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On p-equivalence in the sense of Serre
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§1. Introduction.

Let p be a prime or zero. We denote z_ = z/pz for
P # O and Zp = Q the rational field for p =—0. We define
that a space X is p-equivalent to a space Y if there
exists a map f:X —> Y such that f induces isomorphisms
f*:H*(Y:ZP) 2= H*(X;Zp). We call f a p-equivalence.
Clearly this relation satisfies reflexivity and trans-
itivity. However it is not known if it satisfies sym-
metricity.

Consider a compact, connected, simply connected,
simple Lie groﬁp G. Then the real cohomology of G is

isomorphic to X(G). where X(G) is a product of odd

4
dimensional spheres: x(G) = N g ~, £ = rank of G,

f}ni = dim. G. Then G is defined to be p-regular

;;IX(G) is p-equivalent to G. In his paper [10], Serre

writes "Il serait intérresant de savoir ~i le fait

que p est regulier entraine l'existence dfune p-dqui-

valence g:G —> X(G). Plus généralement est-il possible

de bgtir une tlizorie du é; type d*homotcpie d'un espace?®.
In this pPaper we show that the answer to his first

question is always “"Yes". The major portion of this

paper is devoted to the second question.
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In §2, we prove a theorem showing six equivalent
conditions for a space. We define a space to be p-
universal if it satisfies one of them. $3 is then
devoted to obtaining general properties of p-universality.
For example, we show that if one of the spaces is
p-universal in the p-equivalence f:X —> ¥, then there
is a converse p-equivalence g:¥ —> X. Various examples
of a p-universal space are given in §4. In the section 5
Serre's first problem is discuséed as application.

Throughout this paper é;’ P # 0, denotes the class
of finitely generated abelian groups whose orders are
prime to p. 623 denotes the class of finite abelian
groups.Hi(X) and Hi(X) denote the integral cohomology and

homology group respectively.
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§2. A main theorem.

The object of this section is to prove the following
Theorem 2.1. For a simply connected, finite CW-complex
K the following six conditions are equivalent:

(a) For any given p-equivalence k:X —> Y, where X

and Y are simply connected, and for an arbitrary map
g:K —> ¥, there is a map h:K —> X and there is a
p-equivalence f:K —> K such that the following diagram

commutes up to homotopy:

X
X —> Y
™
]

h , g

]
: £
K --—---> K

(b) For any prime q, g # p, and for any integer n > O,
there exists a p-equivalence f£:K —> K such that f* is
triéial on HP(K;Zq).

(c) For any G G:@p, there exists a p-equivalence

£f:K —> K such that f* is trivial on H*(K;G).

(a)? ﬁor any given p-equivalence k:X —> Y, where X and
Y are finite CW-complexes, and for an arbitrary map

g:X —> K, there is a map h:Y —> K and there is a

p-equivalence f£:K —> K such that the following diagram
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commutes up to homotopy:

ok

X ——— ?

!

{

g t h

!

|

£ %

K ~——==3>K

(b)'  For any prime q, g # p, and for any integer n > O,
there exists a p-equivalence f:K —> K such that £, 81
is trivial on vn(K) ® Zq.
(c)* For any G € ﬁ; and any integer N > O, there exists
a p-equivalence f£:K —> X such that £, ® lG and
£, * 1G are trivial on vn(K) ® G and vn(K) % G respectively
for all n < N.

The rest of this section is devoted to the proof
of the theorem.
((2) implies (b).) Let Bi’ 1l =i =5, be a basis of
Hn(K;Zq) and g, K —> K(Zq,n) be their representatives.
Put N = dim. K. Let X be a one point space. Then
there is a p-equivalence k:X —> SK(qun); since

H*(qun;zp) = 0. Now we consider the diagram

k s
X ————> 1K(Z ,n)
~ g
]
|
1
h : (gl,. ..pgs)
! £
K -—=-—=m- > K



By (a), there exists a p-equivalence f:K —> K such that
(gl,...,gs)of is homotopic to zero, and hence so is

giof for 1 =i =s. Let u € Hn(zq,n:zq) be a funéa—
mental class such that gi*(u) = B.. Then we have that

