx2-2=4L%
%. FEBCEET 2 LK 4 OFYY Plaff R
( ) 5%,

—y Y

(3.24) dv = | B, dx + B, dy—i—Bld——i-Bg



oy
8
|

oy
<
|

—Qip — (3  —Qq (0(2 + O£3) 0 0 a3
N —a 0 0 o
B = 0 0 —ar -1 » Bz =

0 0 —ao(og + ) —ag —ag a3

o
oo oo
(s R e R e B an}

(%) 0 042(051 + 043) 0
0 a9 + Qa3 0 1
1 0 a; +ag 0
0 041(0{2 + 043) 0 aq

TH2. ZoHFENIEN [10] THRbN Tz, BEEE Fy O3 HEXD» 5 0ERTHE LN S 2 Z2HiE
B R (FEHEINC cFy ERe L) EARBEMIC T 2. EMOBIFRE LT

B3 =

v(z,y) = Q/ £ (t —1)°2 (¢ — 3)0‘357(‘11*“3)(5 _ 1)7(a2+a3)67twesy 1;7
A

L ds ds
¢:<77/\*a77/\ )
S s—1

(3.25)

BESNE. T 2T QIFF%ERM CO/KY = C N ERT 4 x 6 175

Z @ X 512 middle Laplace transform % addition X4 &KF % Z & TrREMEI TTRERIRIE Plaff 753
ROBDFERE Y PTRBIHERTE 2. 20oHGHRINICH SN TWELR- 723D BN TED
ZNOEH LW EBERIRHBZER L TWEeEZHN5.

4 HHOIC

BRICSBOBEERHRRT, AEEHE Az 21T 5

4.1 middle Laplace transform D KISERFA DA

Balser-Jurkat-Lutz [2] IZE M7 HRRXOWSEDOHT, Laplace 22U & 2 KA A TEAX & Birkhoff 4%
HETE D DX

u—T%%:Au & gg:—(T+AII>U

BT, RARBGER (L) OfER 2 AM oA Y Birkhoff SHER (Gll) @ z = 00 12HBIT 3
Stokes M (RREEHSRAGEIC B 3 ROBEH 2 K5 8) B4 L2 MSHBLTWS L 2AH L7
Balser-Jurkat-Lutz OFERIZFEEN LD DTH - 72205, —FH, £ L TRAGRESERD Laplace Z#uz L
P T Z 7%\, —77 middle Laplace transform 3 ZZE ORI Plaff RICH L TERZINTE D, 120
3 2 RN — B RARE G ERICER: (Step 1) LT, £ 21 Laplace Z#1% /i3 (Step 2) #
BT o TWV3. fiEoT Step 2 IZBWVT [2] DFEZIGH TR, ZORRZHIE Plafl & (3.20) ~NEIR
TE 3. THERHEEREN 2 oM TRERICH T % middle Laplace transform 7% W 7= Kl fig
DEAN R FHED DI 2 LI 3

F 721K (3.24) 1 (z,y) = (00, 00) WAMEER M2 Fr008, B [10] 1X5RHHL EH L iXh 52 24
BIROMHEER % W T (2,y) = (00,00) 1281} % Stokes fREZ KD TV, Z DGR % middle Laplace
transform DG 6 RET Z & b HEKFEWEEDO—D2OTH 5.



42 57 Pfaff RICH T B3 ELADEHR L DEAEHE

4 0]%E# L7z middle Laplace transform °—f#{t. X 117z middle convolution %, #if Pfaff RIIKF 3
BHEOZHOHN BT 2 Z L ZEERMETH 2. 2 2 TERA DL FREAEASANDHIR & v #
ERi&D T2 2 & QBEIRGEOHIZ PN T 5. B Plaff % (3.24) & {z = y} &V EFEICIR - THEE R
WEEFON, Z2I2BT 2 EEITY] By 1&

B3 ~
26!3

ZhG7z L TW5a. ZAUIHER (3.24) Dz = y DIAGHIBIT 2 MEZEM (4 X7T) D55, x = y TIERIRME
B3 XILST, FrEME (R 203) O 1 TR HZ I ZERLTWS. 2Tz =y CIEAIZRM
fi% vi(z,y), valz, y), va(z,y), FERMEEFROME vi(z,y) 85 5. va(z,y) 1d z =y TREEEZFODT
y=x ZRATE 22 TERVD, v1(z,y), v2(x,y), v3(z,y) KWEy =2 ZRATEILHTES. 25
LTE o 1 B v (2, 1), va(z, 1), v3(x, 1) 1F 2 BT 2 3REOMAHEROMIIMRL 22 Z e
3. IOz CHETIMAATEREMOET I %, HERES {z =y} NOFHIR 2 FER (Z OEHK
FROEHE —UIEDTICHER (3.24) #RBZFTITS 22BN TE3). BERNREECOVTEH R
JRRE [8] ZZRL T e L THRDAZEC , AEX 32) D {z =y} ~NOHlR LTz =0
WCHEERI R, © = oo ICPEERRAZ R 3 OHMD TER

" “ (5,4 2)s

MEHLNE. 22T

(0 ) (—ag —oo(ag +az) ar(az+az) )
Dy = -1 , Di=1 -2 ap—as+as 0 .
1 2 0 —a1 + oo+ ag

oA EATHE MR E LT rigid TRV, 207D —28 Katz BigO A (0 F D HMD iR
LTRTWS ) TIREE 1 ofiBCmETE S, KEEhARER B EZ2 5. Ly LSHEIRE
Hotta» e, ZoABERITEHIRATORE Plall % (3.24) OOMEDFER (3.25) WCHRT 2O«
BT 2 2 ebhh, ZRZHWS Z & TRORBEN (87 Fu I —RB, HHIRE, Stokes fREL
DEM) DFTREICIR 5. KB OFEHIIC O W TR SCEMTR L WS 2 b DV HIOERICES D,
DRFNEEXRIC Katz FHERIZH (middle Laplace transform, middle convolution) & ##f Pfaff Rz 3 2
BIEOZE e DABEDED TN ETH SN TWIRD o T RIBENTATRE R AR OR A ZAREICT 5 2 &
BN T B BLRZE O BARGIT B %4,

RIE Pfaff RI2H LTI, 4EELD EiF 7= middle Laplace transform % middle convolution, H#% s
BNOFIROMIC SRR LEESNDLER (HIRDWHE, 7105 BEOKRE WY Plaff RADIDIAA)
PRREADOETR - BT, BAALER Y OMA RIFENER SN, TN O 2K ED 7D OIEHY Plaff 20D
ZERNCERI S 28272 LTV a. ZOMOIERZMNTL, 2 LT §4.1 TR L A S OB TRIEZE
BISHRIVICEH R T & 2 2D TRER B MR L T0 R 22 S HROBHEORE LB TH 3.

* 5 A HER (4.1) 3HBEERICEN S Dotsenko-Fateev HHER ¥ W5 Fuchs BRI U TR R MO GTRERIE% 1l
FTILTHEOLND ZeHE T2 72DT, i#EH ITERE Dotsenko-Fateev A2 L IMATW 3.

&#A
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o

Upr+1/po=14+1/p &85 X572 1< p1,po,p < c0o XL, R 87 b+
B G LD Young DBEAAABNERDIIEER Y (p1,p2; G) &

Y (p1,p2; G) = sup{ [ * (92AP1)[l, | d1,62: G = C, 1]l = 1 2llpe = 1}

TEFRT S (P 1 p © Holder H4%, || - ||, 137F Haar HIELICBIS 2 LP /L4,
A:G = Rog BEY 27 —BF). 2o &, ABEOEHERIZTEOHE Y
HH C GIZHLY(p,p:G) < Y(pr,ps H) 272328 THB. ZOFREFEREK
D, G Lie #FPEAG A Lie #H2 & QBT OO0 HREE L 725
X9 RS Lie # G ITHL, r(G) & G OMRay 7 VHEOXRITTE TS L
Y (p1,p2; G) < Y (p1, po; R)YIMG—(C) 2722 Z ¥ DES .

1 #®Ic

AR TIEEFEEFOLHIOM X (Sat24] OMEZ F 5. {ia > 7 b G
LD Young DEAAANERDREER (MADORERLL) %= Y(p,py,G) & F
Y, EEOAEIEE H C GITHL Y(p,p2;G) < Y(pi,po; H) £725 Z AR
MROERRTH L (EH . Z D%k & LT, Beckner|Bec75|, Fournier|Fou77|,
Klein-Russo KR78], Nielsen|Nie94| 72 ¥IZ X % Y (py, p2; G) D L2 & DFHM % s AS AR
A Lie BERCHES AR Lie AE/Z & OFHBR T OHUDAHEIRRE L 72 2 & 5 238G Lie

* EX—/L7 F LR | takashi.satomi@riken.jp



B G BIIRRLZ. 974205, G OMKRa Y 7 MEOXRILE r(G) €52 L,
Y (p1,p2; G) <Y (pr, po; R)ImME(@) ¥ 72 % (T—ﬁ.
1<p<oo®Holder % 1 <p' < o0 %
1
p P
TEDS. Ffa>y 7 v G LK Haar PIEE dg 1T 2 LP Vo % - lp
rEX, B 61, 00 G — C DBEAHIAA ¢y % ¢ &

0% 0u(g) = [ on(9)oa(g™')dg

TEDD. £/, HHEHHER A G — Rog B3E—DFEL

-1 _ ?(9)
/Géb(g )dg_/c(g)dg (1.1)

b, TOAEGDEY27—EEEVS. ZDLE, Young DEAAANE
ROBEER Y (p1,p2; G) ZTRDEDIWZED .
EF 1.1 (KRT78, Section 2] [Nie94)). Ffia > 7 v # G &

1 1
—+—>1 (1.2)
b1 P2

ZHIT LI <pr,py oo WL, BEERY (p1,p2; G) %

Y (p1,p2; G) = sup{||¢1 * (92 AYP)||, | d1, 921 G — C, ||l = [|62]lps = 17,

1 1 1
—=1+- (1.3)
P1 D2 p

TED.

RO FAERIIROEHETH 5.
BE 1.2. 1< p,pp <o DR (12) 2H7T LT 2. ZOLE, EREDOFEFTa S
7 MG ODEEDRAERIHE H C GITNU Y (p1,p2;G) < Y(pr,po H) 725,

H 2 G OIEREH#Or %, &8 L2 3AEcHsnTng. $hbb,

Cowling-Martini-Miiller-Parcet &

Y (p1,p2; G) <Y (p1,p2; H)Y (p1,p2; G/H) (1.4)

8/



&5 Z "R L7 |Cow+19) Proposition 2.2]. HILHY72 Young D& AIAAHNER
BIR2A[(D) & Y, G/H) < 150T, X (@) »oEHE[LAD0ES. R
X G DAHED & ZITAREMIZ Beckner 23 [Bec75, Section IV.5] (%% LZM),
G H & G/HDFEMED & %1Z Klein- Russo 3AEA L TW 2 [KR78, Lemma 2.4].

FH (L2 v opromEAWElEEATYS. filziE, EF L Wo H 1cH
BIRER B 5 2 & LR Young DB ARARERARE S B 2.1][(1)). %
7=, EF[12l kb ¢ OHAITTRS Gy ¢ G MBIES (BIZIE G 25 Lie B) 725
2 Y (p1,p2:G) = Y(pi,psi Go) ¥72% (BI21][2)). L7eio>T, Lie # G HtL
Y (p1,po; G) DIEERRET 2121, BAITTRDDAE 2T LW, £/, EH
PO OaY R N RESHEER WK S RFFTa Yo VEE G T L
Y(p1,p2; G) < Y(py,pyR) 722 ZEDPE, Z DAGHRIE Fournier, Nielsen R0 #H
DLETOREROYE - I5RICH -5 (R2.2).

FER[L2)0FRE LT, S Lie BERLMERETIAR Lie B2 & 0 LHHTIR 2 O HD
AR L 72 % X 5 7t Lie #f G 12X L, #WKa > 7 MHOXIT r(G) ZHW
TY(p1,pG) Z LD OFHMETE 2. 37205, B G OOz #G tFEZ, ¢
OHLE Z(G) tEL , ROZRHDBKD LD,

% 1.3. H#H5 Lie #f G OWRE (BKOHEME AP IERETH) Z R<G L, GOD
MK 7 MEEORILE r(G) £ T5. ZOLE, #Z(G/R) < oo 251X,
AT EORMEED 1< p,p, < oo XL

Y(phPQ;G) < Y(plap2§R)dimG7T(G) (1-5)

e B.

Y (p1, p2; R) DfEIX Beckner 12 & DHARINIZEZ 5N TW3 (%% DT, H
bj: Y (p1,po; G) DEARINZR B2 & DR M2 5- 2 T\ 5. %m\ {DOMDGD
WA T TIA STV (FER2) 4, EEZEOHBEDY

Y (p1,p2; SLy(R)) < Y (p1,pa; R)? (1.6)

FHLWRERTH B, £z, BRI 87 b Lie B (RR2.2) SEMHEE Lie B (F
% R EDW L D0 Lie BRI LK DEEHHLT 5 Z L HHS
nTWn5. %@%IEHE 1213 Jing Tran-Zhang 12 & % Brunn--Minkowski DR D
Lie BEAND— (k. [JTZ23, Theorem 1.1] ¥ {Wl7z#kam % FW 5 [Sat24, Corollary 1.3].



22T, ARSI 2. Rtk B[RRI AT Vn 2 iR
RS 2. Bl aicik, &8 [L2 oI oMERHAT 3. W&ok, &2 v
Jing—Tran—Zhang @gﬁgﬁ%ﬁb‘f% ZAERHS 5.

2 BRBEEHRICEATAIMONTWVWAERE DL

2.1 FE[1rHMSNTVREREDOLER

Zoffitik, L Mo TV AEROBEE RS, £3, EH[L2 Dl
OHDfl% R 5.
il 2.1. ()EfITLe € G DA S22 HFR {e} C G X G DT THZDT, &
FE[1.27° 5 Y (p1, po; G) < Y (pr,po; {e}) DUED . EFTED Y(p1,po; {e}) = 18D
T, MR Young DB AIAAREN

Y(p1,p2G) <1 (2.1)

DD ILD. K 3% EBRD 2 DDA LN TN S.
(i)Riesz—Thorin DEH % FHWT p; = 1,p, DHEIZIFE T 5 HiE.
(i) Holder DARFERZ# DR LW 2 EHER 2057,
ZNENDHIER 2.1] DX TR LA TV S, Terp 13 G BL=FEVa
7 —THRVEHE S (i) oFETR HREATCE 2 2 2 BTV B2, FE
FEE VT WAV, Terp 13X % F\WT, Hausdorff-Young OFEFR%E—
D RFTa > 7 b EEEAYEIR U7z [Terl7] Theorem 5.2]. [3|&iNo @ [1.2]d
REFHNE [(ii)] D FIROIRIR & A72E B

£21 =® DIERADIRA 5N T U3 3Tk
G.1=_FJ 27— G . —f

(i) Weil [Weid0) Klein-Russo |[KR78| Lemma 2.1]
ii)| || Hewitt-Ross [HR79, Theorem 20.18] (Terp [Terl7, Lemma 1.1])

(2)G DWAITEHA % Gy € G 2T 5L, FH[L2 XD Y(p1,ps; G) < Y (p1,pa; Go)
b, Gy DEHES (FZIX G 23 Lie #f) 72513 Gy @ Haar HIE & G @D Haar



HIEEZ—BFT 2DT, Y(p,pyG) > Y(p,pyGo) &85, LizDoT, G2
PR G 72 513 Y (p1,p2; G) = Y (p1, p2; Go) L85,
FH[L ZFHVB L, V(o2 G) < Y(pi,psR) £ 37D DRBEA5M5)
Mo, TibB, ROFRHKDILD.
% 2.2. RER

1
—+—>1 (2.2)

AT EIR L < prpy < oo WXL, RATa> 7 bt G BT 2 XD
[(DIE)] A F~CRfEE 72 5.

()G 1B D a > 7 N RE B Rl 7w,
(2)G DENITTH T Gy € GlEa ¥ %7 M TR,
(3)G INAHRE Y LT R & [AAIZEA S #HEZ2 .
(4)Go WENAHEEY LT R & [AAIRBHER D EE 2 .
(B)Y (p1,p2; G) < Y(p1,pziR) £78 5.

(6)Y (p1,p2; Go) <Y (p1,py R) &78 5.

(DY (p1,p2:G) #1 2785,

(8)Y (p1,p2;Go) #1 2785,

GPL=FET27—DL XIF, — ¥ Fournier|[Fou77, Theorem 1
and Theorem 3] IZ X o TAEAHE N, ST LW EH DI UAT D L TAREK I
— . . . . H‘L?’L m Corollary 1.3
and Remark 2.2].

GlRAI=EYa7-RBReRVnEE, [3) « [(4)] & R OEFERSRE
J. = 1& Twasawa DFER [Iwad9| Theorem 13] & GleasonYamabe O EHH
(Gle51] [Yam53| Theorem 57] 2 H1E 5. = 1Z Nielsen 253ERH U 72 [Nie94
Theorem 1]. = I¥ Hewitt-Ross DFGHR % W TEE D LR D
X TRL7 Remark 2.4 (3)]. = [6)] = [B)] dEr[L2» 505,
— [(7)] e [L2] e fi[2.1)[(1)] > 55 5 . — [M] & [6)] = [{)] &

Y(p1,p2;R) < 11ZIREEN 5. Beckner 1 Y (p1, po; R?) DIEZBRINICE ZTW3
DT, KEWIZY (p1,p;R) < 1 ZFFHL TW3. Thbb, ROEEPKD LD,
EE 2.3 (Beckner [Bec75| Theorem 3]). fEED n € Zs; &R T AHI2T XD IRE




BED 1< pr,py <oolZXtL, 1§p§oo7§::_ttf‘ﬁ5§5}i

p

B(pl)B(p2)>n/2
1 ifp=1,00

Y(p17p2;Rn) = < B(p)

725,
AR 24. %% (% DHLIRT & % Brascamp-Lieb DAL |BL76| Theorem 1])
3Bk A ZEERID I 5TV 5.

(1)Beckner i& Minkowski DR/ RER % v THE2.3) 2 BE0ER

Y1) () = 121 + 22)12(21 — 22) (2.3)

DA[FET IR R Kb 5 I VRS L 7z. Beckner & Riesz-Sobolev DAL
Fi\e AW CEEE A L ERI B D EZ R L, I\ DFFECRIERAZEZL D
D Gauss BELDMD AL 722 Z L Zffi> THE [2.3] ZFFA L7z, Lieb (X
BOEEEAZ EER 572 0WHE SR DfFE Gauss BIDA LR 2 T L
(Darmois-Skitovich DEH Dars3| [Ski53|) % HFIZ W T Brascamp Lieb DR
FXZEERA L 72 |Lie90, Theorem 6.2].

(2)Brascamp-Lieb (X Y(p1,po;R") = Y(p,p;R)" Z/ "L, n — co D& T D
Y (p1,p; R") O ESHROIRZF;NZF AT 2 Z & THE ZEERA L7 [BL76,
Section 2.5]. & 5T, Brascamp-Lieb (& [F] Bk O & = H W T H Zx
Brascamp-Lieb O ANSEFUZHRIR U 7.

(3)Barthe 1% Henstock—Macbeath 12 & % Z28(Z# [HM53) Section 5] & EAN X4
IR OAEFEX 2 M o 72 X D EHERZRGEEAZ 5 2 72 |Bar98b, Theorem 1].
& 512, Barthe I& Brascamp-Lieb OAENTH FBROIEHAD KD ILDZ & %
7~ L7z [Bar98a, Theorem 1].

(4)Carlen-Lieb-Loss (ZBMERUTER OO ORI IZRFH @ T 51251 T
WRTEZeZ2MHo TR 1 @ Brascamp-Lieb OAEFERZFEA L 7 [CLLO4,
Theorem 3.1]. Cordero-Erausquin-Ledoux (& Z @ HFHH KM% Shannon D57
T b+ u v —OFHliZ W TEERA L 7z [CL10| Theorem 6].

iz FHHE % Brascamp-Lieb O AZFERITIIBIHE F 2 Bk 4 7245 R |Balg9

Ol



Ben 08| [Valog| [BB09| [Bent 10| [Vall0] [Bar+11] [Led1d] [Lehid) [IV15] [Bent17]
Bral7| [Gar+18| [Ben+20] 24—~ A4 |Gar02| [Car07| [Benl4| 23d 5.