1

*
0. So £ is trivial

* * % £ %
£(8) = £ g, = (g,0f) (u)
n
on H (K:;:2 ).
a
((b) implies (c).) We prepare
Lemma 2.2. (b) implies the following (b)r for any
integer r = 1.
(b)r: For any prime q,q # p, and any integer n > O,
there exists a p-equivalence fr:K -—> K such that
*
£ is trivial on Hn(K;th) for 1 =t s r.
First we show how Lemma 2.2 implies (c). Let
@ r (i)
s be the order of G. Then s = I a; . where
i=1
q; is a prime in the order of G with qa; # p, and r(i)

is a positive integer, since G € é%. ' Then by the above

lemma there exists a p-equivalence fr(i):K —> K for
each g, such that f? ., 1s trivial on Hn(K:Z é) for
i r(i) ay
< = 1 i = °, ..
1 =t =1x(i). Then the composite fn fr(l) °fr(a)

:K —> K of these maps is a p-equivalence and the induced
*

homomorphism fn is trivial on Hn(K:G). Put £ = fNo...ofzp

where N = dim. K. Then f satisfies the required

condition.
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Now we will prove the lemma by induction on r.
The case r = 1 is clear. Suppose that (b)r is true.
A short exact sequence 0 —> th —_— th+l —— Zq —— O
derives the Bockstein exact sequence

B (#4Z_) L5 B° (K72 _t+1) Ly g° (x:2 )

Then we get that p(f*(x)) = f*(p(x)) = 0
for any x of Hn(K;th+1), and hence there exists an
' ¥
element v of Hn(K;th) such that ¢(y).= £ (x). Put

% % % %
= = £ : = =
fr+l fofr. Then we have fr+l(X) (fo-r) (x) fr(f (%))

f:(b(y)) = b(f:(y)) = 0. Thus we get {b)r+l.

({(c) implies (a).) We regard X as a subcomplex of Y
with inclusion k:X c ¥, replacing Y by the mapping
cylinder of f if necessary. The map g:K —> Y is
said to be n-deformable into the subcomplex X if g is
homotopic to a map g'!':X —> ¥ such that g'(K(n)) c X.
We will prove it by induction on the skeleta of K.

It is clear from our assumption that g is l-deform-
able into X. Suppose a map g:K —> Y is (k-1)~deform-
able into X. The obstruction to a k-deformation of
g into X is a cohomology class Yk(é) of Hk(K7vk(Y,X))o
[3]. But k:X c Y is a p-equivalence, so Fk(YIX) € 5;.
Let fk:K —> K be a p-equivalence such that the induced
homomorphism f;:Hk(K;vk(Y,X)) ey Hk(K;wk(Y,X)) is zero.

Then the obstruction to a k-deformation of §ofk:K -_ Y
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. . k = o2 k- _ _

into X is vy (gofk) = fk(Y (g)) = 0. Set f = fN°-..of2.
and then g°f is homotopic to a map h:K —> X, where

N = dim. K.

((a)* implies (b)'). Let g,, 1

[

i £ s, be a bagsis of
n‘n(K)®Zq and gi:Sn —> K be their representative. De-

note by qa:sn — Sn the map of degree g. Then
s S n S n ,

V gt: VS —>» VS8 1is a p-equivalence, since
i=1 i=1 i=1
g # p. Now we consider the diagram:

S
V. q¢
S n i=1 S n
V.8 >V S
i=1 .
1=!l
|
!
{gyeeeeeg ] | h
£
v
K ——mmeB 5 ¥

By (a'), there is a p-equivalence f:K —> K and there

is a map h:'s st —> K such that fo{glg...,gs] = h°(3qb).

and hence t;;ie is a map hizsn —> K such that

fogi = hio(qb). Therefore f*(Bi) = q[hi} = 0 in

rn(K)®Zq. We get the triviality of £, on vn(K) ® Zq.
Before showing that (b)' implies (c)', we prepare

Lemma 2.3. iet G be a finite abelian group and A& a

finitely generated abelian group. Let © be an

endomorphism of A such that 1G®@: G®A —> G®A is triwvial.
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Then there exists a positive integer r such that
lG*@r:G*A —> G*A is trivial, where mr = (0.. .0, T
times.

Proof. Let b be a prime. It suffices to show the
lemma for the case G = th and A is a b-group, since
the free part of A vanishes in the torsion product
G*A. Put g = bt. For any element a of A, there
exists an element a' of A such that ¢(a) = ga', since
1G®¢ is trivial on G®A. In general, for any a € A,

(s)

there exists an element a € A such that @s(a) =

a®a'®). Note that z *a = (a ¢ Alga = 0} c . We have

s s 5 (s) .
(lG*w (@) = o (a) =g a . Let n be the maximum
power of b among the orders of the direct summand of A,
Take a positive integer r such that rt = n. Then we

= 2 ST 6. kD

have that (%}#pr)(a) = @r(a)
((b)' implies (c)') We need the following
Lemma 2.2' (b)' implies the folloQing (b)‘r for any
integer r = 1:
(b)'r: For any prime g, g # p, and any integer n > O,
there exists a p-equivalence fr:K —=> K such that
fr*lis trivial on vn(K)®th for 0 <t sr.

This is proved by a quite similar way to Lemma 2.2

by using the exact sequence
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vn(K)mz & — T (R)®z
q
derived from a short exact sequence

qt+1 - vﬁ(K)ezq

O —> Z £ —> Z 41 —_— Zq —> 0.
g g
So we omit it.

Let G € 6p. Then by a similar argument to the proof
of {(b) implies (c)), we know from Lemma 2.2° the existence
of a p-equivalence f;:K ~—> K such that fﬁ*®lG is trivial
on vn(K)ec. By Lemma 2.3, there exists an integer r > O |
such that (£!,) %1 is trivial on T K6, set £ = (£)T =
fgo---of;» and then £ «®L; and f #*lg are trivial on
rn(K)eG and Wn(K)*G respectively. Further we put
£f= fN-l°"'°f2’ Then it satisfies the required conditions
in (c)'.

((c)' implies (a)') As before we regard X as a subcomplex
of Y. We prove it by induction on the skeleta of (Y. X),
denoting by (Y,X)(n) = Y(n)ux. By the general assumption,

g¢X —> K is extendable over (Y,x)(Z). Suppose a map

g':X —> K is extendable to (Y,x)(n) and let 6‘:(Y,x)(n) -—> K
be the extension. The obstruction to extending § over

%) ) o ihe element VG e Hn+l(Y,X;wn(K)), which

(¥,
is isomorphic to vn(K)OHn+l(Y.x) + vn(K)*Hn+2(Y,X) by
Theorem 10 (p. 246) of [11]. We note that the splitting is
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functorial Since k:X c Y is a p-equivalence, we get that
Hi(Y,x) € ﬁ; for i > 0. Put N = dim. (¥,X)-1. By (c)*
there is a p-equivalence f;:K —> K such that fg;@l
trivial on vn(K)®Hn+l(Y,X). Similarly we have a p-equiv-
alence fg:K —> K such that fg**l is trivial on
Wn(K)*Hn+2(Y,X). Put fn = f£°fg- Then the obstruction to

(n+1)

extending fno§:X —> K over (Y,X) is an element

n+l = L = B i
YR eg) = (£ ),y (9) =0, since (£ ), = £ .81 + £ *1,

)

= +1
So fnog:x —> K is extendable over (Y,X)<n ).

Put f = fNo———sz. Then fog is extendable to a map
Y —> K. Thus we get (a)'.

Before proving the equivalence between (b) and (b)', let
us recall some properties of the n-connective space. The
n-connective space (K,n+l) is a fibering over K with a
fibre map p:(K,n+l) —> K inducing isomorphisms
p*:vi((K,n+l)) e vi(K) for all i =z n+l and ﬂi((K,n+l)) =0
for all i < n+l. Further we have two fiberings:

(2.4)n K(vn(K),n—l) —> (K,n+l) —> (K,n).