2.2 R[LILHSNTUVBREROLE

ZOfiTiE, R ATV ARHEROEERZ RS, £2.2 T3V 250 G
ICOWTHR[I AP LAEEERELDTVS. GHAV T IO E, Gldaz
EY 25 —TH[L3]IFR =BT 5. LEdoT, R[LIYEAEMIC Weil 1
KhEEnTw e BIRY[L). 7=, (EEOMEE Lie B ¢ 12X LR .2 0 RIE
ZHEDIE)1E 7(G) < dimG & BFAfEICHR B, LD T, #Z(G/R) < 0o 2753
& 5 70584 Lie BE G IR L, R[L3[IZFR2.2| & DIV V(py, po; G) D L2 & D7 &
B ZTW3., ZZT, Nielsen (3XDEHEZIEHL 7-.

BZX 2.5 (Nielsen Nie94, Corollary (a) and (b)]). 1 < p1,ps < 0o D3R Al
55, GOHGEAEAIE Lie B £ 721 3#AEHEE Lie Bfo & X

Y(p17p2; G) — Y(pl; Do R)dim G—rank(ker(G—Q))

v%. 22T, GG OBBEHERNTH .

TR OER AR Lie B G 1ISX L r(G) = rank(ker(G — G)) ¥ 7% [Sat24, Example
5.2 (2)]. L7eddoT, G HHBEREAMR Lie BEE 721375 Lie BiR 513, HE[2.5]%
SR[LIDHES .

F£22 WOHDGICOVWTHR[LI| AL -EE

HAS Lie B G HE
a8y MR Weil (f1][2.1)|(1)
R" Beckner (F52[2.3
HUHEAER R Lie B Klein—Russo [KR78, Corollary 2.5]
HUASATAR Lic B - 7% Lic B Niclsen (F5[2.5)

F72, BHETHNINE S RERCE S 2, XOFEED LS5 1R ([L3 X v k-
5 DFHAiAT = % Z ¥ % Bennett-Bez Buschenhenke-Cowling Flock (&FERH L 7=.
E R 2.6 (Bennett-Bez Buschenhenke-Cowling-Flock [Ben+20, Corollary 2.4]). X
AT IR <prp <o lHL, 1<p<ooZi TEDD. ZD



YE, EED Lie# G EEED Y > Y(p1, py; R)INCIIX L, B B2 THRWVEES
HBEV C GPHEEL, BBV ICEEND X5 REEDORHIBEE ¢, ¢,: G — CIC
L

161 % (G287l < Y7161 [l |52 (2:4)

LIR5.

Bennett-Bez-Buschenhenke-Cowling-Flock @ 7T D & 3 Tl A5 % Ik E L T W
2. LipL, V C Gy £7%% X5 EY2DTIOREDR L THHEKER.02
& D LD, Cowling-Martini-Miiller—Parcet D |[Cow+19, Proposition 2.4 (i)] £ D
HERGHID Y (pr, po; R)I™C ZIHHTH 5.

BATNE DL NS RO D LT, HE R R [ & bl 5 £ T
W3, flZiE, G=5SLR) DL E, dimG =322 7(G) =dimSO(2) =14KDT
7 DD ALD. —7, %%J: DEREDY > Y(p1,pu RPIIH LD 22T
BROVBEDEREG V C SLy(R) BEIEL, BV IXEENS &5 RIEEDAHIEEEL
b1, da: SLy(R) — C X LR AT

3 TiE[1.2/ DFEEA

Z OFITIZER [L2 ZFHT 5. [3.1 8T, EHEORE H ¢ ¢ Lo Haar H
FE % VT G O Haar HIEZ2 TR 20 (M (3.1 2%H¥ 2. 3.2 @itk
Holder DRER (HHE BT 5 2 v T L2 oV 2 FERE 5
Z % (BIB.4). [3.3|Eicix[3.1]f v 3282 v CEM[L2 DI 2 et S 5.

3.1 BS99 EtZ AUz Haar AIEDRT

X=H\GtlL, gcGOLHEIRFET g=Hgec X £EX.
HRE3.1. HC G RRAMay 7 G O T 5.

(1)o|r 23 H DEY 27 —BIE 75 X545 28R 0: G — Roo PEIEL
T, EEOAHIBER ¢: G — CITHL

/H ¢(hg)dhi(g)



D H-ARITTRS.
Qo s zEETS. oL, EROAEIBEE ¢: G — CITHL

[ [ olhgrand(g)ag = [ o(g)dg
7% & 57 X Lo Borel HIFE dg 23FAET 5.

22T, EH[LZENHT 2720, MERIDOWL oroflERS.
WJ 3.2. ¢1,¢22 G — RZO %ﬂ?ﬁ”ﬁaﬁlk'ﬂ_é 1 < pi,p2,p < o0 iﬁiﬁ AT
5.

(1)g € G, he HEZHMU s(h,g) = ¢i(hg)d(9)/m £ § 5. WEBD] &b
S(@) = [, s(hgydh = [ 61(hg)" dni(9)
1% well-defined TH D, #i# ED
/. 8@z = lenll

E185.
(2)g,9' € GITNL t(g,9") = (da2(g7 g )26 (¢)NVP T 5. AEED K € HITXL

T g, g ydh = [ g, g dn
H H
L% 50T, WEpRAL)] X
— 7\ — -1 \p _ =1z 7\p2 /
T(Q,g)-—/Ht(h 9.9) dh—/chz(g hg')Pdhé(g')
i3 well-defined TH %. L7hi-T, HEBL2)] XD
= NI — —1p 1\p2 Nl — -1 _"\p2 g,/ — P2
[ T@7)dg = [ [ a7 g ydnd(g)dg = [ oalg™ g dg’ = [loall

E185.
(3)g,g € G, he HIZHL

-1} 4" P2 —1, 1/p}
(g, h,g') = (¢2(9 hg)(s(Ah()g hg)a(g))



r55. MEBIM| &b oy i3z HOEY 25 —BkoT, XL &b

, -1 "q"\P2 A —173,1./ ./
/U(g,h,h’g’)f’ldh:/ da(g~ hI'g ) Alg~hI'g)o(g)
H

5(h)
_/ §Z5 lh lh/ /pgA( lh—lh/g/)dhé(g)
= [ eag™h7 gy Mg g i) (3.1)

e HiITkskw, LidioT, Wi#3.1(1)|kDb
U(g.q) = / ulg, h,g'Vhdh
1% well-defined TH 5. R (LI), X @1), WEBIR]|LD, HED ¢ € GIC
XL
/ 9,9 dg—/ / ¢2(g™'h7 g ) Alg™ h ™ g')dhd(g)dg
=/G¢2 979 A(g” g’)dgz/Gcbz(g’l)”A(g’l)dg
= [ eal9)dg = l10ull

725,
@)s, t, uwBZhER[D)] [2) [B)TEDS. WEBY XD, TED W € H,
g EGK?]LL

d1 % (G2A1P)(Hg)

= [ e1(9)6alg7Hg)A g™ Hg) idg

= [ [ érlhg)onlg™ b1 g A T ) i dhi(g)dg
X JH

—1 / —13r —-1p1\1/p}
://S(h,g)t(h hg, g )ulg, A1, g)O(RTR)T
o(g)M/P

Liz5.
(5)#RE[3.1] & b

o1 % (@A )15 = [ [ 61 (62817) (R g dl'o(g )’
X JH
eikb. £oT

Flg.sg) = [ s(h gt hg. g yulg. b, g)o(h ') /.



r3ak, [(4&D

o+ (@) = [ [ ([ Flg.1,g)dg)" andy

725,

3.2 Holder DARER
EE 3.3 (Holder DAFENX). kil € Zoy 2 Li=1,--- k& j=1

WL

(o)
<

Gqsl(g)m’l---cb p“dg) o ([ortgre - atgradg)”

Yib., ZZT, j=1,---,1I1TRL

P1jC1+ -+ PrjCr
Cj:cl+...+ck’ ]:
c

&3 5.
Bl 3.4. ¢1, ¢o, S, t, T, u, URPIB2ADES1CEDS. 1 < py,parp

AT T 5.
(Hx &0

- 44— ==

1 1
P N P11 P2 V4 D2
Y1250 T, FHEBIED

(/H(t(h—lg’ g ulg, h, g/))mdh>

1/p2

<T(g,9)"*U(g,q)"/"

L%,

(2)7% i)

1 1 1 1 1
p *,‘F*, +1=p 2———=—+- =D
pP1 P2 pPr p2 P

LLITHRL

G-)RZO

< oo DT

(3.2)



b, RE2 AR p+1/py =1/p 5%, ko, BIB2M[E)E
H%[B.3 kD

([ 8@ 7(.9)""V(g.5)" ")
< ( /X S(g)dg '™ / U(g,g')dgl/Pi)p /X S@T(g,9)dg
(H¢1Hp1/p2u¢ sz/pl) /XS(E)T(E’?)@
Li2%.

3.3 GIFADFERE

Zofficik, #il[3.2 e a4 zmRvcEs[L oS xS 2. EH(L2 o
BHOAREIZ 1 < pr,po,p <00 DEZRDT, ZDHFEITRT.

FEIE[L.2| DR ([61]l,, = dallp, = 1 AT X7 ¢1,60: G — R ITHL s, S,
t, T, u, U%BIB2 FEEABAG|OE>EDS. corE, FI32>)]LD

] ([ P g)ag)" andg < ¥, po Y (33)
ZrEIE XV, Minkowski DT ARER LD

p 1/p p
([ Flan.g)dg) i < ( J ([ Fla.tgyan) dg) (3.4)
v725. WEBAL &b oy 3 HOEY 25 —BlzoT, FIB41)] XD

1/p2

1/p
(/ F(g,hﬁg’)pdh’) < Y(p1,po; H)S(g)Y/? </ (t(h_lg,g’)U(g,h,g/))”zdh)
H H
<Y (pr, po; H)S(9)/" T (3, 9)"U (3, ) /7
ris. LienioT, R[BE4) &0
P o . , V4

S ([ Flo.t.g)dg) di < (Y(upos H) [ S(0)7T(5. )70 (5.5 dg)

2755, érllp = ol = 1 £ BIBA[2] & b

([ 5@ 1.9 "0(.g)"dg) < [ S@)T(.7)dg

9/



25DT

/H (/X F(g, h’,g/)dg>pdh/ < Y(pl,pz;H)p/XS@T@’?)dg

¥7%. LihioT
| ([ Fan.gig) ditig <Y ps iy [ [ S@77)dsdg

e7%. |rllp = lloallp, = 1 EHIB2D[R)] &
| [ $@T@.9dgdg = [ | TG.9)d7S@)dg = | S(g)dg=1

t7%%07T, K (B3) 2H55. O

4 % 1.3 DA

ZOfiTIE, FH[L2 L Jing Tran Zhang[JTZ23| D% W TR [L3| S
. B3| DRER AT (ThOBEHEMEYOFONEREE Y £ 2) X5k
fhLie Bt G 2hk% A 35, EEDOHEMGAME Le BHX AICEEN2 ZEICHEET
%. G Lie BE G QMK Y 12 NEORTTE r(G) £ 5. R[L3 AT 27
D, ROMEZRT.
B 4.1. FCc AT ICFEBAG) PEFEF->TVWELE TS, G/ Hec Abd LD
7% G e ADEEDHFEPAERI 78 H e ATXL

d(G) > d(H) + d(G/H) (4.1)
LB TEH.MEDG e AT LAER 1(G) %
d(G) > d(R) dim G + (d(R/Z) — d(R))r(G)
TEDS.

(1)G € ADKHIEMEDEEH c ADG/H €c A%ATT T35, ZOrE, I(H)
v [(G/H) BHFRoE, 1(G) bA=T.
UEE DI B IHERE A AR Lie # G 1 1(G) AT



(3)E B, EFED Ge At G DIEREDOHEFEEAT TR H € ATHL
d(R/Z) =0 < d(H) < d(G) (4.2)
YRBETH. ZOLE, RO Ge AXIG) BAHET, THhbL
d(G) > d(R)(dim G — r(G)) (4.3)
LiR5%.

Jing-Tran-Zhang 6izﬁgﬁg03ﬁ% % FI\WT Brunn-Minkowski D RERD Lie
B EANO—{t % 5 2 7= [JTZ23, Theorem 1.1]. Z Z T, @%E Dhl%E R 5.
il 4.2. (WVEEDGec At G OEREOHEMAERTAE H e AL @1) o

LEMNBILT L E, TREOEMEAE Lie B G ISR L 1(G) DHFEESDHILT 5
ZrERRT. GHEAWESIE, dG) % —dG) B E R THE4L[2) 2
32 ZeTHE I(G) ODFEEMBRILT 5 2Rt d. G BEHBARROIE,
G2y DEEMNWRILTHIL ED dG) = dG)+d(G) 7%, LIdoT,
dG)=r(G)=0 723D T I(G) DESHHILT 5.

(2)384E Lie B G 12X L d(G) = rank(ker(G — G)) ¥ 3. ZIZT,G1kGD%iE
WEL T5. O %, EEDOHEAE Lie B G I L dG) =r(G) 723
ZLERT. 2T, GEGOEEWEHRTH . ker(G — G) & G OHAHE
m(G) & [FAITH % HN12, Theorem 9.5.4]. fFED G € A & G DIEE DS
FHIERRER 0 BE H € AR U m(H) — m(G) FBHT 7 (G) /i (H) 1& 7 (G/H)
¥ A7 DT [HN12, Remark 11.1.17]

d(G) = rank(m(G)) = rank(m (H)) + rank(m (G/H)) = d(H) + d(G/H)

5. LidoT, & D EE ORI E Lie B G I L I[(G) DFES DK
V35 ZDXE, dR)=02DdR/Z)=17%2DT

d(G) =d(R)dim G + (d(R/Z) — d(R))r(G) = r(G)

Y5,
Wl BT 2720, ROMEE [T
8 4.3. G 2 Lie B 35,



(WVEEDOHEREESH H < GITNL »(G) =r(H) +r(G/H) £ 72 %.
(2)dim G > 2 2»D G D3RR Lie #1752 513, ROZH[()]% A7 7.
(G/He AD1<dimH <dimG £722X57% G OHIERESH He A
DFET 5.
3)G € A 2D dimG > 2 £ ¥%. ZOLE, G H|() 2ALERVELI,
dimH < dimG R85 E5% G DD LG H € ADFELT

dimH —r(H) =dim G — r(G) (4.4)
ER5.

BB (WK cGZGomRKary < Z iessL, KNH Y K/(KNH)IZZh
ZFHHE G/H ORI 7 MTH S [HN12, Theorem 14.3.13 (i) (a)]. L
7eho T

r(G) =dim K =dim(KNH)+dim(K/(KNH))=r(H)+r(G/H)

5.
(2)G XAfE Lie B2 DT dim(G/H) = 1 272 % X 5 725845 n] @ BA IE R 70 B
HAaGPHFHET S, 2O %, dimG>2%

dim G = dim H + dim(G/H) (4.5)

b1 <dimH < dimG %%, dim(G/H) = 1 &Y G/H 0 Lie B2 D
T, G/He At#kd. LEkhoT, GR[[)|eA7%T.

(3)G DIRE: (BAFIMHEFEPAERE 7)) 2 R< G €35, dimG > 22D G
i [() 2AEERVOT, (2] £ G FAE Lie BETIIRWV. LEdi-> T,
dimR < dimG £7%%. Ge A XD G/Re ALBBDT, GH[[H)|EALI%
WZr &) GIEEEM (TR dmR=0) Y75, G=KAN 25BN H#
358, BAEOHEE H .= AN C G I3HGERA]# Lie B TH % [Kna02, Theorem
6.46]. L7z23->TC, dimH <dimG, He A, 7D, r(H)=0&7%5%. Ge A
XD KCGEGotiRkary 7 bR dD T [Kna02| Theorem 6.31 (g)]

dimH —r(H) =dimG —dim K = dim G — r(G)

10C



YiB. 0
WA ()I(H), 1(G/H), BXT®, R i)
d(G) > d(R)(dim H + dim(G/H)) + (d(R/Z) — d(R))(r(H) + r(G/H))

v7%%. LiehoT, R (L5) W32 1(G) 25>,

(2)dim G BT 2 IRIET/RT. dimG =1 R2561G =R ELEF G =R/Z &7z
5. r(R)=0&D I(R) ZA7L, FAKIZr(R/Z)=1&D I(R/Z) ZAHTT.

dimG >2 2935, RKILH dim G RiwdD & ZWZHEmSIMDIIoe L, I1(G) %

RY. G Lie B 0T, WE[43[2) kD&M 2AET. corEH
¢ G/H \FEAGA] i Lie F72 DT, WNEDIRE LD I(H) & I(G/H) 23D 37
2. LEdoT, [ &D 1(GQ) DD,

(3)dim G BT 2 IFNIE TR Y. dimG =0%R51FX7(G)=0RKRDT

d(G) > 0 = d(R)(dim G — r(G))

Y75, dimG =10 & GUEAfR LeBETHS. 2oL X, (2 &b I(G) %
AT

dimG >2 2 ¥ %. KITH dim G Ko & EHRDPEDIOL L, 1(G) %
RY. GHRE[OEAETE 2RO 66 0T, KE[QEALERVE
KT I(G) BRBR IV, oL E, M3 ..J:UdimH<dimG L83 &
572G OBHBHHAEEH € ADFELTR @) 2A%T. WNIEOIGE X
b I(H) Z#&HTDT, R @E2) X (43 &b

d(G) > d(H) > d(R)(dim H — r(H))
%, LkhoT, K @4 25 1(G) 2185. O
R DI EEORFTa > 82 MEGITHL d( ) = —In(Y(p1,pG)) £F 3
&, EROEMPAERE IR H <G LR (1
d(G) == —In(Y(p1,p2; G))
In(Y (p1, p2; H)Y (p1, p2; G/ H))
(

= —In(Y(p1,po; H)) — In(Y (p1, p2; G/ H))
— d(H) + d(G/H)

101



bR (@) 2ART. EROMEOE H c G o LERL2 XD
d(G) = —In(Y (p1,p2; G)) = —In(Y (p1,p2; H)) = d(H) (4.6)

7%, B0 &v
d(H) = —=In(Y (p1, p2; H)) 2 0 (4.7)

%Y, R &0 H = R/ZBHEEEIHIT 5. R R SE:N
DR DLDODT, MiE[4.1(3)| & D G e AT LR {@3) 2ALT. LidoT

Y(p17p2; G) — B_d(G) S e—d(]R)(dimG—’r(G)) — Y(pl,pQ; R)dimG—r(G)

185, O
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FENERIER & B D INERI R Bz DWW T
BIEEE  (BIIAT)

1. [FL®IC

2 G DED 0 THARIFIERNESBERNR, By, DUEsEn. A THRETHEHA SN
TBY, Bhr—o, B&. 774 ERYE, SEIEREMTHRIN TV S, A
X CUE. Denneberg [4] IZIEWV. 25 ZIFIIERRIE  FERZ 15 %, FEMTEARTHI
FEWCB L Cldkk A2 RBEDBEESIRE SN TE D, 2h 22U - JIH OMWiE THf%E
PDEDOLNTVWD, ZOHTRIEARANZDDEEZ NS DT Choquet FE7T T, Z
AT ERRE, ERLEZ Y D (8, 10, 25] OFEAWLERICKR 5,

FENMERIRE 2 IMEMESBEB TR T Z 2 E, Hr6MAINTE, ZOHFT
XD EML7ZDIERota[19)1C &k 2 & T2 CRREHZ A Lz X o AZEHOMERT
b, X 2ARESL L T2Y LOIMENESHEEZ T2 2E£E58B v %
V(A) =Y poa(-)NBIW(B) TED B, OV ZpDRALTRAEHLE VS, ZDL X,
w(A) = X peav(B) DD LD, TORZ IFIERRIE p OINERRB L WS T &
25 %, ZoRFBRAIE. &< 1d 1950 FRD Shapley[23] DF@Icb AN 5, Fi-.
Dempster-Shafer [22] T3 Belief BIE D HAMERE D H T w5 Az 5 2 & HGEEHLD
HEROFE RS Ro TV,

INOEIGET 2 2 dHILHRASNTWVWS, BREEH (13, 14, 15] &, &3
7 4 V&R — e WS R 2 PR LIFITERHIEE & Choquet F877 D INTERBLE#E
Zs LIEIMERIE DS 2 O JEInEE 2@ C T EEMOM B ZRIT 2 w5 i
MERREL7ze BT 32287 MMEGDERDOFETRRICE T % Choquet DJE
M2, 3] DIbHE LTHUOEHEIE 6N S Z e Z/R L7, B, Choquet DEHIZD
W T EE Phelps[18] D€ / 75 7 ABHIIR S URE [11] 1 & 2 FFEHHEEE THUE) 1248
HXNTW5,

—77,Denneberg[5] 1& Tilde operator & W IR ZEERESHITEA L, IEMEN
HIEE DAMERRBDILR 2R U7z, Z4UE 1950 4R D Ruvuz[20] DFX T bt &
TWebDTHE0, ObIZ, fEHHICRD DD ZhZ2BIE L O 9] T h
TW3, %7, Denneberg D37 — LMEHD 77EFTD Gilboa, Schmeidler [6, 7] 52
Marinacci[12] DR ZHE— L. —fBILL7=dDTH %,

AL TIE. TS DIENRIAO T ERLHERZMBIL. 20 o OABERNICFE U
e MEE S RHICT 2 2 2 BE T 5,

2. IEMERYAIE & Choquet &9

COETIE. JEIERRIEE & 2B $ % Choquet I DER Ll S 2 ED. bk
RELAGER 2 R T,

EE 1 XZ22REEL L. X220 -HREK Thbb, (X, X) Zr[HIZE/R e 55,
FENMERIPIE 1 20k, EEEESE L X — RY (Rt =1[0,00)) TROMWER D
DHLDTH %,

AR E (FREERS : 25K15266) DB A2 Z I 7=dbDTH 5,

*e-mail: nrkwyQeng.tamagawa.ac. jp
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(1) p(®) =0
(i) (H#M) AC B AL BeE X TH3 L Z u(A) < u(B).

(H

X, p) & IENMERRIBEZER & v D,

)= oo THRERVWEEDDHINIZTIF0 < u(X) < 0o THEDHDET 5,
=, JENERVRIEE p DHAR ¢ % pé(A) = (X)) — p(A°) for A e X TERT %,

ZZT. BRI O%EEE B e &, JEATHRGATHREROREE BT ¢
ML ZeITT 5,

(X,
(X
ok

EE2 (1,13 p % (X, X) EOIEIMENRIEL 32,

1. f € B" @ pu 1ZB83 % Choquet B3 1

©) | sau= /uf )dr

TEFEEINS, T Tup(r)=pu{zlf(z) >r}) TH 2,
2. u(X)<oo TH2EZE, fe B DullhF % Choquet T

©) [ fan=(c) [ rrau—©) [ 1
TEFRINS, ZZTfH=fV0,f~=—(fN0) TH52,

FENEERIRIEE 112 BE 5 % ATHIBEEL f @ Choquet #8771 % Cp(p) £ 2 ddH 5,

& 3 X LOEABEEu 2k B (k-monotone) (k> 2) TH B LT A, A, e X I
LT

U4+ D =)Mu()4) =0
=1 I1C1, k,J#0 el
DD DZ L EN D,
FHZ, k=20 &, 2-HFEEH
(AL U Ag) + (A1 0 Az) > p(Ar) + p(Az)

7%, TOLZE, BEY 27— (Super modular) W5 2D D,

F7e. p HIEHGH (Totally monotone) L AXHFHDTRTD L > 2 10 LTk il
THBIeZ2 VI, L. u(X)=1TpuPEHFHTDHS L & =, i3 Dempster Shafer
H5R [22] D Belief BT H %,

(X, X) LOIFIMERNREDOEEZ FMT &< RICFM = {u—v|pve FM}.
Y FM = {p e FMHu(X) =1} &5 5,

f€BTIIHMLT,BHRC: FM — R % Ci(p) := (C)/fd,u TERT %,

AeXITHLTC,=Cy, ¥ LT 2, ¥D fe BT ZEELTH CHIEFM
LoEERTH %,
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EEAFMEONMHEEZ S, TRTOACX INLTC, T 25 - W
fiitl%Z X - topology &\ 95, Fhe, TRTDfe BT ITNLTC, Z2HEHICTE2boL
H WA % B - topology £\,

EEDS X ZRI MLVEREL, ACX &T5, ADMTEc(A) I
c(A) =n{Y]A C Y,Yis a convex set}.

TEZRIND,
1,02 € AWMU T =Xz, + (1 = Nag; 21,20 € X,0< A< 1 BB = =2
MDD E o€ AZADHRE VS, A DHHOEEE E(A) L2 <,

EBEO6 IRNTODAc X ITHLT,0 2411 OfEZ & 2IEIMERHIEZ 0 — 1 JEIE
MREE WS, X ED0—1 IFMENRIEREDOESE FM, L2 <, THhbb,

FMy=A{ulp € FM* X — {0,1}}.

3. X 74 L 2—DiE5H
COETIE. BR-EHF13, 14, 15) 1T LD>T, I 74X = v R—=T Y X—
X B RBEHNT 5,

EET (X, X) & (YY) ZA[HIZEH L § 5,

1. ROEGERERTEBRH - X — Y BX HEY ANDAL VX —TYR— NS,
(a) H(0) =0,
(b) ACB,A,Be X 4513 H(A) C H(B).

2. HBX oY NDAVR=TNV2—-ThHdr %, (Y, V,H) % (X,X) DL
VI,

3. HIZX 28 Y ANDA X —=T1) Z— miZ(V,Y) Lo GHHEER) MEAHIE
ELTCpu=moHMBEVIDEZE, (VY m HIFudA>rR=T1)X-FKHL
W,

(X, X) A2 & U, p 2 dEERRIE E 32, YV 2 FEoBXE (0, u(X)) & F
%, THbHE. Y =(0,u(X))e THZYEY DRVAVEEIR, miZY Eorx—7H|
Er32, 22T AVYR—TVXR—H: X =Y % HA) = (0,u(A). Ac X TEH
35,

ZorE. (Y, V)m H)EudA 2 —=)X—RE L5,

TROBLUTDOEHEDD LD,

R 1 (X, X) AR Y Ly p IR Y 35, p04 > X7 ) X — %5
PEET B

FEMERRED A > &2 =TV X —REWIERE 2 530, ER[15] TIEREOH
REEA LT,
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EE 8 (Y, Y, m, H)DIENENRED A > 2 —7) Z2—RFTH 2 & {H(A)|X € X}
THERENZ c EEARE Y 2L, T2Ty 1 ODIENEMHEIE T2 2oD4 >~
=TV R —=KB%E R = (Y1,V1,m1, H), Ry = (Yo, Yo, mo, Hy) £ 5%, Ry & Ry
FMETH 2 L& Vi, m) 225 (Yo, mo) NORBBEMR T HFEL T o Hy = Hy DD
D'V,

EE9 (X, X) 2r[HIZER T 5,

L (X,X) EOEI T4 R—0 LIZZETRVX OWMIES (0 C X) TROWEE
7= TbDE VI,
(1)Dgo, (2 AcOdhrDACBeX THE1RHIXBe.

(X,X) LOFTRTOELI T4 NE—DEEZ Sy e L. B Hy: X — 25 %
Hx(A):={0 € Sx|A €0} TEHRT %,

ZIZT{Hx(A)|A € X} ITXoTHERINS o-HEWERE Sx &H <,
2. (Sx,Sx, Hx) % (X, X) ORED7=DHDEEH L VS,
IR CTHROGEDHIZ R THEI 5,

Bl 10 X = {z1,2:} D ZFX = {0.{x1}, {22}, {z1,22}} TH 53,

DX, EIT4NER—IZ

Oy = {{z1, 22}},

0o = {{z1} {1, 22}}

05 = {{z2}, {21, 22}}

01 = {{z1}, {z2{w1, 221}

DADTH B, Li=DoTe Sy = {01,0s,05, 0.} L7125,

DY E Hy({11}) = {05, 04}, Hx({zs}) = {0,604}, Hx ({1, 22}) = {01, 05, 03,04},
A

Hx({or}) N Hy({z2)) = {61}, THBZ L ;b Syl Sx DRNEEATH B, Thb
B Sy =25 TH %,

T 2T (X, X) EOIENIERTHIE 1 %

p({x1}) = mo +ma

p({x2}) = mo + m

p({z1, z2}) = mo +my + mo
rL&S, TOLE Sy FONERHIEmMm %

m({01}) = mo, m({62}) = m1, m({03}) = ma, m({0s}) = ms,
ETHIENTE S,

FEIMERRIE D 4 > 2 — 7V 2 —REZEBE Z o 50, EIK[15] TIRFEMEDHEE
gt YNy
E&E 11 (Y, Y, m, H)DBIFIERHED A > 2 =TV 2 —-KBTHDH L =
{H(A)|X € X} TEBENS o E£E&KE Y L2, 22T 1 DOIENEMHIE
5@‘?‘5 20@/{ “/5?——701) &—ﬁiﬁ‘% R1 == (Yi,yl,ml,Hl), Rg = (}é,yg,mz,HQ) Z
ERAE
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R1 t Rg ﬁllﬁﬂlﬁf‘%é t Ci\ (yl,ml) 7\77)% (yz,ﬂ”LQ)/\@IﬁJEgg'fg%Tﬁ)ﬁELToHl =
Hy BSDLDZ & WS,

EE 2 (X, X) LOIEMMERRIE 1 2 LT Sy EOIERNHIE m BFEEL. R, =
(Sx,Sx,m, Hy) BpdDA v R=TVRX-KBELL 2, 5/, FEDA V&) X—
K RIZIR, LAMETH 5.

KIHDTICEHLTRTWI 5, £9, #FETHEEDE 2 5,

EE 12 JEINERRIEZEM (X, X, u) D4 Y R—=TV 2 =KW % (Y,Y,m,H) &35 5,
X FoOIEEFTRIBIE f i LT Y EoBI#, & ip(y) :==sup{rly e H{f >r})} T
ERT Do iy HICEDERSINLATHIBE f DA ¥ 2 =T Z— LIS,

Choquet FE73I12B U TIX A T O RBUEH DAL D 31D,

FE 3 (Y, Y,m, H) ZIEMENRIEZER (X, X, 1) DA Y RX—=T)X—RH, i;% H
WX DAERINZIFEMERRIBEK f O v 2 —T VX -2 T 5L,

(C)/fd,u—/ifdm.
DAL D AL,

TEEL2 LIEF3 2 5 LUNOEBAIL D AL,

FIE 4 (Interpreter representation theorem) (X, X, u) % IENIERHIEZEM & 55 &,
Sx Lo AR WEm BEELERD f e BT T LT

(C’)/fdu:/ifdm
3L 3D

ZZT, BlIoTCOETORETFERTAL S,

ﬁ] 13 X = {1}1,552} Z L/'C f([L’l) = yl,f(llfg) = Y1, Y1 S Y2 ZT%O
ZDEE,
H({f > yl}) = H(X) = {91,92,93794}7
H{f > y2}) = H({z2}) = {05, 04}
THhH,
ig(61) = y1, ip(02) = yr s ip(03) = 2, ip(02) = v2
%5,
Z ZTC.

m({01,62}) = m({01,062,63,04}) — m({0s,04})
m(Hx ({z1,22})) — m(Hx({2})) ,
= p({z1, 22}) — p({22})
m({0s,04}) = m(Hx ({z2})) = p({z2})

7% 5DT
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Jirdm = yim({61,0:}) + yam({6s,04})
f(x) ({1, z2}) — p({22})) + f(22) p({72})
= (O) [ fdu
TdH 5,
SR - [16] 137 — X OTR(LE BIEIC LT, A ¥ 2 — ) 2 —REI LS 1
JEIMERRIE ORI X 2 FRICELD fHA TW S,

4. Choquet DFEIBICEDLV-FKIR
ARETIE, 227 MYESDOEFRDETFRICE T % Choquet DEEEZ FIH L TIE
HERIRIE & Choquet FE 5T DRIAZHENT %,

BUR. Choquet D%#F ¥ L THIBN S 212 LTz o TEARNREER 2B L X 5,

E % NURFLZRMZERE L. Y C Eday 7 b T TH2ET 5%, YV |
DR MBERBOELEE SY) e BE, AY) =SY)N(-SY)) T3, K(E,R) %
ayvr vV eBEELOEGEK S E - ROERL TS, K(E,R) LITiZf >0«
f(z)>0foralz € E CIHFZED %,

ELDZ ¥ oWE 3 WERy: K(E,R) - R TIIEDaY 7 MEEY CE
WX LT, My > 0DFIEL T, f € K(E,R) 72 supp(f) CY 251X u(f) < My||f]|
DD LD DZWVS, TIZTy supp(/HIEfDETHY, ||-|[i&sup /IVLTH 5,

E L7 P VHUECEEEZ R(E) £ %, R(E) \Zpu >0 < if and only if u(f) >0
forall f >0,f € K(E,R) CIEFZED %,

ZONERFICE DEDBNEED S F Y HEQESE RY(E) L, RYY) LOIEF
< ek, Thbbu<ve u(f) <v(f) forall fe S(Y) THb, <IZBT MK
Jtm € RY(Y)DFEL. THZMAHIEE WS,

0 € R(E) HUT [[ull = sup{lu(IIf € K(E,R), ISl <1} &L
RYi— {u e RYElull = 1}. £F 5.

EE 14 El3Hausdorff BT ZEM, X(C B) ZWEEGTay 2 bed5. ae BN
€ R(X) DVHIILE YT (resultant) &1k, EED E D5 RADEGHIZEBR ¢ 120
LT

BRDILOL EEE D,
EBEDp e R(X) WHLTYHFARY MEME—FFET 5 [2, 1 R(X) KWVT3
VPR M Er(n) L5 L

IR Choquet DEHTH %,

FIE 15 (Choquet Theorem)
E 3 Hausdorff AT ZERH, X (C E) 3WEETary 7 red5. (EEDz e X I
Bf U THORHIEE e RY(X) BSFEL T,

x=r(u)
ZLT, fEED fe S(X) LT

X\ Xy) =0
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X DIFEEED TR EED & =
(X \EX))=0

[ RAR G ERERE Y L f(Y) = inf{g(z)lg € (—S(Y)),g > f} £F 3,

Y B f OBREGLIRY, = {zeY|f(x) = f(z)} THE LRV,

ZZT. FMIZTBT - topology ZEA LT 5 &, ZUINY X L7 FIMZERT
HH, FM' Zar Rz M TH 3,

feB* 0:5@‘L’CB§§&hf FMY = R hf(u) = Cf(/i) TED S,

ZDrE. h 3B TEEITH B, Z T Choquet DEFE CEH15)1C&L D, MK
7 RVBIEm € R(FMY) DIFFEL hy = m(hy) DD D0 EBIZm(FM\Ga) =0
TZTGy={pe FMHu(A) =0or p(A) =1}, Ac X.TH 3,

V) —ZADORBEEEFHT 2 L ROEHEBIE SN,

5 FEDOpu e FM,ITHLT, MKS FUBHIEREFEEL me R!

©) [ sdu= [ yam

for all f € BY R DILD, /oy TRTD A e XITHLTm(FM\Gy) =0T
H 5,
b L. FM DEEHEHIATRED & & m(FM'\ FMp) =0 23K D 722,

(hg,m) % (f, 1) D Choquet RILTH % L5,
FM' OB RTREMEIC O W T RO MEDRIL T 5,

forE 1 BT Al ThHhUR. FMUIZA[ 50 oEEEHIATRET H 5,

iz, Choquet RIAD—EMZMEIT 5, £3. Choquet BIKZEFKT S, Y C F
Zayy M RMERE T 5,

Y ={Dz,\)/zeV,A>0} BXUY =Y -Y ¥ 53,

Y %% Choquet BIATH 2 L 1d, 1,2, € Y ITH LT sup(xy, z2) DIEET S Z LT
HbH, ZIT. ZITIHFEGR < BRDOEIICEREIND 1) <19 & 19— 1, €Y.

Choquet READ—ETH 2 Z L 1x. FM! 7 Choquet Ik TH 2 Z L L[EMETH %
2] o LU FM' IE—fIZ Choquet A TlE A\, L7225 T, Choquet REUIH I
—E TR,

5. Denneberg DIEH

Denneberg l3#1®12 X DEERE (algebra) A 2B T,. ZhE o— EAKITHLE
T2LWIT7TR—F o TV, FTMEL LTHES DRESICHET 2D
TH %,

BB 16 LIZEARB LT, A, A, e X iTxLT

I
1Ui'€:1 A + Z (_1)| llmz‘el A T 0
IC1,- k,I#0

) AIRVASR



ALED{0,1} 0%y 2EEHEE) tBLLES, = {Ac An(d) =1} ¥ 5,

EE 17 Ac AT 2 —HS — 4 (unaminity game) uy € ]—“Mé =8

1 ACB
va(B) _{ 0 ZhLMDHE
TEHRESNDIFINENHETDH 2,

Denneberg 13 2Nz ¥ — XKML MEATED, ZAUXT7 72 1 DXARTIE, 0 — 1 &
RENEEIINE b DD, usFEES 257 —ThH 5,

WwE1ALDO{0, 1} DR 2EEGBBnT(X) =1ThH22T 2, nHBEI 2
FT—TH2ILe D7 4NKX—TH23IBFMETDH 2, £/, nDINENTD 3
TS, B4 NE—THZILIFFAETH 5,

ua W3 % Choquet I LTI RO D > Z e X LHISNATWS,

M2 Ac A LT, fIZATHIBER T3 &,
©) / fdua = inf f(a)

EE 18 FME. (X, A) L0 -1 IEMEMHEOEEERT I 2ITT 5,
(X, A) LOFTRTO—HTF - DHEEE FM;, TRL, TRXTOMEEY 27— 0-1
FIEMMERNRIEOREE R FM,, LR,

B & 22 FMG, C FMy, C FMy TH D, Fize ADERORHI FM,, = FM;,
725,

Bl19 X = {z,,25} £ T5%, 2O &, A=2XTFMEFTDORD4DTH 3%,

{z1} | {22} | {z1, 20}
7 0 0 1
Mo 1 0 1
N3 0 1 1
M4 1 1 1

ZDLE, FMy, = FM, = {m,m,m}t TH%,

Z Z T Tilde operator €3 %,
E&E 20 ZAUIATHIBEEL f: X — [0,00] IZXf LT
flu) = () [ fin.n e Fads
AcArLTf=14F5%, f(n)=1s=n(4) TH2,
Ac AIHLT, AZRDEIITERT %,

A= {n e FM{n(A) = 1}. N N
Flo. TC2X THB7 7R LTT = {A|Ae T}, &2,
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Bl 21 BI19DD LT far) = yi.f(22) = o, (31 < y2) LT, @2 kD,
Fm) =y, fn2) = w1, f(ns) = v, fm) = y2 7850
%7}:\ {21} = {n2,m}, {z2} = {3, ma}, {71, 22} = {1,102, m3,ma} D

A= {{n2,na}, {n3,ma}, {m, m2,m3,ma}}t TH Do
Tilde operator IZB8 9 2 BEANLREEIZILL TO B TH %,

BME3c>02LTf gl AnHIBIE Y 3,

1. gf:cf
2. —f(n) = -1
3. f<gmpid <y

4 fre=f+ec

5. n€FMy, DL %,

F+9(m) > Fn) +3(n)
 fogDHEH((f(o) — FW)(9(x) —g(y) 20,0,y e X) DEEFrg=f+7
7. f>0m€ FM,DYE fla(n) = ()15(n)

8. fAg< FAG

—~— ~

9. fVg<fVyg

10. f Ag(n) = (FAG)(n) for ne FM],

D

IN

N

f:X = R%Z AR T2, M; 2, fOLHEE {z € X|f(z) > a} D

—_——

l.a€ RIZOWT{f>al ={f>a}
2. Mf:/\/;l-}

— T ADEESREBTH > TD AlZ27M FOESRETIER WV, 22T, UTFo
EORERINEL S,

EE 22 D C 27Mo, D, C 27Mou BXUD, C 2PMo. 3, X 3 2FMo, 2F Mo B XU
Mo IZIBT REBIC Lo TATHERINZESREEET,

FM, % FMEFME, £7201% FME, OWThprOEAEERTER Y LTHER L.
D, % D,D, £721% D, ¥ LCTHAT 2,
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Bl 23 fl19Db T, FM, ICHIBRT 2 &,

{::,E\/I} - {772}’ {x/\;} = {773}’ {;1_:[/2} = {7]17772,"73} Ztﬁ D\
A = {{772}7{773}7{7717?727773}} Z7153{%0
Al = {7717772;7737774}7 A2 = {77177727773} }:j—é }: D = 2A1 T% b Du = 2A2 VG%%O

EE 24 ADH =NV v 21k FMG, x A—[0,0], (n,A) = k,(A) T, XD 2
DO E R THDTH 5,

Lok & X LOIEIMENHETH D, ne FM;, TH 2,

2. EELIAc X I LT, FM), ETOERBIERE rk,(A) 1 D,-AIHITH 3,
EE25 v ADH—2VEEE T 5,

1. f€B LT ) =(0) [ fla)dr,(z) & fDrIEREWVS.