(2.5)n (K,n) — (X, n-1) —> K(vn_l(K),n-l)

Let f:K —> K be a p-equivalence. Then it induces maps

£, (Kon) —> (K,n) and £ :K(r_(K),n-1) —> R(r_(K),n-1)

such that the following diagram commutes up to homotopy:
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K(Trn(K)an-l) —> (K,n+l) —> (K,n)

(2.6) fn fn+l fn

K("n(K)nn—l) "'"9 (Kon+l) _"> (Kln)

(207) {(K,n) —> (K,n=-1) —> K(W'n(K)un-l)

“ fn--l fn€i) X

(K,n) —> (X,n-1) —> K(Trn(K)an"l)

Then it is not so difficult to check that fn and En are
p-eguivalences.

((c) implies (b).})) We need the following

Lemma 2.8. (c) implies the following (T)i‘for any integer
1 <i<nN

(T)i: For any prime q,q # p, there exists a p-equivalence
£(i) :X —> K such that the derived p-equivalence
f(i)i:(K,i) —> (K,1i) induces zero homomorphisms on

Hj((K,i);Zq) for 0 < § < N.

Proof. (T)2 is clear. For (K,2) = K and £ = f(2)2.

Supposing (T)n, we will prove (T)n+ . Consider the hom-

1

ology spectral sequence {Era b} with Zq—coefficient associatec
L4
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with a fibering (2.4)n. Since f(n)n* is triwvial on
Hi((K,n);Zq) for 0 < i < N by the assumption, the

induced homomorphism f(n), is trivial on Ej b=
4

Ha((K,n); Hb(vn(K),n—lrzq)) for 0 < a < N, and hence

it is trivial on E; b for 0 < a < N. We have the
o

1 1 © e ° =
isomorphism Ea,b = Da,b/Da-1,b+l' where Ha+b((K,n+1),Zq)

D mm— D O. Hence the triviality

Datb,0 D i

©
of £(n), on Ea,b deduces that f(n), (D_ ,) c

TPt aer

for 0 < a < N.

Therefore the map (f(n))N = f(n)o=-~of(n), which is a
P-equivalence, induces the zero homomorphisms on
Hi((K,n+l);Zq) for 0 < i < N. So we name it f(n+l).
Thus we get (T)n+l- Q.E.D.

By the universal coefficient theorem and the

v

Hurewicz isomorphism, we get Hn((K.n);Zq) = Hn((K.n))®Zq
vn((K,n))®Zq = nn(K)ezq. Therefore the triviality of
f(n)n* on Hn((K,n);Zq) induces the triviality of

f(n),®1 on vn(K)gzq.

((c)* implies (b).) We prove the following:

Lemma 2.8' (c)' implies the following (I)i for any
integer 2 < i = N, where N = dim. of K:

(I)i: For any prime q, g # p, there exists a p-equi-

valence f(i):K —> K such that the derived P-equivalence
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f(i)i:(K,i) —> (K,i) induces zero homomorphisms on
H,{{K;i):2 for all j = N.

J(( 2 1) q) J

Proof. IN is clear. In fact, we have the isomorphisms
HN((K'N);Zg) = HN((KaN))®Zq = VN((KaN))®Zq = WN(K)@Zq.
So the map f derives a map £(N) inducing the trivial
map on HN((K,N);zq). Supposing (I)n’ we will prove

Consider the homology spectral sequence

(I)n—l'

{Er } with 2 -coefficient associated with a fibering
a,b q

¢

. 2 . .
‘(2.5)n. Then Ea' = Ha(vn_l(K),n-l,Hb(K,n),Zq)). so

b

the induced homomorphism'f(n)* is trivial on Ez b for
- a

all b = N, and hence it is trivial on E: ,, for all
&

[=+
= o
b = N, where Ea.b Da,b/ba-l,b+l

0. So we have £(n)_ (D

and H_ ((K.n~l):2q) =

+b

D D === D )

a+b,0 D_1,atb+1

Da b for b € N. As before, we conclude that the map
@

(f(n))N+l = f(n)oe-~-of{n) induces the zero homomorphisms

on Hi((K,n—l);Zq) for i = N. We put £f(n- 1) = cf(ﬁ})N+l

Thus we have shown that (I&: is true for all i = N. Q.E.D.
In particular (I)2 shows that X satisfies (b) of

Theorem 2.2, since (¥,2) = X.

Thus the proof of Theorem 2.1 is completed.

Proposition 2.9.

{1) If a map £f:X —> Y 1s a p-equivalence, then it is

O-equivalence.