2. Ae A LT, D, LOMEREEBIE v ISR LT pu(A) = [k, (A NI )
ol A LOIFIMENRIETSD %, pDZ % v D k-2 %ﬁ’atmao

Bl 26 Fl19DbH LT, FMy, = {n,me,m3} THZ0 5,
T =2 VBB K - {r, may s} X {{an}, {za}, {x1, 20} = {0,1} % K, (A) = n(A) TE
DIebDPTFDRTH 5,

£ |z} | {zo} | {71, 22}
m 0 0 1
Mo 1 0 1
M3 0 1 1

DL E, fORIKIEFICRS,

ZZT. D, LOMENRIEZ v & Ly v({m}) = a1, v({n2}) = az, v({nz}) = a3, &
T 5,

v D kZIRD X 512755,

p({z1}) =v({z}) =v({m}) =a

p({wa}) = V({xz})/f/ff({ﬂz}) =2

p({zr, 20}) = v({zr, 22}) = v({m,m2.ms}) = a1 + a2 + a3

INED, uEZoNTE Fay,ay,a3 DIEEED DL ZENTE 5,

5 Ac Ane FMy xf LTk, (A) =n(4) 3 %,
L. ky(A) 13H =2 VBEETH %,
2. v D k-2 1 12N T p(A) = v(A) B D 3O,

3. [f(n) =

0) [ tau= | fav

ZITs ky=nZ ADE—ZEBE VW, prDE—XZEHE WS,

-
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e 5 2 —MRIL L TROEHIEF SN2,

EHE 6 x; 2 A DA —2NVER v & Do(A) EITER S NI B ONNER 72 R & RERL
&3 %,
pvDkERETS. fe THDEE,

©) [ tan= [ rav
THh b,

A% X ODESRIE LTAC 27Mo E D AERIN2EEREE D, £ B,

WRE 27 W % D, FOHMBI K D ARSNGB EME 5, 22T, Fi={14A€
AALD 528, FEWOHETH 2,

AFFM, ETNIcoWTHETWA DT, D, DEEOERHIZ B\ (UL, A) D
DEMRBEDOHEE T DIRVHEE L LTRT LM TE S,

T, D=B\ (U A) T3k,

Ip =15-1, 3

=1+ Zlc{1,2,...,n},l¢®(_1)II'1m1~€,&-

INED. 1peWeRZDTpk ADIIMMENREL T2 LMEEBHRM: W — R
ZM(1;)=pu(A) TERTLILNTES,

¥7. M(1p) % D, LONENEEREEE LTrv(D) = M(1p) e REBIX, EED
Ae AR LTu(A) = u(A) A D 7o,

O X viFpullEX D —ERNCERTESZLITR 5,

ZDOZehn, UTOEMHBMD LD

EE7Eﬁ@AL@#M&%MEMKﬂbf&i@m&wmguﬁ*§%Kﬁﬁb
T u(A) = v(A) DD LD,

O, pldv DX —REWTH S, /oy TOvEuDRXE Y ZZEHLE WDk 2L,
ok, WREEEZ T2 2 TRERBD, 2 o-REURANTCHIRL. ZHUTEDET
v o-RER LOEEBBACIRT 2 2 812k %,

6. LEEX

ZZTIE, 0—1 IEIMEMRIEDERED S 2X NDER o 2EZ %,
ZIT. o) ={A €AnA)=1} T2, o) iZLI T4 NLR—ITKD, &
5T, I RHETHE B RENS,

FE 8 FM, % 0—1 IEMEMHEDOREL L, Sx & X DEI T4 LR —-DEAEL
T3, ZOr &, 2HGt o FM, — Sx DFET %,

S OFIICHT B RWE o FREOBA LR LI2T 3,
KOFEIE by DERD S5,
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FIE 9 (X, X, p) ZIEMERMRIEZME L, (Sx,Sx,m, Hy) A4 ¥ X—71) X2 —FKH
L. (hyym) Z (f 1), f € BT 1203 % Choquet RHlE 5, ZDL X,

hy(v) == sup{r|v € Hx({z|f(z) = r})},
Thbb, hy=i; TH5,

R, A VR =TV R -—REBIUIX T A2 HWREICOWT, ROEM
2RENT B,

FE 10 i 2 X 55 Sx NDA Y E—F VR~ 7% X »b X ~OD Tilde operator.
@Y %i’%ﬁ@ﬁ%ﬁtj—%o HX . X — 2SX %Hx(A) = {9 € Sx|A S (9} Ti%?%o
ZDEE, RD2OMDKD LD,

1. Hy(A) = o(A) Ae X,
2. ZngO:T(f) tj_z)o ::VC\ fEB+ ‘/C‘%éo

ETRLEE S IC, REINZHHEBEBIIFEETD 3,

—7. BETIZMUECELT, £ 22—V X -—RETEHPEIHEFATHH —FE
BT LB LRV, XY 228 % W R CIEIZE ICEA TR R EE
3—BETH3, BRES X IZBIF 2 Belief B LT, 2D 2 o0 EMIZ5ERICH
—TdH b,
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Multilinear embedding theorem for fractional sparse
operators and my recent research

HFR A= (SRR
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i BB O FERINEHR O EN 2 L A AREX 2T 2 70 DM TS, 1FH
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o JIFEEmICHD < T, Lebesgue DK 125 4R, AJEEDRIE 0 DE
BEBTEZICC IV EELTCEX L. BTEZIEOTEHL
HIEODES o Vb4 OREIZOWT, WMEOMHHE WS
RO L 3.

o 2MEN TR VT IR VB 2 b, B0 RNEZR > TWET.
L LZAUIHALRE T L (toy model) 525D INT, ZHWD
ZFEBWREBEDIDD, b LLIIRREROERZRET 570D, )
H2bDe LTOMEDTDAZ INETTEIONTERISICED
NET. LIrH, FEOEFBDER 22T, ZORETHEAND
DHEBEREHZD—DOTH LFERMESTERRD, 2D 2L FIRBES
sparse BIEHRIC L o T, BRICBWTXE NS Z e R XN, 2
L TR W AT 2 OBEEEPFHRE SN S X5k D E L .
INETEENED TEZ0 2 KREHWIEEHZE DM
HONWT, ANTFHEZE-0W=2DICF R Tod i L Nz 2EE 5
Kz AW EA RS ERE T EHZRORMEOMERZEMT L ET.

o {EAZED sparseiEZAVERE N HEOSHBEFHEZRVLERTE
DD DD S EDHEZ B L T, Schrodinger 1EFIZE (—A)*/2+
v IS B MR/ A FUEB 2/ L KT

o FUBHIZE (A), WHRHE o=y ’EES AT 22 HWIHREEE
I SARAIBE A | 7' e 275 L OfFEBAFE ) WCBEE LT, AR D
W HMEROIERTD 3 MARDOFRBEARSDE oW T, BEH
B HD—DD3HEMEN L ET.
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BB ERAZOEAN Z /L AL EFALEHAREICEE T 2 R AMEHR R D5
FRNTZEIIFZE ) WX DZEBELTWETS. HI7DOIZ e RD 5 BRI BROOICEIAHER > T
W BoTunEd.

EH REBEGRNFEICLIR/MBENR 2EMe LT0ET. Zo0HIE HATIK
JERANC ANAD DL, 20X 528D L Gt OREICER L TWET. — BRI
DHERNIEYRFE R FEFEEZRE L THL LB BDOLELEsTwES. LiLE
L TZORTONBAER, fI 21X BRETGRESDIER O k512, ¥ 3R
ZAUTT, ZOHREGEFEN YD L5 hEEEFRONErZHEICLET. LDIR
BEHRBEW 2 KEICT20H RO E-oT0E T,

1.2. BARRE

N> 1 2IEFICRERBE LEd. BAMAK {22 +22 <1} CR2 D% NED
LTZNEFEREERZ 20 NEOHNIELNET. 20 NEofficonT, £0D
FRIFER S CEBLSFITBRHIRVELRDDAZHFIT L ITLT, TELE/hER
IYZIHLIAD TS, BALESHEX, oM LAD SN2 7 DHED
N =002 L2 ZIC0R2ZE2FRLET. I hbE, RICTRTOAREDE
R Z2HAE0DES OFELFIRLET.

LHIZDHEFEIZ, HEIDESEZRTESTRVESHICBWT, BTE->TLE-
72D DDERMEZEVEZTZEDAICHFELSG L TVWELR. LarL, 7= THBD ae.
IR AR & 172 1966 FEDFTE Carleson & av 7 28T, 19704FERUICRE, d > 2, 1I2B1F
% 7—V)IZHBOINRICET 2EMMAE A, AIE0OHAEED0 < § < 1 %
DREXIBEEICH D Z e DPEFEINE L.

FiZ Lo NEDOHEZ ~ 1/log N OHiIFEZFFO/NSRTY 7ITHLIAD S Z e 3T
F9.!

ZOZLWER?O7—) ZEBOPKICEET 2 HNMEZ TR DDICLELL. £
LCHEBRZEIERY, d>2, ICBWTHKILT 2 Z e ifFchtngd. Zh
EH AR E TS, 2

Z DAMREEE GL—#HOMEIL #HARE MREhTnES. EFEsLwI ki,
20252 H 24 H, [T 12BWVWT, ZOM#EIZd=3ToRERE L. %5 < Hong
Wang ZHNE7 4+ —VAEBRZET5TL xS, ZOREBIICHYSNHLZRF
% (two-ends-reduction) 23R H L7 KFY T. Wolff I2 &K D/RENZ1995F0 5, B xS
Y30FEDPD o7 8B ET. 2O T. Wolff D 1995 F DR [8] 1FEHICL - TD
HERZHBDTY. EFIZOMLTRIN, BHBRKEARITNT 2 /0 L5HfC
WSS %, FENZ LV LAFHECKI L TWE TS [4]. D2, two-Ends-reduction
TR MEZEDE JWCHATETREH L VWHDTLL., ZRUTLTHMERETI0
FEEETZ IR VEHATL.

7] 11271 R=JICb 2 KimXTY. MEBELZFETCIHOE, MEZ=182X, @
WO 2D 306, ZUIEFEOFHED SEADE »E0H 5 Z L ICER D £7.

LZOGEERDVIZFHI L TrlogN THD Z 2ITHERLTL Z3WV. REMITITIAHED §°, Ve > 0, &
DHEICKEVWEWS Z AR ELr INTVWET.

2R2 CREZAFOENE r 2 0@ EEE A EOE DR T 712 ) X8k > CRFHINE T, 2
NEFEDIR I XTI RIEFE 2o 727V TV AT, LELZFDO LS R 7AIY XL %R 2
TIEFORHLZZWVWRY, d>2, ITBWTEHEZ3Z 2 IZRHETL 5. NI HO#EZ ZDERZD D
PR~ (log N4t /NS Y 7AFHLIAD S Z e BHIFIhTVWET.
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HLVWAS LAERA. [7] OIEHOWEMERD, 52023 EL LT, TEIUSH
FERMANE B TWET.

1.3. EAFRIBERIMMEBZICN T S Hardy-Littlewood-Sobolev DEE
AdERICERTOOHARME LT0<a<d ELET. aXOFERBPEARIZ

f()

Rra |T — Y|

WEDEEINTT. R<ALATVWS XS

dy, fe€ L, (RY), zeR%

loc

I.f(x):=

Il(vf)%fv IQ(Af)%fa fECgo(Rd)a

WAL L E3. BRMICOWTIE Hardy-Littlewood-Sobolev D AEHR & LTHISNT
w5

«
d7

| =

1
||Iaf||Lq(Rd) < Hf||LP(Rd)7 q>p>1, a =
MDA LET. s X hFlzE

I fllzosy S IV I L2 re)s
I fllzoey S NIASf L2 ey,

LMD FT. FEEIICE PHERAEAROBER UL SEBOKE T2 EOWMS
DOFAETIOAFO—ITES 22D 7. IFEEF T 2EES KRBT HES B
C, Hardy-Littlewood-Sobolev DFER D RERL—AZE TN L £ L. UNHEE
ZH LML %7

N, (1=12,....,n) ZIEBHELTN=Y" N, tBEET. 22—V v F2H

RN %
RY = J[R™
i=1

EAHDBZEWZLTr=(2;) (7, eRY) eRTZWLET. RY OEHER2EINES
KEXDITITTRLET.

RERY) = H Q(RM).2

O<a< N ERVOETY U IEL i LT, BEFRBISBRERETERZRERT
ERLET.

Rif(@) = [ n(RGn) ¥ 0)duto). f € L), o € RY,

ZZTR(xy) e RB®Y) WFz,y (v #y,i=12,....,n) 280 PDODEAE & L
S

SR DN RIE LD S BN TRD DL LET. ZOVHREERIEZERE QRY) v RL F
ER
ARENCOWTD 2R TV > JHE (EORHIBEE) ¥ LE .
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1.3.1. EFFESBERSERERICHNT % Hardy-Littlewood-Sobolev DEIE
(2023, [5])

O<a<N 33, p%2RVOXTYIMEL LT, Bl <p<qg<ooh

Sobolev$5#1/qg = 1/p—a/N IZH 5T 5. DL ZROEFRE S BEMTEH

FITAF % Hardy-Littlewood-Sobolev D ANEFERDINILT 5.

RS fllLaqy S N fllze)-

ZDEHDN A= a Yid L. I Hedberg 12 & D RHX N2 ROTFHEIC X b FFA
TNTVET. 3 fZIEHEL THEPZEIAMICESIRZ T, FRICBWVWTIARK
B RREAE T E 3R % Hardy-Littlewood DA D p/qgLIzdDTENPSa >
2—L L %79, RWT Hardy-Littlewood D KRR D LP (1) BFMEICHEZ A X &
FT. ZOEHFERAN=a VT, TR T IR T Z IRl
% Z T, EARESEESERZOBELAIREL 72 D, KT 2#E2) v FE Y] -
TEEOP RN U 2 EE RSN T 2 M EOBmAIRE ST X7 (6]

COEHIZASPICIEFICREWERTY. o b BELAERIATOVWTRWITOE
HTF. DBEMEOERZ ST 2 E O, B 2 57 IR - 2 EE T IR AT
FEDOON RS 2T, Z ZIHEAREEN S 5N E L. UL DHIEDEN
WEhEZ6NdbDTY. RMTAEAGBANOEYZICHZEORAB LW E B
TWET. ZOEHEPEW-FRL, Z0ERAMIFEBRIORINZERTTD, 5128
M THORERANDHEICEK > TITXET.

1.4. Schrédinger fERZE (—A)Y2 + v 12X 9 2 FER/IVEX B R EIE

1.4.1. FI2(Cao, Deng and Jin, 2024, [1])

l<p<oo,0<a<d —dlp<a<oo &§%. FED: > 0IINLTH2EK
Ce) > 0 DMFELT, TRTDp € CX(RY) IDWT /N LFRER

1%l o) S €l (=2)F @llo(az) + C )l @llLran)
WAL T 272D DRET TR MFIE —a<a <0 TH5.
FA4 —7WEZ UL
21" ellLe@a) < M2l llz@a) - l@llLr@a) = 00, —ar <a <0
D ET. LALZOEHEe e CRY) O BODI ICX-T, ZOLELN
ell(=2)% pllzoaa) + C(E)0llLrias)

THHMITE 22 LTVET. 2|z DFEAMNETORE XN o DL EITE>T
HIGHTOE) BELRD, ZOMEIRHEID T2 LTe||(-A)2 ¢ 1@ PBNTVS
I BoNnET. COEHIIUTO - OOFHEFZICIOHERINTT.

el0<a<d 0<A<ootd 3. C*RY) LOEFEMRIIRD XS ICHARTE 3.

IT=(NT—=A)20(NT=A):\T+(=A)2) o (NI +(—A)2)
=t Jor0 T 0o (N + (—A)%).
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o ROFENZ ) N ARERIHILT 5.
1@l Loa) S Ianllr@orsLogeler aa) (1(=2) % @llowe) + Al @llLoas)) -

CZOZODHEEIMKML T, max(—n/p, —a) <a <0 DL ZIWMEEDe >0 1ML T
HEREZ N >0 ZRBATIEHR L4 HJa,)\oHLP(dx)%Ll’(\xWI’dw) <g&TZBrZIeh
5, ZOEMIIENET. KR Z OEHGEHDORIE Bessel KT > ¥ L J, \ D trace
AEXOERZR/IVLDOFHE T3, ZHAEFIKRERWHREOHMHmOMEHBITT. £ES
ERDEHZHFTVET.

1.4.2. FIE( N. Hatano, R. Kawasumi, H. Saito and H. Tanaka, 2025, [3] )
V& A E TR

}LIEO [ JaallLr @2y Lr(w) = 0

- ( (Q)) "
QEQ(RY): £n<1 Q 7

1/p

1

lim sup o <U<Q>> ! =0
A= Qe Q(RY): Lo <1/A Q|

DT B THS. 22T, QRY) IR _EDFIDI RS SAT A2 IR 2K

ZRL, lo, Q] 13Q € QRY) DIAE, KEZENZNET. iz, v(Q) = vadx T

H5.

TEER Z 2T, R/ IMENASUEMDRAL T 2 72 DIIZRT V¥ v Lo D37z $ 157
FHE, BRIZBWTZO SREFENEIATVWS L TLL. 20 &5 LBROK
%, vanishing Morrey spaces &MINTWT, X{FARLGNATVWET. 51T,
COEMZIG 27012, FEEOIEBessel R T > vV J, \ D sparse [fi% W7 KBS
BIHLTWES. ZOEMOI SR Z2ILEZED TITEXET.

1.5. Bessel RT>> v )L J,, @ sparsef&ZZzALI-RR

TEHZR D sparse % W= RIX AEDIEH (Muckenhoupt weight theory) M
—DDEEM THE2LERAFT. ZOHIORRKIZ, Bessel KT ¥ ¥ L J,, D sparse
BrRWERHEZRLET. ZOWDEADHRDO AL RT D OMEO—B & 7
UFFENTT.

7€ {0, 51 WL TR D27 HAES 7V v RDT 2N TERLE T

A i i S S

M

D= {27%m+71+10,1)%): ke Z meZ.
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1.5.1. E (sparselk)
0<n<1&32. RID2EVTHEDIES C D7, 7 € {0, £1}, IR &= F & 12
n-sparse ik &IN5 .

TRTDS €S KHMLTHLAMIES Es(S) C S BFELT, |Es(S)| >
S| Eili U B EEHE {Es(S) : S € SY XA WICESEIE S 272720

1.5.2. ###& ( N. Hatano, R. Kawasumi, H. Saito and H. Tanaka, 2025, [2] )
O<a<d 0<A<oo &T3. ZOKR, fIZXoTIZ 2% sparse S, C D7,
T €{0,£5}, ZEAT
TS Y, Sifs  f20
TE{O,i%}d

&T&%. ZZT

. min((Ag)® min((Alg)*, 1)
Siaf = 3 P / fdrls,  f>0.
SeS-

(1513 S DFRHERI R 2K 5.)
Schrodinger fEFZE (—A)Y/2 +v 1205 2 SRR/ IMEXA FUER BRIZDD 1, (o < 1/A

b W AN (M)
min((Ag)®, 1/ /
dz dz
XS] fdr=1g1 [

DEINCHEBLEY fOSBBEFEPENZ 22D T, #Z, (o>1/ &

TR (0]
min((Ag)®,
Aarsw /fd Aawsr/fdw

Yo T, TOHMDIEN 300 DEEOIEDEET. i TY.

2. On Matsuo’s cube unit systems

In what follows we analyse Matsuo’s cube unit systems in terms of eight atoms.

2.1. Formulations and results
2.1.1. CUBE 1/4

The Cube 1/4 unit refers to a geometric figure that is the result of partitioning a
cube into four precisely equal segments. The segment consists of polygonal parts with
different shapes on each side. 132 compositions are possible with two segments, and
more than 800,000 compositions are possible with four segments.

2.1.2. DIAGONAL CUBE 1/4

The diagonal cube 1/4 is a unit of a cube divided into four equal parts. The top
and bottom squares of the cube are divided into four parts in a face-to-face, displaced
form. Each part consists of a hexagon, two rhombuses, two isosceles triangles, and
two squares. It can create various shapes from dynamic forms, allowing for spatial
compositions that are not typically seen. Because the squares facing each other are
in a twisted position, when the parts are combined on each side, dynamic and diverse

forms that are not normally seen emerge.
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1: The "CUBE 1/4” shown as an assembled cube (left) and in various other config-
urations (right).

2: The transformation process of the ”"DIAGONAL CUBE 1/4”. From the assem-
bled cube (left), it is disassembled into two parts, then fully unfolded, followed by
examples of reassembly.

3: Examples of possible arrangements for the ”"DIAGONAL CUBE 1/4”
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2.2. Atom

We make an atom as the following. Let a right isosceles triangle be with the edge
lengths 2v/2, 2¢/2 and 4. We bend the 4 edge length side to get the top unit square,
which we say face. We then also have tail which was right angle of the right isosceles
triangle. This object, which we say atom, has the sides: two trapezoids with the
common egde length 2, two right isosceles triangles with the edge lengths 1, 1 and /2,
and one parallelogram consisting of two equilateral triangles with the edge length /2.

2.3. Rectangularsolid

For —1 <t <1, we set four closed unit squares:

S1e = (0,0,t), (1,0,¢), (1,1,¢), (0,1,1),

Sg;t :=(0,0,1), (0,1,t), (—1,1,¢), (—1,0,¢),
Ss.:=(0,0,t), (—1,0,t), (—1,—-1,%), (0,—1,1),
Sae :=(0,0,¢), (0,—1,%), (1,—1,1), (1,0,¢).

For ¢ = 1,2, 3,4, define the closed rectangularsolid by

T = U Si;t

—1<t<1

T::UT,-.

For mathematical convension, we will use t +1=1fori =4 and ¢ —1=4 for ¢ = 1.

and the cube by

2.4. Result 1

Consider two divisions of T; with equal volumes by a plane. That is,
T, =81 USiTy =8 UST,

where, for example, the atom Sfjl is that, the face S;; and the tail: the ourter side
coner of S;1._1. We let

divy(T;) : T; — Sf?{l U 5’;:11,
divo(T;) : Ty — Si7 U SIHY.

i;—1

Thus, there are 2* = 16 possible divisions of the cube 7.
We want to know the forms of nontrivial congluent four molecules.

2.4.1. Lemma

rm(i) We observe divy(T;) N divy(T;41), which is 1 x 2 rectangle. This 1 x 2 rectangle
is consisting of two parts: Sﬁ 'ngi +1.1, Which is a trapezoid with the area 1.5,
and SZ N Sfﬁ _1, which is a right isosceles triangle with the area 0.5.

rm(ii) We observe dive(7;) N divy(7j41), which is 1 x 2 rectangle. This 1 x 2 rectangle
is consisting of two parts: Sftll N S{,1,_1, which is a trapezoid with the area 1.5,
and Sﬁ 'n Sﬁil, which is a right isosceles triangle with the area 0.5.
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(iii) We observe divy(T;) Ndivy(T;y1), which is 1 x 2 rectangle. This 1 x 2 rectangle is
consisting of three parts: SZ“{ 'ns: 1.1, which is the intersection of two trapezoids
with oposit directions and its area 1, Sfi 'nse +1.—1, wWhich is a right isosceles
triangle withe the area 0.5, and Sf;{l N Sfiil, which is a right isosceles triangle
with the area 0.5.

(iv) We observe dive(7;) Ndive(7;41), which is 1 x 2 rectangle. This 1 x 2 rectangle is
consisting of three parts: S“rl1 NS 1.1, which is the intersection of two trapezoids
with oposit directions and its area 1, SZ;1 NS} 1.1, which is a right isosceles triangle
withe the area 0.5, and SZJQ 'n Sfﬁ;fl, which is a right isosceles triangle with the
area 0.5.

Lemma 2.4.1 gives us the following nontrivial congluent four molecules.

diVl (Tl) @] diVQ (Tg) U diVl (Tg) @] diVQ (T4)
= (S%;l U 521;1) U (S23;71 U S??;fl) U (Sg;l U Sil) (54 1 U Sl 71)

which have joining surface area 1.5.

diVl (Tl) @] dng (Tg) U diVl (Tg) @] dng (T4)
= (Sil;fl U Sg;fl) U (521;1 U Sg;l) U (Sg;fl U Si;fl) U (Sil U Sil) )
which have joining surface area 0.5.
diVl (Tl) @] diVl(Tg) U diVl (Tg) @] diVl(T4)
= (Sil;fl U 521;71) U (Sll;l U Sg;l) U (Sg;fl U Sﬁ:z;fl) U (Sgl;l U Si;l) )
which have joining surface area 0.5.

2.5. Result 2

For —1 <t <1, we set four closed unit squares:

= (0,£,0), (1,1,0), (L,t,1), (0,¢,1),
= (0, t,O),( 1), (- 1,t,1), (—1,1,0),

sgt:_ (0,£,0), (— ltO),( ~1), (0,¢, 1),

Sie = (0,1,0), (0,2, —1), (1,t,—1), (1,1,0).

For i = 1,2, 3,4, define the closed rectangularsolid by
j;i = U gz’;t~

For mathematical convension, we willuse ¢t + 1 =1fori =4 and 1 — 1 =4 for ¢ = 1.
Observe that
T= (Tl U TQ) U (T3 U T4) . (A)
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Surprisingly, Matso found four congulent molecules dividing the right hand side of (A):

and

divo(Ty) U divy(Ty) = (512;_1 U §§;1) U (Sil U §§;_1) :

diV1 (Tg) U dng(T4) = (§§;1 U Si;—l) U (gg;—l @] 81:13;1) y

which have joining surface area 0.5.
Notice that the object 77 U T, can be divided by a plane through three points

(1,0,

—1), (0,—1,0), (0,1,1), and this cross section is consisting of four equilateral

triangles with the edge length /2.
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TEIEH LEBESGUE ZERIC 1T 35 LEIE

HisR Sk (MITSUO IZUKI)

ABSTRACT. In this talk we discuss fundamental properties of Lebesgue spaces
with variable exponent and approximation theorems in the spaces obtained in the
new article [12]. This is a joint work with Takahiro Noi, Yoshihiro Sawano and
Hirokazu Tanaka.

1. INTRODUCTION

Here and below, we use the following notation:

e Given a measurable set F/, the characteristic function of F is denoted by yg.

e The space C.(R™) refers to the set of all continuous functions on R” with
compact support.

e The space C°(R™) denotes the set of all infinitely differentiable functions on
R™ with compact support.

2. PRELIMINARIES

In this section, we collect some preliminary facts. Section 2.1 introduces Lebesgue
spaces with variable exponents, and Section 2.3 reviews the duality result.

2.1. Lebesgue spaces with variable exponent. Let u be a measure on R”, and
let p: R™ — [1,00] be a p-measurable function. We define the following sets:

(2.1) Qo :={z € R" : p(z) = o0},
(2.2) Q:={zeR":p(x) =1},
(2.3) Qo:={reR":1<px) < oo}

We now recall the definition of the modular.

Definition 2.1. Given a p-measurable function f, the modular is defined as
(24 po0)i= [ 1@P du(o) + [ llmin
1 U

The variable exponent Lebesgue space LP()(dyu) consists of all measurable functions
f such that

(2.5) ppy(f/A) < oo for some A > 0.
The norm in LP()(dy) is given by
(2.6) £ 1o auy = inf {A >0 ppiy (F/) <17
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If i is the Lebesgue measure, we write LP() := LPO(R™) = LPO) (dy).

If the variable exponent p(-) equals to a constant p, then LP() is the usual Lebesgue
spae LP. We present the Holder inequality in Lebesgue spaces with a variable expo-
nent. Let p: R™ — [1,00] be a measurable function. We write its essential infimum
and supremum of p(z) as follows:

(2.7) p_ = essinf,ernp(z), Py = essSUP,crnD(T).

Furthermore, we denote by p/(-) the conjugate exponent, that is p(-) satisfies
1 1

2.8 —+——=1 (xeR").

& o) Ty e

The following two lemmas present results concerning fundamental density and
approximation in the variable exponent Lebesgue space LPC)(du).

Lemma 2.2. [4, Corollary 2.73] Let p(-) : R® — [1,00] be a measurable function
such that p, < oo. Then the space of compactly supported continuous functions
C.(R™) is dense in LPO)(dp).

Given a measurable function f on R", we define the Hardy—Littlewood maximal
operator M by

1
(29) Mi@)=swp o [ |f)ldy, xR
r>0 T ly—z|<r
The classical Hardy—Littlewood maximal theorem states that M is bounded on
LP(R") for 1 < p < co. Moreover, M is also bounded on LP")(R™) provided that

the function p(-) satisfies the following conditions:

1 1 C 1
2.10 — < , for |z —y| < =,
(2.10) ‘p(l’) p(y)‘_log(\zyl) =4l 2
1 1 C
2.11 — < ,  for |y| > |z|.
21) e p<y>‘ toa(e + [y 1=l

For details, we refer to [3, 5, 7, 8].

We invoke an approximation result from [4]. We recall the notion of potential-type
approximate identities. Define the radial majorant of ¢ to be the function

P(x) = sup |p(y)l.
[y|> ||

If ¢ is integrable, we will say that {¢;}i~0 is a potential-type approzimate identity.
(This is the case, for example, if ¢ is a bounded function of compact support.) In
this case we have that for all z,

(1) sl @) < L ars o),

n

where v, is the volume of the unit ball and M is the (centered) Hardy-Littlewood
maximal operator given by (2.9).
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Lemma 2.3. [4, Theorem 5.11] Let ¢ € L'(R™) satisfy
(2.12) s ¢(z)de = 1.

For each o > 0, define

(2.13) ¢ola)i=079(Z), zeR"

Assume that {¢,}o>0 is a potential-type approzimate identity. Suppose that the
exponent function p(-) : R" — [1,00) satisfies p; < oo. Assume further that the
Hardy-Littlewood mazimal operator M is bounded on L¥')(R™). Then, for every
f € LPO(R™), we have

(2.14) tim (16 % £ — £l 0 = 0.
o—0t

Remark 2.4. Due to its role in (2.14), the system {¢,},~o is referred to as an
approximation of the identity or an approximate identity. The concept of an identity
has been studied in various function spaces; see [2, 16, 17, 19]. As an application,
this framework allows us to establish universal approximation theorems in these
spaces.

2.2. A modular inequality for M. The boundedness of M on LPC)(R") implies
the norm inequality

(2.15) IMllr < Cllfllper for all £ € LPO(RY).

Lerner [15] showed that if M satisfies the modular inequality
(2.16) (Mf()y@de < C [ |f(z)P@Ddz  for all f e LPO(R™),
R" R"

then p(-) must be a constant. Note that the norm inequality (2.15) and the mod-
ular inequality (2.16) are equivalent if p(-) is a constant. This result highlights a
fundamental difference between constant and variable exponent Lebesgue spaces.

2.3. Duality in Lebesgue spaces with variable exponent. We begin by recall-
ing Holder’s inequality.

Lemma 2.5. [4, Theorem 2.26] Let p(-) : R" — [1,00] be a measurable function.
For all f € LPO)(du) and g € LP'O(dy), we have fg € L'(dp) and

(2.17) ||fg”L1(du) < Kp(-)||f||LP(‘>(du)||g||LP’(‘)(du)a

where
1 1

(2.18) Kpy = — = — + 1) [Ixa.llz= + Ixoxllz= + X0, [ -
b— P+
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The dual space LP() (dyu)* consists of all bounded and linear functionals on LPO) (d ).
In particular, for a given function g € L”()(dy), we define the functional

(2.19) Ff) = | S@ola)dn(e), for f € L)

By virtue of Hélder’s inequality (Lemma 2.5), F, € LPU)(du)*.

The following lemma presents further duality properties and the Riesz represen-
tation theorem for Lebesgue spaces with variable exponent, as established in [4,
Proposition 2.79 and Theorem 2.80].

The space L°(R") denotes the space of all equivalence classes of Borel measurable
functions modulo null functions.

Lemma 2.6. Let p(-) : R™ — [1,00] be a measurable function. Then the following
statements hold:

(I) Let g € L°%(R™). The following conditions are equivalent:
(i) F, € LPO(dp)*.
(it) g € L"O(dp).
Furthermore, in this case, there exists a constant C' > 1, depending only
on p(-), such that

(2.20) CM9l oy < IF oo @ < Cllgllre apy-
(IT) The following conditions are equivalent:
(ili) ps < o0.
(iv) For all F € LPU)(du)*, there exists a unique function g € L¥ ) (dp) such
that F' = Fy,.

3. MAIN RESULTS

We focus on two results concerning LP-approximation and extend them to the
setting of variable exponent spaces.

Section 3.1 revisits a result by Hornik, Stinchcombe, and White [11]. Section 3.2
examines a result by Park and Sandberg [18] in the framework of variable exponent
Lebesgue spaces. Finally, Section 3.3 considers the modular inequality, where we
show that this inequality fails for variable exponents.

3.1. Hornik—Stinchcombe—White [11] (1989). Following [11], we introduce some
definitions, notation, and concepts.

Definition 3.1 (Squashing Function). A function ¥ : R — [0, 1] is called a squash-
ing function if it satisfies the following properties:

(1) W is non-decreasing,
(2) lim ¥(z) =1,
T—00
(3) lim V¥(x)=0.
T——00
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Since squashing functions are non-decreasing, they are measurable.

The following lemma states a well-known property of squashing functions and
some generalized results are proved. For example, Cybenko [6, Lemma 1] has proved
the lemma for bounded and measurable sigmoidal functions. Hornik [10, Theorem 5]
has proved it for non-constant and bounded functions. We provide an original proof
using the following fact on the integrability of the Fourier transform of bounded
functions in [12].

Lemma 3.2. Let ¥ be a squashing function. If a complex-valued Borel signed mea-
sure @ satisfies

(3.1) /n U(w-z+b)du(z) =0

for allw € R" and b € R, then u = 0. Here, w - x denotes the FEuclidean inner
product of w € R" and x € R™.

Given a squashing function ¥ we define the following class ().

Definition 3.3. The set X(V) consists of all functions f : R® — R that can be
expressed in the form

f(x) = ij‘l’(aj ‘x+b;) (zeR),

where N e N, w; € R, a; € R", and b; € R, j =1,2,--- | N.

In the context of probability measures, Corollary 2.2 in [11] establishes founda-
tional results under fixed exponents. This corollary can be extended to accommodate
variable exponents.

Theorem 3.4. Let i be a probability measure supported on a compact set K C R™.
Let p : R™ — [1,00) be a Borel-measurable function such that

(3.2) p+(K) = sggp(x) < 00.

Then, for a squashing function U, the set (V) is dense in the variable exponent
Lebesgue space LPC)(1).

In order to prove Theorem 3.4, we need the following two lemmas.

Lemma 3.5. Let p € C.(R) and let ¥ be a squashing function. Then for every
e > 0 and every compact set K C R, there exists a function g € (V) such that

sup [p* ¥(z) — g(z)| <e.
zeK
Lemma 3.5 attributes to Hornik, Stinchcombe and White; see [11, Theorem 2.4].

The next lemma is also known as [11, Theorem 2.4]. We provide an original proof
once again using Fourier analysis in [12].
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Lemma 3.6. Let B be the Borel o-algebra of R™, W be a squashing function, and let
i be a probability measure on (R™,B). Then (V) is uniformly dense on compacta
in C(R™). That is, for all compact subsets K C R", all f € C(R"), and all € > 0,
there exists g € X(V) such that

sup |f(z) — g(x)] <e.
zeK

3.2. Park—Sandberg [18] (1993). To describe the result of Park and Sandberg,
we give the following definition:

Definition 3.7. Let ¢ : R — R be an integrable function, i.e., ¢ € L*(R"). We
define the set Sy as the collection of all functions f : R” — R that can be expressed
in the form

(33) f@) = iwﬂb (x‘ ) | reR",

gj

where N € N, 0; >0, w; € R, and z; € R" for each j =1,2,..., N.
We extend the result of [18, Proposition 1] to the setting with a variable exponent.
Theorem 3.8. Let ¢ : R" — R be a function such that ¢ € L*(R™) N LPO(R™) and

satisfies

(3.4) o(r)de = 1.

Rn
Suppose that p(-) : R" — (1, 00) satisfies
(3.5) 1<p_ <py <oo.

Assume further that the Hardy—Littlewood mazimal operator M is bounded on LP'¢) (R™)
and that {¢,}o>0, given by (2.13), is a potential-type approximate identity. Then
the set Sy is dense in LPC).

Proof. Assume, for contradiction, that S; € LP()(R"). By the Hahn-Banach theo-
rem, there exists T € (LPY)(R™))* such that

T(S) = {0}, T(LY(R") # {0}

By the Riesz representation theorem, there exists g € Lp/(')(]R") such that

(3.6) T(f) = . f(x)g(z)dz, for all f e LPO(R™).

Fix 2 € R" and ¢ > 0. Since T/(S;) = {0}, we have

(3.7) / o <$ - z) g(z)dz = 0.

Define the function ¢, by

13#4



Then we obtain

(33) Grr)e) = [ 070 (‘) g(z)dz = 0.

g

In view of (3.4), Lemma 2.3 implies that

(3.9) olgﬁo ‘ o %99 we
Combining (3.8) and (3.9), we deduce that
g(x) =0
for almost every # € R", implying that T(f) = 0 for all f € LPO(R"). This
contradicts T(LP")) # {0}, completing the proof. O

3.3. A modular inequality in LP(). Thanks to Lemma 2.3, we can approximate
each function f € LPO)(R™) using the convolution ¢, * f. In Section 3.3, we study
the boundedness of the convolution operator ¢,* given by
(3.10) Gox: f > Qo x f
on LP0),

Suppose ¢ € L'(R") and [;, ¢(z)dz = 1. To study the modular inequality for
the operator ¢,*, we introduce the following class of functions:

Definition 3.9. A function ¢ is called radial decreasing if it satisfies ®(z) > ¢ (y) >
0 for all z,y € R™ with |z| < |y|. The class RB consists of functions ¢ for which
there exists a radial decreasing function ® such that |¢(z)| < ®(x) for all x € R™,
where ®(0) < oo and ® € L}(R").

Assuming ¢ € RB, it follows from [9, Proposition 2.7] that
(3.11) sup |¢, * f(x)| < CMf(x) for all z € R".
>0

Thus, if M is bounded on LP0)(R™), then ¢,* is also bounded on LP()(R™) with
an operator norm independent of . This leads to the following generalization of
Lerner’s result [15].

Theorem 3.10. Let p(-) : R™ — (1,00) be a measurable function. Suppose that we
have ¢ € L*(R™) N RB, satisfying

° fR" o(z)dr =1,
e $(0) >0,

e ¢ is continuous on R".

If the modular inequality
(3.12) |pg * f(2)|P @ da < C | f(x)[P® da,
Rn R™

holds for all f € LPY) and all o > 0, then p(-) must be constant.
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Proof. The proof follows arguments found in [1, 13, 14]. Assuming the modular
inequality (3.12) holds for all f € LP()(R™) and all & > 0, we derive a contradiction
under the assumption that p(-) is not constant.