(2) If a map f:X —> Y is a O-equivalence, then it is
a p-equivalence for all but a finite number of
primes p.

The proof is straight forward.

Proposition 2.10. 1If a simply connecte » finite CW-

Mza]’;aa me cm A 2.1
complex K -igs—p=uni

different two primes p and g, then K ls~o-uatvers£?

Proof. Let r be an arbitrary prime. Then one of

fr geme.

P and g is different from r. Suppose p # r. By the
assumption there exists a p-equivalence f:K —> K

: % =

such that £ is trivial on H (K:Zr). Further, f is

a O-equivalence by (1) of Proposition 2.9. Q.E.D.



§3. p-universal spaces and properties.

We work in the category of simply connected, finite
CW-complexes.

Definition 3.1. A space K is called p-universal if it
satisfies one of the conditions in Theorem 2.1.

This section is devoted to obtaining general prop-
erties of p-universal spaces. The following is a
direct consequence of Theorem 2.1.

Theorem 3.2. Let k:X —> Y be a p-equivalence. If
either X or Y is p-universal, then there is a converse
p-equivalence h:¥Y —> X.

Proof. If Y is p-universal, we take K = Y and

g = lY in {a) of Theorem 2.1, If X is p-universal,

we take K = X and g = lX in {(a)' of Theorem 2.1.

Lemma 3.3. Let p be a prime. Let f:¥ —> ¥ be a
p-equivalence. Then there exists an integer r > 0
such that (fr)* is the identity of Hf(Y;ZP).

Proof. Since H*(Y;Zp) is finite, the automorphism
group of H*(Y:Zp) is a finite group. Hence f} is

of finite order, say r. That is, (fr)* = (f"k)r is

the identity. Q.E.D.
Definition 3.4. A space X is said to be p-dominated by
a space Y if there are maps j:X —> ¥ and k:¥ —> X
such that ke¢j:X —> X is a p-equivalence.

89



Theorem 3.5. A space X is p-universal if and only if
it is p-dominated by a p-universal space Y.
Proof. The necessity is clear.

(The Sufficiency.) Case I. p # O. Let g be a prime
with ¢ # p and let £:¥ —> Y be a p-equivalence such
that £ is trivial on H*(Y;Zq}. By Lemma 3.3 there is
an integer r > O such that (fr)* is the identity on

*
H (Y:Zp).
Then kcfroj:x —> X is a p-equivalence inducing a
trivial endomorphism of H?{X:zq),

Case II. p = 0. It follows from (2) of Proposition 2.9.
that X is s-dominated by Y for all but a finite number

of primes s. For any given prime g, there exists a

*
o

O-equivalence £:Y¥ —> Y such that £ is trivial on
HQ(Y:Zq}g since ¥ is O-universal. keoj is alsoc O-
eguivalence. By {2) of Proposition 2.9. there exists
a prime t for which kej and f are #-equivalences. As
before, there is an integer r > O such that k°froj

a t-equivalence. It follows from (1} of Proposition
2.9 that kOEEﬁ is a O-equivalence. Q.E.D.
Corollary 3.6. Let k:X —> Y be a p-equivalence.

If one of £hem is p-universal, so is the other one.

Proof. It follows from Theorems 3.2 and 3.5. 0.E.D.
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Corollary 3.7. The p-equivalence is an eguivalence
relation in the category of p-universal spaces.

Theorem 3.8. (1) A cartesian product of a finite number
of spaces is p-universal if and only if each of them

is p-universal.

(ii) A wedge of a finite number of spaces is p-universal
if and only if each of them is p-universal.

(iii) XAY is p-universal if either X or Y is p-universal.

1A

Proof. (i) Let Ki be p-universal for 1 i = n. Let
g be a prime different from p and let fi:Ki —_— Ki
be a p-equivalence inducing the trivial endomorphism

on Wj(K£®Z . Then the cartesian product of these maps:

=3

K, —>
i .
1 i

=8 Q

Ki is a p-equivalence and

1
n
it induces the trivial homomorphism on 7. ( 1 Ki)®zq.
n i=1
Conversely, if 1 Ki is p-universal, then each
i=1
: n
Ki is p~-dominated by 1l Ki' So Ki is p-universal by
i=1
Theorem 3.5.