By the continuity of ¢ and the assumption ¢(0) > 0, there exists a constant
Cp > 0 and j > 1 such that
(3.13) ¢(z) > Cy, for |z| < 277

If p(-) is not constant, then p, > p_ holds. Define

1
€= g(p+ —p-),

E:={zeR":p, —e<p(x)},
F={xeR":p_+ec>px)}
Note that € > 0, |[E| > 0 and |F| > 0. By the Lebesgue differentiation theorem,
[B(yo,r) N E|

lim =1
=40 [B(yo,7)]
for almost all yy € F and
. |B(xg,r) N F|
lim ——————— =1

r=>+0 | B(zo, r)|

for almost all 2y € F. Choose r € (0,277), yo € E and x¢ € F so that

|B(yo,r) NE| 1 |B(zo,7) N F]| S 1

| B(yo,7)| 2" |B(wo,7)] 2

Then |EN By, )| > 0 and |F'N B(x,7)| > 0 in particular. We additionally define

U:=ENB(yo,r), V:=FnDB(xr),
so that
(314 U1 V] > 3Bz, )]

Assume that o > 27(|xg — yo| + 2r). Then
1 - ColV
%*Xv(fﬂ)Z/qb(x y) dy > o ‘, zeU.
o™ Jv

o on
since
[z =yl < |z —yol + |yo — zo| + |20 — y[ < 2r + |yo — o,
for every z €e U and y € V.
With this setup in mind, taking an arbitrary constant R > 1, we obtain

p(z) p(x)
RP+—6/ <CO|V|> dr < / <RCO|V|> dr
v\ o" U o

< [ (Roux ()@ o
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Applying inequality (3.12), we get

Rpe— /( Co| B(zo, )| )n>p<” I /JRX“QCW "

27t (|zo — yo| + 2r
=C / R dy
\%4

< CRP-|V|.

This contradicts the fact that p, —e > p_ + . Hence, we conclude that p, = p_,
which means that the variable exponent p(zx) is constant. O
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SYMMETRY OPERATORS FOR QUANTUM RABI MODELS
AND RELATED MODELS

CID REYES BUSTOS

ABSTRACT. The quantum Rabi model is one of the fundamental models of light-matter
interactions in quantum optics. In addition to the physical relevance, there are a number
of interesting mathematical questions related to the study of the Hamiltonian and its
spectrum. One of them is the existence of the so-called hidden symmetry operators
for the asymmetric version of the models, which turns out to be closely related to the
presence of degenerate eigenvalues in the spectrum. In this contribution we given an
overview of the topic for the quantum Rabi model and its two photon generalization.

1. INTRODUCTION

In quantum optics, the quantum Rabi model (QRM) is one of the models used to describe
basic quantum light-matter interactions [8]. Partly due to the simplicity of its formulation,
it has been applied to several areas of physics. For instance, in quantum information,
the QRM describes the a qubit interacting with a single bosonic degree of freedom, and
in particular it is a basic component of several candidates for the practical realization of
quantum computers [5]. Concretely, the QRM models the interaction between a two-level
system and a quantum harmonic oscillator. We refer to [3] for an friendly introduction to
quantum interaction models and [6] for a more complete exposition.

The Hamiltonian of the QRM is given by

HY = wa'a + Ao, + go.(al + a),

where a' and @ are the creation and annihilation operators of the bosonic mode, i.e., [a, af] =

1 and
|01 |1 0
9= |1 of° 7= 10 -1

are the Pauli matrices, 2A is the energy difference between the two levels, g denotes the
coupling strength between the two-level system and frequency of the harmonic oscillator w
(subsequently, we set w = 1 without loss of generality). The operator HY acts densely on
H = C%? ® H, where H, is either L?(R) (or a Hilbert space isometric to it). In this setting,
HY is a self-adjoint operator with spectrum consisting only of eigenvalues.

An important feature of the spectrum it that it has an apparent symmetry realized by
an operator Jy commuting with H3. The operator .Jy is given by

JO = PO’Z

where P = exp(zﬁm"a) is the parity operator. It is easy to see that Jy is an involution, and
its action decomposes the Hilbert space H into two invariant subspaces

H=MH_oM,

corresponding to the “positive” and “negative” (that is, the eigenvalue +1 of .Jy) and there-
fore classifying the eigenvalues of HY into positive and negative.
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In physics, it is customary to visualize the spectrum of the QRM using spectral curves,
that is, the graph of the eigenvalues with as a function of the parameter g > 0, assuming a
fixed value for A. In Figurewe show the spectral curves of the QRM for some examples
values of A, obtained numerically by truncated Hamiltonian method (see e.g. |[14]) The
spectral curves are shown normalized, that is, they correspond to the Hamiltonian Hg +42,
to simplify the visualization.

DN~ r~—————————

9

- 05 —=0 15 20 25 30 ——o5 =15 20 25 30

Fi1GURE 1. Normalized spectral curves for the QRM for A =1 and A =
3/2.

As it is easy apparent in the picture, the spectrum of the QRM appears to have degen-
eracies (i.e. eigenvalues of multiplicity 2) for particular values of parameters g, A. This is
actually the case as it was shown by Kus [10]. In addition, the spectral degeneracies consist
of an eigenvalue of positive and one of negative parity (in the classification induced by Jp).

For the QRM, there is thus a clear and transparent relation between the existence of the
symmetry operator Jy and the spectral degeneracies [4]. This is specially relevant in physics
where it part of the discussions on the integrability of the QRM and related models (see the
discussion on Braak’s breakthrough paper showing that the QRM is exactly solvable [2]).

The picture described above changes considerably when we add an additional bias term
to the QRM Hamiltonian, resulting on the asymmetric QRM depending on a real parameter
e € R. In general, the addition of this term makes the spectrum multiplicity free and the
resulting Hamiltonian does not commute with Jy. For particular values of £, namely when
€ is integer, i.e. € = ¢ € Z , the spectrum is again degenerate and a “hidden” symmetry
operator Jy appears. The situation is considerably different than the QRM since the operator
Je is no longer an involution. However, this fact allows a more interesting structure for the
spectrum with many open questions. In chapterwe describe the situation.

The situation is similar models related with the QRM, for instance, the two-photon
quantum Rabi model (2pQRM). The spectral structure of the 2pQRM is more complicated
since the Zy = Z/2Z-symmetry (i.e. involutive operator Jy) is replaced by a Z4-symmetry
(inducing naturally also a Zy symmetry). In this direction, we announce recent result of the
author and Masato Wakayama in Section

The objective of this contribution is to present a general overview of the symmetry and
degeneracy picture of models in quantum interactions, so we will limit ourselves to present
the main results and refer the reader to the appropriate references for the proofs.

We conclude by noting that the symmetry-degeneracy picture described here for the
asymmetric versions of the QRM and the 2pQRM is likely to extend to other models, like
the quantum Rabi-Stark model or the Dicke model (see e.g. [13] or [12]). We expect that

2
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further study of this picture for other models may be helpful to elucidate the many mysteries
remaining in this topic.

2. ASYMMETRIC QUANTUM RABI MODEL

A physically relevant generalization of the QRM is the asymmetric quantum Rabi model
(AQRM), obtained by adding a bias term depending on a bias parameter. This is the
simplest case where we can extend the symmetry-degeneracy picture described in the intro-
duction for the QRM. While we are not able to replicate all the details of the symmetry
operators, namely the symmetry operators for the AQRM will not be involutive, this dif-
ference hints at a rich structure underlying the spectrum of the AQRM and other related
models. This section is based on prior results of the author with Kazufumi Kimoto, Masato
Wakayama and Daniel Braak [9][17].

The AQRM is the model with Hamiltonian Hy, given by

HE = HY + gaz
(1) =ala+ Ao, + go,(a’ +a) + gax,
where € € R is the bias parameter.

Similar to the QRM (corresponding to the case ¢ = 0), the spectrum of the AQRM
consists only on eigenvalues for any value ¢ € R. Moreover, it is known that the spectrum of
Hg and HE°© are equal (see |9)), and therefore we assume € > 0 without loss of generality.

Since the Pauli matrices are not mutually commutative, the operator Jy does not commute
with Hg for € # 0. On the other hand, looking at the (normalized) spectral curves in Figure
left figure), we observe that for € # Z no degeneracies appear to be present at the spectrum.
In fact, the AQRM was introduced as a symmetry-breaking version of the QRM, so these
facts were not surprising at first.

10¢
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F1GURE 2. Normalized spectral curves for the AQRM for ¢ = 0.75 and
e =1, with fixed A = 1.

It was first observed by Li and Batchelor [11] that for integer values of €, the spectrum
of the AQRM apparently becomes degenerate again, as was later proved in [9]. Therefore,
in this case the first half of the symmetry-degeneracy picture of the QRM spectrum is
recovered. In general, including the integer ¢ case, the Hf does not have apparent (i.e.
obvious) symmetry operators which lead physicist to call any possible commuting operators
“hidden” symmetries. Moreover, the existence of such a symmetry operator was expected
on physical grounds due to the presence of degeneracies (see e.g .[1]).

3
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The hidden symmetry operators were finally discovered for small € by Mangazeev, Batch-
elor and Bazhanov in [15] and a more systematic approach was given in [17], completing the
symmetry-degeneracy picture. In this section we give a description of this picture and how
it differs from the one of the QRM.

2.1. Juddian solutions and spectral degeneracies. As mentioned in the introduction,
the spectrum of the QRM was known to be degenerate for a long time, even before the
spectrum was shown to be fully solvable by Braak [2]. The reason is that the degenerate
eigenfunctions of the QRM are of a particular class known as Juddian solutions, correspond-
ing to eigenvalues of the form A = N — g% for N € Z>(, known as exceptional eigenvalues.
Here, we describe the similar formalism for the case of the AQRM. In particular, it turns
out that studying the degenerate solutions of the AQRM correspond to studying certain
families of polynomials in the system parameters.
First, we introduce the following classification for the eigenvalues of the AQRM:

e Exceptional eigenvalues: An eigenvalue A € Spec(Hp) is called exceptional if A
isoftheform)\:Ni§—92.
e Regular eigenvalue: an eigenvalue A € Spec(Hp) is regular if it is not exceptional.
In general, regular eigenvalues are non-degenerate [2]. The significance of exceptional
eigenvalues comes from the fact that these correspond to Frobenius solutions in the conflu-
ent Heun ODE picture of the AQRM eigenvalue problem, that is, the difference between
exponents is an integer. Moreover, these correspond to the poles of the spectral determinant,
or G-function, of the AQRM (see e.g. [3] or [9]).
Among exceptional eigenvalues, there is an additional classification according to the type
of eigenfunctions:

e Juddian solutions: the eigenfunction has a quasi-exact (polynomial) representa-
tion.
e Non-Juddian exceptional solutions: the eigenfunction is not quasi-exact.

In practical terms, the existence of Juddian solutions can be verified via a polynomial
constraint condition on the parameters. Concretely, the eigenvalue A = N £ £ — g% is in
Spec(Hp) if the parameters satisfy the equation

N+
(2) PY((29)°,8%) =0,
where P](\,N’i€> (z,y) is a polynomial of degree N (on = and y) called constraint polynomial.

The constraint polynomial PJ(\,N’S)(JU, y) is the N-th polynomial of the family P,gN’s)(gc7 Y)
defined by three-term recurrence relation

PN (a,y) =1,

PI(N,E)(I'?y) = I+y -1 - &,

PN (@ y) = (ke +y — k(k + ) PO (@) — k(k — (N — k+ DaPY (2, y),
for k > 2.

Remark 2.1. The presence of an eigenvalue A = N 4§ — g2 of non-Juddian exceptional type
can be verified also by a constraint condition

T ((29)%, A2) = 0,

however in this case the corresponding function T](\,N’ie)(:v, y) is not polynomial (see e.g. [3]
for the QRM case or [9] for the general AQRM case).
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Note that if two exceptional eigenvalues A\ = Ny + § — g? and Ay = Ny — 5 - g? are
degenerate (assuming N; > Ny), then we must have e = Ny — Ny € Z>¢. Similar to regular
eigenvalues, non-Juddian exceptional eigenvalues are not degenerate. Therefore, the only
possibility for degeneracies is between two Juddian eigenvalues.

In this case, the presence of a degenerate eigenvalue A = N £ % — ¢° in Spec(H§) with
{ € Z>¢ is equivalent to the simultaneous vanishing of the two constraint polynomials

PR T(29% 8% =0, and  PY0((29)%4%) =0,
This result is implied by the following theorem proved in [9].
Theorem 2.1 ([9]). for £ > 0 the constraint polynomials satisfy a divisibility relation
N4t,—¢ N,
(3) Py () = Ay (@, y) Py (@, y)
where A% (z,y) is a polynomial satisfying A% (z,y) > 0 for z,y > 0.

The proof of the theorem is based on the study of the determinant expressions satisfied by
the constraint polynomials and the associated three-term recurrence relations. In addition,
it was shown that A% (z,y) can be written as the determinant of a tridiagonal matrix.
Concretely, we have

(N +0)! o e+ -+ 201 1
(4) A5 (z,y) = ~————= det tridiag Nt . .
N N —i(t —1i) 1<i<¢
Here, we used the notation
ap by 0 0
C1 as b2 e 0
tridiag [ZZ b’} = o . :
COUEE 0 0 b
0 o 0 Cn—1 an

for a tridiagonal matrix.

Remark 2.2. Note that even with Theorem (2.1} it remains to prove that the corresponding
eigenfunction are linearly independent. However, since the degree of the corresponding
polynomial solutions is different, this is immediate to verify in most cases and the remaining
ones are not difficulty to verify (see also [23] for a proof using representation theory).

Using Theorem we can complete the degeneracy picture of the AQRM.

Theorem 2.2. The spectrum of the AQRM may only be degenerate when ¢ € Z. Moreover,
in this case, an eigenvalue is degenerate if and only if its eigenfunction is a Juddian solution.

Therefore, with respect to the spectral degeneracy the AQRM with integral biase = ¢ € Z
behaves similar to the original QRM. The key difference is the presence of the involutive
symmetry operator Jy. As we will see in the next section, the AQRM with £ > 0 also has a
commuting operator, but it is not involutive. However, the most interesting aspects of the
AQRM spectral structure appear because of this fact.

2.2. Symmetry operators for AQRM. As mentioned in the introduction, from the
Hamiltonian of the AQRM, the existence of a commuting operator for £ # 0 is not obvious.
This is the reason that such a (potential) operator was referred to as hidden symmetry op-
erator, especially for the case ¢ = ¢ € Z. Almost nothing was known about such an operator
until it was first discovered by Mangazeev, Batchelor and Bazhanov in [15], giving a full
description for small ¢ and a heuristic algorithm based on an ansatz for the general case.
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Roughly speaking, the main conclusions in [15] were that for £ € Z>, there is an operator
Je acting on the same Hilbert space such that

[ngv Jl] =0,

that can be computed can be computed recursively. Unfortunately some details were missing,
for instance, the algorithm was not proven to finish so the existence of the operator J; could
not established in general.

An important observation in [I5] is that for the explicitly computed cases, the operator
Jy had the form

Jo=PQ,

where Q € Maty(C[a, a']) is a matrix with entries on the (non-commutative) Weyl algebra
Cla, a'].

Using this observation, in [17] the following result was proved.

Theorem 2.3 ([17]). For integer £ > 0, there is a self-adjoint operator J, = PQ&Z) with
é@) € Mats(Cla, a']) such that
[Hg, Ji] = 0.
Moreover, Jy satisfies the operator equation
Ji = pe(Hy; 9, ),
for a polynomial pe(x; g, A) € Z[z, g, A] of degree £.

In addition, it was shown that Q(()e) € Maty(C[a,al]) is unique in the sense that any
other commuting operator of the form PQ with @ € Mats(Cla,a']) are products of .J
with polynomials in the Hamiltonian Hﬁ, and Qée) has components of minimal degree (as
polynomials in C[a, af]). There is not general expression for .J; since the coefficients of each
component of Q((f) are given as simultaneous recurrence relations.

It was also established in [17] that for € ¢ Z, any commuting operator J. of Hf cannot be
of the form J. = PQ. with Q. € Mato(Cla, a']) with entries of finite degree as polynomials
in Cla, al].

Remark 2.3. Tt is reasonable to impose certain limitations on the operator J. (for instance,
being of the form J. = PQ) with @ € Mats(Cla,al]). Otherwise, it is possible to construct
commuting operators to Hg for any e but these do not provide any useful information (see
the discussion in the introduction of[17]).

The mysterious equation
(5) J? = pe(Hi; 9. D),
was already observed in [15]. In particular, it shows that the operator J; is not an involution
and therefore it does not induces naturally a subspace decomposition of the Hilbert space
‘H except for ¢ = 0. In [15] it was argued that the sign of the eigenvalues of J, may be used
to give a definite parity to the eigenvalues of H%, however it is not known if the kernel of .J,
is non-trivial (otherwise there would be eigenvalues such that a parity cannot be assigned
in that way).

On the other hand, the equation shows that the joint eigenvalues of Hf and J; lie in
the hyperelliptic curve

v = pe(w; g, ),
allowing an algebro-geometric exploration of the spectrum. In addition, since the polyno-
mial pg(z; g, A) has integer entries, a connection with number theory may also be possible
(in addition to other connections of the spectrum via the spectral zeta function [18] [19]).
6
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An initial exploration of this direction was shown in [21] and its further development is a
potential area of research.

2.3. Conjectural relation between degeneracy and symmetry. As ¢ grows large,
the polynomial p(z;g,A) is difficult to compute and since the proof of its existence is
not constructive, there does not seem to be an algorithm that simplifies its computation.
Nevertheless, by observation of explicit computed cases (up to £ < 6), in [21], the following
conjecture was posed relating the polynomials p, and A%;.

Conjecture 2.4. For all natural numbers N, ¢ > 0, we have
(6) pe(N+5—¢%9,4) = AG((29)°, A7),

Moreover, since A% has a determinant expression, this conjecture immediately gives an
explicit expression for p; Namely, we have

(7) pz(.T,g,A) = det (A2Ig+M[($,g)),
for the matrix My(x,g) give by

(29)2—t+2i—V)(x—5+g>+i) (x—5+9>+9)

Mz, 9) = tridiag | ™) iy L g2 Lit1)

1<i<e

The main significance of this conjecture is that it relates both the degeneracy of the
AQRM with the existence of the hidden symmetry operator via the polynomials appearing
independently in each of the settings. A proof of the conjecture at this points seems quite
complicated. This is one of the motivations to study if a similar relation exists on other
models related to the QRM.

3. TWO-PHOTON QUANTUM RABI MODEL

The two-photon quantum Rabi model (2pQRM) is another model used in quantum optics
to describe light-matter interactions. As the name implies, the level changes in the two-level
system now involve two photons. In addition to this, the 2pQRM has several features
that separate it from the QRM. For instance, depending on the interaction strength, the
spectrum may be no longer consists only on eigenvalues, that is, there may be continuous
spectrum. In this section we describe how the symmetry and degeneracy picture appears
in the 2pQRM and announce some new results of the author and Masato Wakayama to
appear in the manuscript in preparation “Two-photon asymmetric quantum Rabi models:
symmetry, degeneracy and representation theory” [22|. In this section, when we say one-
photon (A)QRM we refer to the usual (A)QRM described in Section [2[ above.

The Hamiltonian Hs, of the 2pQRM is given by

1
(8) Hay = w(aa+ 3) + gla? + (a!))o. + Ao,

where, similar to the QRM, 2A is the difference between the two levels, g is the coupling
strength and a' and @ the creation and annihilation operators for harmonic oscillators of
frequency w (we may set w = 1).

In general we assume g < % Under this condition, the spectrum of Hy, to consist only of
eigenvalues (see e.g. [7]), it is also known that the multiplicity of the spectrum is bounded
above by 2. We note here that the structure of the spectrum for g > % is more complicated,
for instance, it is known that continuous spectrum appears for certain cases, but it has not
been verified whether embedded eigenvalues also appear.
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It is immediate to verify that Ho, commutes directly with the parity operator P =
exp(ira’a) and therefore we may classify the eigenvalues according to parity (as in the
QRM). In this case, the parity coincides with the parity of the corresponding eigenfunctions.

The parity symmetry in the 2pQRM actually arises from a more general Z,-symmetry,
given by the operator

jO — eiwa“a/ZO_Z
of order 4. In fact, there is another non-trivial symmetry arising from the Casimir operator
of the Lie algebra sls, but it does not appear to induce any degeneracies [22].

The differences of the 2pQRM and the QRM can also be easily seen from the spectral
curves shown in Figure Similar to the QRM case, we show the normalized spectral curves
here, corresponding to the eigenvalues of the operator Hap/+/1 — 4g2. The color represent
the parity of the eigenfunctions (black: even, red: odd).

E E
101
10
8
8
6
6
4 4
e
2 2
o] : : : : g 0 : : : : g
0.0 0.1 0.2 0.3 0.4 0.0 0.1 0.2 0.3 0.4

FI1GURE 3. Normalized spectral curves for the QRM for A = .7 and A = 1.

First, we note that there appear to be both crossings (that is, degenerate eigenvalues)
between the spectral curves of same parity and between spectral curves of different parity. As
we will see later, the analogs of QRM spectral degeneracies correspond to the ones between
eigenvalues of the same parity.

Remark 3.1. We note that the 2pQRM is not a generalization of the QRM in the usual
sense since the parameters of Hs, cannot be specialized to obtain the QRM Hamiltonian.
However, it has been show recently in (see also [20]) that we can obtain the confluent
Heun picture of the QRM eigenvalue problem from the ODE picture, equivalent to a Heun
ODE, of the 2pQRM via a confluence process.

In the two-photon setting, the role of the AQRM is taken by the the two-photon asym-
metric QRM (2pAQRM). The 2pAQRM is the model with Hamiltonian H. given by

1
(9) Hs, = (a'a+ 2) + g(a® + (a")?)o. + Ao, + Te0,
p 2

with g,A > 0, ¢ € R and 7 = /1 —4¢2. Like in the 2pQRM case, the condition 7 < 1
(9 < 1/2) ensures that the spectrum of H5, consists only of eigenvalues. This particular
form of the 2pAQRM Hamiltonian is not standard, however it allows a simpler analysis of
degenerate eigenvalues and hidden symmetry operators.

The addition of a bias term to the 2pQRM breaks the Z4-symmetry, that is, it no longer
commutes Jy. However, we note that H;,, still commutes with the parity operator P,
therefore, there is still a classification of eigenvalues into even an odd (according to the
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eigenfunctions). This is also reflected on the spectral curves of the models, shown in Figure4]
where the degeneracies corresponding to different parities (associated with the Zy symmetry
remain while the same parity degeneracies are not present in general.

8.0 0.1 0.2 0.3 0.4 g 8.0 0.1 0.2 0.3 0.4

F1GURE 4. Normalized spectral curves for the 2pAQRM for ¢ = 0,25, A =
Jbande=A=1.

Like in the AQRM, when ¢ € Z, then the degeneracies return and we can attempt to
consider a similar discussion of symmetry and degeneracy. This was observed in and it
holds in general as we show in the next section.

3.1. Spectral degeneracies. For the 2pAQRM spectrum, we define exceptional and reg-
ular eigenvalues in a manner analogous to the one photon setting. Concretely, we have
e Exceptional eigenvalue if A is of the form A = 7(2N + p + % t¢) for NZ>( and
p € {0,1},
e Regular eigenvalue if A is not exceptional.

Then, we define Juddian eigenvalues as those corresponding to polynomial solutions of
the ODE picture of the 2pAQRM. We leave the details to [22], but it is worth noting that
in order to obtain the appropriate description of the ODE picture, it is necessary to use
a Bogoliubov transformation, or squeezing transformation, to put the Hamiltonian in an
appropriate form.

The existence of Juddian solution A = 7(2N + p + % + &) for the 2pAQRM is equivalent
to the solution of the equation

N,p,+
PP+ ((29)2, A%) = 0,

for the constraint polynomial PJ(\,N’p’iE)((Qg)27A2) defined below. It is important to note
that the parameter p determines the parity of the constraint solution, namely p = 0 if the
eigenvalue is even and p = 1 if it is odd. This implies directly that there are no degeneracies
consisting of Juddian solutions of different parity and that ¢ € Z is a necessary condition

for the existence of Juddian degeneracies.

The family of polynomials P{™*%)(

P () = 1
PN (2 y) =y + 20(AN +2p+2e — 1) — 4(1 4 ¢)
P,EN’p’E)(as, y) = (y+2zk(dN +2p — 2k + 2e + 1) — 4k(k + 5))P,§Tip’e)(x, Y)
(10) —4k(k = 1)Q2(N =k +1) 4+ p)2(N —k+1) + p— DaP "y (2, y).

9
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for k > 2. Note that the parameter p appears as a variable in the definition of the constraint
polynomial, allowing a unified approach for both parities.

To prove the existence of degenerate Juddian eigenvalues, the process follows the general
idea of the case of the AQRM. In particular, we look for the existence of a divisibility
conditions between constraint polynomials of the same parity.

Theorem 3.1 ([22]). For N >0, £>1 and p = 0,1, it holds
N+L,p,—£ L, N,p,t
PR @) = AR (@, y) Py (),
where the polynomial A%’p)(x,y) satisfies A%’p)(w, y) >0 for p=0,1.

We note that in this case we have two polynomials associated with the degeneracy, namely,
A%’l)(rﬂ, y) and A%’O) (z,y). We will see later that this is not significant difference and that
the expectation of the symmetry-degeneracy picture holds even in this case.

We conclude this section by describing the degeneracy structure of the 2pAQRM.

Theorem 3.2 ([22]). For g,A >0, p € {0,1} and e = { € Z>(, any degenerate eigenvalue
of the 2pAQRM consisting of two eigenvalues of the parity is an exceptional eigenvalue

A=T@N+p+3+10),
and consists of a pair of Juddian solutions.

We note that the above does not cover the degeneracies consisting of eigenvalues of
different parities. Qiong-Tao Xie shown that the corresponding eigenfunctions can be written
as sums of special functions |24]. Still, these degeneracies remain mysterious and a deeper
study may reveal more of the structure underlying the spectrum of the 2pAQRM.

3.2. Symmetry operators for AQRM. According to the reasoning we have been using,
the existence of the same parity degeneracies hint to the existence of a hidden symmetry
for the AQRM in the cases € = £ € Z. The hidden symmetry operators J, were discovered
by [26] using a similar method of [I5]. In particular, the main result is an algorithm for the
computation of the hidden symmetry operators J; satisfying

[jfang] =0

where Jy is of the form

_ miata _

JZ =e 2 Ql7
where Q; € Maty[Cla, a']], where Cla, af]. The operators J, were given explicitly for small
values of £, however the algorithm had the same omission as in [15], namely, there is no
proof that the algorithm converges (i.e. that the operator exist). In addition, the authors
shown that the second power of .J; may be written in terms of a degree 2¢ polynomial in the

7P)(

original pr. Since the polynomials A%
be different from the AQRM case.

It turns out that Jy exists for every £ > 0 and it enjoys similar properties of its one photon
analog.

x,y) of are of degree £, the situation appears to

Proposition 3.3 ([22]). Let { € Zxo, then there is an operator J; = exp(3miata)Q, with
Q¢ € Maty(Cla, a']), such that

(11) [nga j@] = Ov

such that

(1) the entries of Q¢ are of total degree 2¢ in Cla,a],
(2) Ji is self-adjoint,
10
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(3) JZ = exp(maTa)pg(ng) for a polynomial pe(z) of degree 2£.

In addition, @, is unique in the sense of the corresponding operator for the AQRM, that
is, is of minimal degree and any similar commuting operator for .J, must be products of .J,
with polynomials in the H. fp. It is worth remarking that different from the proof of Theorem
the proof of Proposition is considerable more difficult than the one photon version
due to the complicated recurrence relations involved.

Example 3.1. Let us given and example for £ = 1, in this case, we have

0, = f% (1+7)a? —4gata+ (1 - 1) (ah)? —2g
YT -1 =1)a? —4gata— (1 +7) (ah)2 — 29 —%.
and also we verify
_ 2(A2 _ 2 .
J2 = <4(H21p)2+ & -g) )) eriela,
g
Note that the Hamiltonian H21p appears as an even power. In the next section we consider
a conjecture that clarifies this situation.

Another difference with the AQRM case is the equation
Ji = pe(H3,)P,

which due to the presence of the parity operator P = exp(m'aTa) does not allow a direct
generalization of the geometric picture of the AQRM. An alternative is to use the equation

- 2

Ji = (pe(Hs,))",
however the correct interpretation of this equation for a geometric picture is yet unclear.
We note that for this same reason, the heuristic argument for assigning a “parity” in the
one-photon case does not seem to work here (and it is not known whether the kernel Jy is
trivial or not).

3.3. Conjectural relation between degeneracy and symmetry. Let us conclude by
describing the conjecture relating the polynomials appearing in the hidden symmetry and
the divisibilty conditions originated in the spectral determinant. As mentioned before, due
the difference in degrees between the polynomials and the fact that there are two polynomials
appearing in the divisibility relation (according to each parity) it appears that the situation
is rather different that the one photon analog.

It turns out that the polynomials involved have several interesting properties. For in-
stance, while the polynomials A%’p ) (z,y) are different for p = 0, 1, they coincide for certain
values of N when considered as variable (we wrote A(“?)(N, z,%) in this case ). Concretely,
by the determinant expression obtained in the proof of Theorem (similar to (4) for the
one photon case), we see that

ACD(G — 5 = 5,202, 8%) = AUV (5 — 5 — § - £,(29)%.4%).

We note that this implies that the polynomials for the two parities actually arise from a
single polynomial. We denote by A®)(z) as the common polynomial, that is,

where z = %

Also using the determinant expression, it is not difficult to see that, with respect to the
variable z, the polynomial A(Z)(z) is a polynomial on z2. With these preparations, we can
11
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give the conjecture on the relation between the degeneracy and hidden symmetry for the
2pAQRM.

Conjecture 3.4. For ¢ > 0, the polynomials pe(x;g,A) and A(@(%) are equal up to a
constant, that is,

(12) pe(; 0, A) = (;)%M ().

T

This conjecture clarifies the degree 2¢ of the polynomial p,(x; g, A). In reality, the poly-

nomial A, and thus p, assuming the conjecture, is a polynomial of degree £ on the variable
2

2, so the situation is remarkably similar to the one-photon version.

Remark 3.2. In the example given in [26], the polynomial corresponding to pe(z;g, A) is

not a polynomial on z2. This is due to the choice of Hamiltonian used there (it differ by an

additive constant to ours) . From this point of view, it seems that our choice of Hamiltonian

pr is more natural, however both approaches are equivalent for the study of the 2pAQRM.
We also note that the constant appearing in is a consequence of the choice of nor-

malization of Jy, so the constant appearing in [26] is different.
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WO BRI E FH 28 0 35 RIS N 3 B ffi N TR D i 5%

AREM  (BHRERLRE BHE )

\LJ‘:

1 [ELC®HIC

H%ZFEe L)L b2 L, A C Hx HZMKHEFEHZE (maximal monotone

operator) ' 3%, ZDL &
0€ Au

Zhi7z 30 u 2K 2% F A (zero point problem) W5, Fi, TDX IR
Jeu % A DFER (zero point) W\, A DFERPEROESE A0 TRT. FrlfTEIEMN
s/ MERTE, HERE, I =~y 7 XAMEEFDZ  DIFEREZ L L ZMETH
%. FREEZ R < ARERN R FEIERE A (proximal point algorithm) 3% % : #1H A
e HEL
Tpp1 = Jpy Ty, n=12/..., (1.1)
TRIVERRT S, 72720, {r,} CJ0,00[ TH Y, J, IMKEFUEHRE A L EOEK r H
BAERZINE Y VIR (resolvent)™ L IMHINZEHFZETH 2. Z DirsiiklE 1970
E1Z Martinet [22] 12 kK DEA XA, 1976 12 Rockafellar [27] 12X D, B~V b ZERIC
BWT liminf, ,oor, > 0222 A70 #£ 0 ZRETIUL (1.1) TERS N8 {z,} 1
AT DIEAFIEKH T % Z ARSI NIz T O, T kO FEIE b L~UL k22
RN F v NZEET, S FIERETED ONTE 7 ([14,15,21,23,32] F2ZM).
—77, IFREEARDAH A (fixed point) %KD 2 BHEICEE S 2 9T B W TEME-TT
N-#EH [29] 1A/ N2 (shrinking projection method) ¥ PRI 2 AR FER L 7.

FIE 1.1 ([29]) H zZzHEeARVIZEBEe L, C 2 HOZETRVHAMETESE L,
T%CHheCADFT)(:={pecC:p=Tp}) HETRVIEIEAEH (nonexpansive
mapping) *? 3 5%. ¥z, {a,} & [0,a] DFEREINE TS, 272 L,0<a<1TH5.
ro % H DEEDLE U, KAl {z,} ZRDO LS WHKT 5: C; =C, 21 = Poyao & L,
neNIZXLT

Yn = QpTp + (1 - an)T-%'nv
Co1 ={2 € Cn:t |lyn — 2[| < llzn — 2|},

l‘n—&-l = -Pcn+1l‘0

9%, 2O E, 7O {x,} & Pprywo WCHRINRT 5. 72720, Px 3 H 226 HDZET
OB RS K NOFEBESE (metric projection)™ ¥ 5 5.

AFFFEITRI L (SR S:23K25512, 24K06807) OIREZ I/ DTH 5,
L5 2 fi 2.1 HEBR.
2T PIHERERTH B 2, FED z,y € CIHLT |Te—Ty| < ||z —yl| 2R EF 22 TH 3.
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BB, EE-TTN-ER [29) &, B 11 XD — IR IEIER B G E O A A B A DIY
WEHEZETVWS., THI1ZRINTHS, ZOFEIZLOMEEICL > TN
b 2R N T v NERTIFFEDTERITHONTE D, X HISEEREOMERITB VT,
ZDOFEERH WV BHRMERIATON T E /2. FIg, AN-EfE [20) XXl WS
Wz HWGER A EZIRRE L, EH O REGA 255D 2 Z 8 ITYI L. 61T,
CHETIEANT v NERICB W TN IE TR T 2 IERE S 13 5145 & oMM TR
EINTWD, ZORFAAEEFHATIUI N T TLE - 5B IERES R OMAeE
THI/ NS IEZ R TE 2 Z 2 bR LT

LU, SN2 IR 8 & MR 3 2 BRI BE RS 32 O IETE 72 fE % 3K 6D 2 MBS B % 73,
— R BEES D EE R D 2 DIXEZ TIERV. 22T, KK (17 13 2 ORE % @ik
% 7o, RINCEAZE % & ATHE/ DT 2 PR 22 R ECTIRE L. BRI B VT
AT D 2HETE, IRENOINRZFMMICR T2 0. LrL, ZOFERER
ZEMIRDINR Y Z A 5, BEZEBFND 0 PR L2 TH, LRI BV TH R RRF
LD EIRLE. X512, AR [18] 3N F v NERICBWT S, 2 ORFIARATHERR
Z RO NTREIC BV TAE RO LUER 2157, €8 1.1 LoD e~
NZE D — 2 THIHT 5 ([19] BZR).

FHE 1.2 ([18) H 2FEe A~ EME L, C % H OZETROWERZEAME SRS
L, TZCH5 HAND F(T) BZETHRWIHERE/RE T 5. {4, ZIFADOHFRRFEK
e L, § = limsup, ,.. 0, €5 5. u%Z HOMEEDILE LT, 8l {z,} ZRD LS
M5 0,eC,Ci=CtL,neNIZXLT

Coy1={2 € Cp: [Txy, — 2|| < |2 — 2|},
Tnt1 € {Z € Cpyr: ||U - Z||2 < d(“’a Cn+1)2 + 5n+1}

35 DL E
limsup ||z, — Tx,| < 2\/5_0.

n—oo

YRB. 5T, 6= 0 DY FEF {2, } 1 Pryzo [CHRILET 2.

723, AR (18] 1F, R 1.2 & D —MRAVREIHER BB S 2 UEB 21§ TV 5.

2019 RN [30] W&, KK [17) 3B 5727 T —F T Z OREE RS 5 70 DFF
WHEHIPHZ R oM/ NG IR R N F o NEBRITIRE L. 28, B 1.1 B0 H N
LR ZEED S — A TS 3.

FE 1.3 ([30]) HZFear~LbZEfHe L, C% HOZETROVEMEPEGE L, T
% C o HAD F(T) 22T WEBIFELAER (firmly nonexpansive mapping) 3 & 3

BT PERIHERGHTH B %, RO 2,y € CXNLT [Te —Ty|? < (z—y, Tz —Ty) BHIT 5L
TH3.
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3. 1x0% HOEEDILE L, w, % C DEEDILE 5. 8l {z,} & {y.} ZRITE DI
*ﬁﬁﬂij‘% D1 = {y c(C: <TlU1 — Y, W —T’LU1> 2 O}, xr1 = PDl.Q?(), A1 = C\(D1U{wl}),
U1 c A ZL, neNIZHLT

Dn+1 = {y €D,: <Tyn —Y,Yn — Tyn> > 0}7 Tpt1 = PDn+1$07
An—i-l = {y €D,: on - yH < HxO - xn—%—lHay 7é yn}> Ynt1 € An—i-l

35, 20 E LUFOWITNDLBKRLT 5.

1. 3RTDOn e NIZMLTA, #0PKDLD. ZOEHE, {r.} & {y.} &
Prryzo ANERINR S 5

2. B2k e NITHLT A, = 0D ILD. ZOHE, uy € F(T) $7210%
w, € F(T) TH 3.

KEX T, TH6 DR L 2 DDOWRE SN/ NEIE LR REZME S8
TFEERS . IZTDITE AL M ZEMTOWFEZ R L, RITNF v NER OIS RS

2 BEIARNILSZERICET BN

2.1 *fi

ARFX T, H ZF e ~0L k22 (real Hilbert space) & L, WFE (inner product) %
(-,-) TRL, CONFED»HEDPND /LA (norm) % || - || TERT. DI, KX Tlden
AL P EIZTNTEZEME T2, C % HOMMNETHREL TS, CoLtE, HOER

DIC x WX LT
Hx—mH:&gm—yH

eixsb C 0)7_‘E$0 75)—%;\@’:@&@—5 2Dk 573 C @ﬁ%o ;5_’ ch VC%L, PC % H»5
C D EADIEBES (metric projection) ¥ FES.
2GR AC Hx HIZHLT, ADEFRM (domain) & A OfEIK (range) &

D(A) = {z € H: Az # 0}, R(A) = U{Az : x € D(A)}

TERIND. ZMFH A C H x H 2HEFAEHZE (monotone operator) TH 5 &1, 1E
;jE;":\O) <SC1,ZL'2), (yl;yZ) € A L:;ﬁ-LT

<1:1 — Y1, 72 —yz> >0

ORI DIIDZ L LERT 5. HIEHZR A DK (maximal) TH2 i3, A ZE
CECHIAENZE A C Hx HOPFELREWE EWS ., Ihbb, Ay C H x H 3HFH
EFHZET, DO AC Ay THELEHIE, A=Ay b 2%0SH. HIIEHE A K
TH3 I DRBBEFDEMEE, TEDr >0 LT R +7A) = HHPBIT35ZET
H5. 12720, 113 H LOEFHEER (identity mapping) TH 5.
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ACHx HZEWAKEREARE T2, Cor %, FHES A0 BHEMESL S, X
I, EEDzeHEr>0XHLT,

T € x, +rAx,

Ziti7z 3 v, € D(A) B—RBIFET LI ehHoNTVE. ZOLIRK ¢, & Jo TX
L, J,iZADY YRV b (resolvent) EWHIN, J, = (I +rA) ' TH 2 ([25-27] %

2.2 HENEESS

2009 fFIZH b-mif-ER [13] 13 N2 L AR 2 RS & TR BFE R O
BRZRDZIFLEZREL, NF v NERICBWTRICRER 2572, EH 1.1 & R
DD~ M ZEB D — A THIHT 5.

EE 2.1 ([13) H%2eA~LbZEME L, AC Hx H% A0 22 TRUOWAK G
TEHZRE T2, {r} % a,00] DFEEINE T 2. 72720, a>0TH 5. 5l {z,} ZXD
XOWWRT 2 xo=0€H, Co=HtL,ne NU{O}IZHLT

Yn = Jrnmna
Co1={2 € Oyt |lyn — 2|l < llzn — 2]I},

Tpy1 = Po, @
3%, 20 ERH {r,} 1& Prooz WHEICRT 3.

758, H b-mkE- Sk [13] 1308 2.1 & D —fRAY7ZR, N v NZERNIC B W TREOR B
MRDFRES LIFREERO A HESDILBEERZ KD 2 I EH 215 T\ 5.

2017 ST [6] 13ARKS [17] DIRR L 7z, MM RIHERRAE Z R D/ Nk L e ik
G X, 0L M ZERICB W TR BEFEAROF RIS LT O 215 7.

T 2.2 ([6]) HELALIERY L, AC Hx H#E A0 3 TRWEAEIE
MFEe3%. {r,} % liminf, , r, >0 ZiZTIEOEZI L, {0,} ZIEEDFES| &
L, dp = limsup, ,. 0, £3 5. uZ HDEEDTLE LT, 5l {z,} XD X 5 I1THEK
T2 0 €H, Ci,=HtL,neNIHMLT

Yn = Jrnxna
Coy1=4{2€Cy: (yn — 2,0, — ypn) > 0},
Tpy1 €{2€ Cpyr : |lu—z2|> < d(u, Cppr)? + 5721+1}

3B IO E
lim sup ||, — yn|| < do.

n—0o0

LB, BT, 60 =00 ZRH {x,} 1 Pr-1ou ITHEPER T 5.
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2024 I, TR-MRIE-HEF [9] DTN [30] DIRZE L 7= Fr A #iH % R oM/ Nt igik bk
BrRiEz@e S8, bbb ZERICB W TR BEEEH RO FE A2 KR 2 BICRER %
197

EE 23 ([9]) HZe )L MEMEL, ACHx H% A710 D22 TR WA
H#Er$5%. {r,} Z liminf, .7, >0 ZiTEOELINE T5. 2o % HDEEDIT
e L, Bl {x,} & {u,} ZRICESITHERT 2. C, =Dy = H, 11 = Po,xg, up € D1 &
L,neNIIZHLT

Yn = Jrnun;
Cn+1 - {Z € Cn : <yn — Z,Up — yn> > 0}7 Tpy1 = PCn+1‘7;0
Dn+1 = {y € Cn : H‘TO - yH S ||I0 - xn+1||7y 7& un}a Up41 S Dn+1

vF5. 2oL E UTFOWFASDHITLT 5.

I. 3IRTDn e NIZMNLTD, #0HBHEDID. ZOHBE, {v,} & {u,} 1FHIZ
Pa-1gzg NEIKT 5.
2. 2 ke N\{1} LT Dy =02WH D ZOHE, up € AN0THS.

3 NFyNZEREICETBHENGES

3.1 g

E %Z5%EoNF v 28 (real Banach space) & L, E* 2 E OH%2%[# (dual space) &3
%. DI, RECTIEANF v AERIZ TR TEERME$5. FOjta XL, E* Oy
Sy

Jr = {z" € E": (2,2") = ||z]|* = [|="|*}
EXID XS54 J & EREACTES (normalized duality mapping) & FER. 728, b
LAV M ZERNC BT JIREEEBRE 125, NFoNEB EBHT v 7 - 7V —5AF
(Kadec-Klee property) Ziii7z3 & i&, E ORF {x,} 5 2 PR L, FZEF {]|z,.]|} 23
z|| NIRRT 2 & Z=1&, HI2s {z,} 22 WHRICRT 2 2t 20 5.

NFw NZERNZBWT, B~V M ZEBNC BT 2 RS OYRRZE 2 5. [R5k
FMoNF v NZERIZBWT AL 22 & RO TE X TEERES %2 (metric projection)
MPERTES (28 F22W). X, MO TOINREZEFRT 5. E 2HEOLHRNF Y
NERETE. 2O E EDTtx,y iRLT

V(z,y) = |lzl* — 2z, Jy) + [ly|*

TEXE»HR OBV 2ERTS. OBV BELTIRD LS REEIHISNT
W3 ([1,11,16] = ZHR).

L E®Jt z,y WHLT, ([« —llyl)?* < V(z,y) < (=l +[lyl)* TH 5,
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2. EOJC 2,y NLT, V(z,y)+ V(y,z) =2(x —y,Jr — Jy) TH 5,

3. EQJtx,y, 2z LT, V(z,y) =V(x,2) + V(z,y) +2(x — 2,Jz — Jy) TH 3,

4. E DMz 51, E DIt 2,y R LT V(x,y) =0 TH 3D DRBEFIEMZ
r=yThH5.

E ZAGEITHE O 2 BN F v NEfe L, C % E OZETHROWEAMEE7EE L 5.
DL E TEDE DLz AL
V(zg,z) = min V(y, )

yeC

s C 0)7_1i Zo ﬁ)#ﬁbzﬁﬁ‘jé 2Dk 572 C 0)7—13370 v HC:U VC.;ELM HC © E »
5 C O EANDOUEFFRESF (generalized projection) EIMER ([1] #ZR). £/, D% E D
ZETRVEDEAT, E* T JD PHAMBEETH2L T2, 2O E Erb D ANOER

Rp %
Rp = J T,

TERT D E Rp ¥ = — IR LR ([11,21] Z22M). =L, I, & E*
25 JD O ENOUERS TH 5. EHEES R & ¥ = —HEIHERS 2 Id e L)L b 22
M CTEFR S N FERESIE DN F v NZE-TOINRMETH 5 ([1,11,16] Z2Z2H). $72b
L, INHDHHIT AL PEMTIE—HT 2. 202, AL MERIZBWT
B JT=1tR2ZEDPOREZITETS.

E Z[EGHCH & 2 EEM N F v A" 55, ZHEHR ACEx E*IZHLT, A
DEFEM (domain) ¥ A DA (range) 1%

DA)={z € E: Az #0}, R(A) =U{Az :2 € D(A)}

TEREINDS. ZMEHR A C E x E* DHEFAEHZE (monotone operator) TH 2 & 13, {F
B (z,2%), (y,y*) € AWTHLT

HORICRD LD Z L LIERT B, HFEAE A K (maximal) THB L%, A #H
CEDHIWEHE A) C EX E* DFELREVWE ZWS. Thbb, Ay C E x E* HHH
TEFZET, 2D AC Ay THBEEOIIE, A=A B ER NS,

ACEXE* BCE*x E%2BAEFAFERZLT 2. 2o x D r > 0120 LT

R(I+rJ'A)=J Y(R(J +rA)) =R(I +rBJ)=E

Y75 L BHISRTWS ([3,11,26) #28). %7, D(A) £ D(B) O D(A)
D(B) BiEE L 5% 2 bHISNTVS ( [24] ZBH).
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DI IDRDIODEMBNPERTES. ALED r > 01X LT

P.o=(I+rJ"A)": E - D(A):
Q.= (J+rA)'J: E— D(A);

R, =(I+rBJ)"': E— D(B).

B DEMRITNIEZ, (P) BV VXY b (the resolvent of type (P)), (Q) LV Yy~
I (the resolvent of type (Q)) T (R) B4V V' )LxX ¥ T (the resolvent of type (R)) &
Ehs. 2ad 3200 YARY MEIEANL PEBTERSINLY Y ARY FON
F o NEETOIRBEETH 2 ([2,5,7,11,28] FEZMH). Thbb, ZHLH6D Y YN
Y MEIB AL P ERTE RT3, 2O X, AL FERICBWTR =1 27k
52O RZITET .

3.2 #IHEE

AIETIE, NF v AEEIEBWT (P) B, (Q) BIR T (R) BO Y Y ARY k% HNT,
- TTIA- L2 [20] SN B S . INSTIZEEC P 2 U5 B S BB %
WA R R DN T B

2009 FEICAK-TEHE [20] 12 (Q) BV VLAY b & FINT, BAHTREAZEOE AR
SRS H % 57

EIE 3.1 ([20])) F ZERRRIEFERNF v NERIT T Ly & 2 MO ATRER /L & £
L, AT w7 7V =& EMETE L, AC EX EX 2 A0 BETR WK EFEERHE
9%, {a,} Z liminf, o, < 1 2723 [0,1] DEEHIE L, {r,} Z inf,enr, >0
Zii7zTIEOERINT S, v 2 FEOFEEDLE L, 8l {z,} ZRICE D ITHKT 5:
1 €E Ci=E¥L,neNIZHLT

Yo = J HanJz, + (1 — ) JQr, 1),
Co1={2€C,:V(z,yn) <V(z,2,)},

Tnt1 = Po, @
€55, 2D E, {x,} & Pa-rgr NGB T 3.

7B, H2H 22 HTHALLEM 2.1 dANF v ZERIZBWTIE (Q) MY YRy b
Z WM N O R T & 2 D3 IEIEST R & LU CHERREES R 2 W TH D, E# 3.1
FERRES S H W SN T WV 5.

2013 FATHAR [4] 1% (P) L) YRy b ERH WM NTRICE T 2 R E15 7.

EIE 3.2 ([4]) E ZEIGEHTHESPRRBE M ANF vNEMTAHT Y 7 - 7Y —5
theiil-de L, AC Ex E* %2 A0 PR THROVEMKEFAEHEZEL 5. {a,} %
liminf, o a, < 1 273 [0,1] DEZI e L, {r,} % liminf, . r, > 0 27T IE
DEBINT 2. Al {x,} ZRZEDITHERT2: 1y =2€ FE, Ci=FtL,neNIZH
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LT

Yn = QpTy + (1 - O‘n)Prnajnv
Chnt1 :{ZE Cy : <yn_ZaJ(In_yn)> > 0}7
Tpy1 = Po, @

55, 20 E {1, & Pyogr NEEINEHT .

(R) BV VLR b %AW ZMNTREICE Ul BERESR % F O 72 R Wz o,
2008 FFITHA [12] 234 = —MEIRHERBAR 2 W7 ROBICREM 2813 5. 7238, 1
BESTR 2 Tl W= PR G EFHE 3.1 O 3.2 DEFHZ S EICTHIEE S Z e ka2 % 5.

FIE 3.3 ([12]) E Z—#RiMoNF v NZEBT—REY b =W AlRER / LV a2 RiD L L,
B C E* x E % B0 D2 TRWHMKBEFAFEHRZRL 75, {a,} & limsup,_, a, < 1
Zi/z3 0,1 FEEKHIE L, {r,} & liminf, .7, > 0 2z TIEOFELINT 2. £
{xn} ZRICED WK T %: 2y =2 € E,Ci=FE 2L, neNIZMLT

Yp = ApTy + (]- - O4n)-R7“n'-'l:n7
Coi1={2€C, : V(yn,2) < Vi(xy, 2)},

Tne1 = Re, @
352D %, {ZL’n} =8 R(BJ)—lol' ANFRINRT 5.

3.3 HARIRATAEIRE & 15 DM/ ETES

KIETUE, NF v AZEBICBWT (P) 8, (Q) BK K (R) HO Y Y ARY k% HOT,
Ak [17) OMERIRATAEREZE & o fi NI IE R 305 . ATETT & B MR I W 2 85
FASHBAS BT % T O 7 B 2 DI INT S 5. S SHIDICROEIE AN T 5.

EE 3.4 ([31]) E&AF v ZHY L r 2 EOFME TS B ={zc E: |z <r}
v L7t LA T 3.

() BEH—EEMR S, g (0) =0 275 [0,2] 5 [0, 0o ~ DTN
MBI g BHFEL, B, OEROTE 2,y ¥ [0, 1] DIEEOSEK o 13 LT

loz + (1 = a)y||* < allzl* + (1 = )lly[l* — (1 — a)g, (Il= — ylI)

R VAR
(i) E2—HRIEo»% 51X, 3,(0) =0 &% 2% [0,2r] 225 [0, oo ~ODEfE CHAH
W72 B g, DFEL, B, DIEEDTT 2,y & [0,1] DEBEDOEE o 1T LT

loz + (1 = a)yl* > allz[|* + (1 = a) [yll* — a(1 — a)g, (= — yl)

RV
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2016 FICHA [5] &, EH 3.4 THEMD RS WM g, & g ZHWVWT, (P) BB &
O (Q) BLY YR MMTHT 2RI RTRERAZE &2 RO/ NitZ 5 2 R L 7z

FIE 3.5 ([5]) E ZELIPR—RRMANFoNZERE L, AC Ex E* % A0 Hi%ET
7% <, D(A) »EHRmAKEFAERFZE L T 5. {r,} Z liminf, .7, > 0 ZHZTIED
FRHNe L, rZ2 B, DDA 2B L5 REDFERE TS, {0,} ZIFEDOEHKIIL L,
0o = limsup,, .. 0, €T 2. u%Z EDEREDILE LT, KAl {x,} ZRD XS ITHERT 5:

Yn = Prn$n7
Cn+1 = {Z € CTL : <yn - %, J(l’n - yn)> Z 0}7
Tni1 € {2 € Coya « [lu— 2||* < d(u, Cpy1)? + 0nin }

5B D x
limsup ||z, — yn|l < g (d0)

n—oo

LRB. XBIT, Go =0 D% FEH {2} & Paorgu \CHRIET 3.

FIE 3.6 ([5]) EZ—HRCHESHIBR—RMANF v NZEREL, ACEX E* %2 A0
22T <, D(A) AR HRHEFEHZRE 35, {r,} % liminf, ,r, > 0 ZiZ 3k
DEBHNE L, r % B, 28 D(A) 2B8L X5 RIEDERBE T 2. {4,} ZIFADFESI L L,
0o = limsup,, .. 0, €T 2. u%Z EDEREDILE LT, KAl {x,} ZRD X5 ITHEKRT 5:
rw=x€FE Ci=EtL, neNIIZxLT

Yn = anxn)
Coi1={2€Cp: (yn — 2z, Jr, — Jy,) > 0},
Tpp1 € {2 € Cryy: |Ju—2|* < d(u,Cry1)?* + 6psr1}

b R NN ) D=+
limsup ||z, — yn|| < g;l (@»(ﬂr_l((so)))

n—00

LB, XBIZ, 6 =0 DL FEH] {2, 1E Paorou ICRIRS 3.

7B, [Fl BV TIE, EH 3.5 MOEH 3.6 D A DZMFIIMAHFERR X D550
DEHZRLTWVS.

(R) 24U YR b & WA AT RERR 22 &2 FFO M/ Mt RZ I BE L T, 2017 4RI
KA (7] D3Y = —HEIRIE K BRIV RO EUER E AN T 5. B, RSB L
T, FEEE {r,} DEFOIRE LU 72E T Ibaraki-Saejung [10] R ZH TV 5.

FIE 3.7 ([7]) EZ—RRESHIBR—HRMANF v NZE# e L, BC E*x E% B0 %
26Tk <, D(B) AR EHRERZL T 5. {r,} & infyenr, > 0 Zilizz T EDE
BEIL U, r % B, 9 D(B) # &0 & 5 RIEQOERE T 5. {5,) 2 IEEADHE R EEI L

1eC



L, 6 = limsupnﬁood ZT% u% EDEEDOILE L“C, Az, } ZRD K 5 ITHERK
Yn = Jrnl’,“
Chi1={2€Cy,: (g —yn, Jy, — Jz) > 0},
Tpt1 € {2 € Cryr : V(u, z) <inf{V(u,v) :v € Cpy1} + 0ny1}

E3BH. 2D E
limsup ||z, — ya| < g " (%(9* 1(50)))

n—oo

7 LIEM 3.4 % B CEA L, IS (i), (i) TS EBEETH 5.

3.4 FrEsEZEF O

RBRICARIETIE, NF v AERIZBEWT (P) 2, (Q) B AU (R) BV Yy A~y b %H
WC, TN [30] DFRFAHIP Z2 Feoffi Nt siE 2 S . Jalr, RARAELE 8] Bz h s 300
YYNARY ML TORREZRTWS.

FIE 3.8 ([8]) F zEHIFWNTHEHLDRBRLBIIANF v NER-ThHT Y 7 - 71 =5
hrmiiz3e3d% ACExE % A'0PECTRVEREFERZLL, {r.} %
liminf, ,oo 7, > 0 ZHi72TIEDOEBINT 5. 2o & E DEEDITE L, KA {z,} & {u,}
ERICEDIWHER T 5: C, =Dy =F, 1= Poxo,uy € D 2L, ne NIIXLT

Yn = Py tin,

Croy1={2€Cy: (yn — 2, J(uy —yn)) >0}, 2p11 = FPe,, %0

Dppi={y € Cu:|lzo —yll < llzo — Tpsall, y # unts  Uns1 € Dnia

E55. 2O E, UNOWTALHMRILT 5.

1. TRTOn € NIZHLT D, £ 0 BMD D, ZOBE, {2} & {u.} 3312
PAflol’() ’\Bﬁuy;ﬁ?" % .
2. ®% ke N\ {1} ITHLT Dy =0 AMDIID. ZOHE, up 1 € A0 THS.

EIE 3.9 ([8]) F ZEIFRHIZREBRMANF v AT T Ly & = WMITRIRER / L L2 HE
L, AT 7V =% ERTET S ACE x Ef % AT BT WK BRI
MFEr L, {r.} % liminf, ,r, > 0 2L TEOELINT 2. 20 % E DIEEDTE L,
EOI{z,} & {u,} ZRICEKS WK T %: Cy = Dy = E, 1 = Poywg, vy € Dy & L,
n e NIZHLT

Yn = Qr, Un,

Cry1 ={2€Cy: (Yo — 2, Jup, — Jyn) >0}, xpy1 = Pe, ., 20

Dy ={y € Cu: llzo = yll < llwo — zniall,y # un},  tUngr € Do

835, 20 E DIFOWTIUDDKILT 5.
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I. 3RTDn e NZHLTD, #028HID. ZOHE, {v,} & {u,} 13
Pa-1pxq ANFRIHR T 5.
2. 2 keN\{1} TNHLT D, =02 D, ZDHE, up1 € A0 TH 5.

I 3.10 ([8) FE ZMRHIREZEIANTF v NEMTI Ly ¥ MO ARER / VL%
b, h 7w o« 2V =505 de3%. BCEx E% B0 Z8TROIAHGEE
Hz#Ze L, {r,} Z liminf, ,r, >0 27z TIEOEBINT 2. 20 2 E DIEEDILL L,
Bl {z,} & {u,} ZRICKS KK T 5. C, =D, =E, 21 = Jflpjcljxo, u € D, &
L,neNIIZHLT

Yn = anunv
Coi1={2€Cy: (uy —yn, Jyn — J2) >0}, x4 = J_leCn+1Jx0,
Dn+1 = {Z/ € Cn : ||J.CE() - JyH S HJ%'() - anJrley 7é un}a Upt1 € Dn+1

E55. 2O E, UNOWTADLHMMILT 5.

. RTDn e NZHNLTD, #0H8RHILD. ZOHE, {z,} & {u,} FHI
TP Ty NI B
2. B3 keN\{1}IZHLT Dy =0 ARD 0. ZOBE, wy € (BJ)0TH3.

7T U, P & E* 205 E* OFECROHIMES K° O LAOHEBSIT TS 5.
4 Fr®

AF T, MKHEFAEHEOFRMBEOM 2R D 2 FETH 2iEERE L, A#IRI
PUE DL CEA XN/ NTRIE M O 2 DD B X/ NGE  ORE % e L~L
MZEMB K UNF v NEFTER L. b REIEIMKEFIEHR» ARSI NSV Y
ARy MERAZEXFH X205, L~ b ZER] D 5N T v NZERNTHRER 3 % BRICEBO
YRR D 5. A TIE (P) B, (QHMBEIUL (R) MDD 32D Y Y ARy M 2ifkoTz. &
7z, BIL~OL b ZERNC B i/ NIRRT EEREST 2 S W B AL 5 03, B LAUL b ZEf D
HoNF v NZENCHRIR S 2 BICIERRIE SRS & @R OIRRD B b | BERESR, HEFRRES 3
K O = —HEIHE R 5 & o 7. MEFRBES 52 & U = —HEIHIE KSR @ 2 D3N BEfRIC
2o TBY, RS ZFAWT (R) ) ARy 2] BRI, IERRES R oRR Y L
TH = IR RGOSR SN 5. R 2 VT (R) MU Y ARy F 2o &
310 r HERREES R & = — MEIRHERSI R O RO BA (R 2 LR U CAAUIERE L 5 WvWie
A9, INBH XD, AL FZEMDR S NF 9 NERIANOILRIE, 3 DD ) VARV b E 2
DDIEMEFFE DR A 7D 6 DDMASORIHIRTE 2 Z e b2 b5 5. KL T
EERRES R 2 W72 R 2 HUONSHBA T L 7223, o TV R WA G b b FIFRICE X H 5
ZEeDHIKS.
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