{ii) will be proved similarly using the cohomology
group instead of the homotopy group.
(iii) It is sufficient to show this for the case X

is p-universal. Let g be a prime with g # p.
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Let £:X —> X be a p-equivalence inducing the trivial
homomorphism on Hi(x;zq) for all i > 0. Then the map
f/\lY ¢ XNY —> XAY is a p-equivalence and induces the
zero homomorphism on Hn(XAY;Zq), since we have the

Kanneth formula:
n-1

<

H (XAY;Z ) = & B (X:2 ) Y (¥:2.). O0.E.D.
T 5o q 4

Remark 3.8. More generally, one can prove the following.
Let K,, 1 =1 =n, be spaces and let T, (K.,...,K )
i k71 n

(le....xKn) be the generalized wedge products:

K ,e00 see , o= % 1z -
Tk( 1 R < {xlo ’Xn‘xl : for at least k-values
of i}. Thus Tn—l(Kl”""Kn) = in K, and Tl(Kl”"'”Kn)

is the fat wedge. Then Tk(Klp...oKn) is p-universal

if and only if each of Ki is p-universal.
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§4, Examples.
Throughout this section we maintain the conventions

and notations of the former sections. We work in

the category of simply connected finite CW-complexes.

Definition 4.1. Let p be a prime or zero. A space

X is a co H-space mod p if there is a map ¢:X —> XvX

and a p-equivalence h:X -—> X such that, for each of

the canonical projections PysP, XVX —> X, Pl°w“h°P2°w-

2
Definition 4.1'. Let p be a prime or zero. A space X
'is an H-space mod p if there is a map u:Xx% —> X and
p-equivalence h:X —> X such that, for each of the

ci X —> XxX, uei, ~h=yoi_.

canonical injections i, 5 1 5

Theorem 4.2. (i) Every co H~space mod p is p-universal.
(ii) Every‘H;space mod p is p-universal.

Proof. (i) Let X be a co-H-space mod p. We show

that X satisfies (c) of Theorem 2.1. Let g:X —> XVX
be the co-H-structure mod p and for every integer q > 1,
let

- a-1,
G(q) = qucp (K — x(l)v...vx(q) —> X

denote the g-fold map, where @2 = ¢ and mq = (¢q-IVHo¢
for g > 2: vq is the folding map.

Let Pi=x(1x \% X(z) - X(i) be the canonical
%

. *
projection Then Pi + P, induces an isomorphism:
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ﬁ?(X;A) + Hf(X7A) == Hf(x(l)vx(z):A) for any coefficient
group A. By Definition 4.1 we have, for any a,p of
H*(X;A), @*(pz(a) + p;(B) == h*(a) + hf(B). More generally,
A B
by the definition Of’wq-l, one gets (@q_l);( Z)pi (ai)) =
%)(hq—l)*(a ) e where p. :X v vX Vi=1VX —> X
b i i Xy Ver- *(i) ...q (E)
is the canonical projection. Clearly vq(a) = .gipi(a).
Thus we get G(q)*(a) = (mq-l)*vg(a) = Q(hq-l)f?;).
where h%! = ho...on.
Given any G € 6;, let g be the order of G, so
(@.P) = 1. Then we have G(q)*:Hé(X:Zp) = Hn(x;zp)
. for all n =z 0, and G(q)*:Hn(X:G) —> H (X;G) is
the zero homomorphism. Then (c) of Theorem 2.1
follows directly.
(ii) Let X be a simply connected H-space mod p.
By a quite similar argument one can show that X
satisfies (c)' of Theorem 2.1. The proof is left
to the reader. Q.E.D.
Corollary 4.3. (i) Every co H-space is p-universal
for every prime p.and for p = Q. In particular, every simply
connected suspended space is p-universal for every
prime p and for p = O,
(ii) Every H-space is p-universal for every prime p and for
P = O.

In particular, every simply connected compact Lie

group is p-universal for every prime p and for p = O.
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§5. Applications.

Let K be a complex whose real cohomology is iso-
morphic to that of a space X(K), which is a product

™ &)

of spheres: X(K) =S "X...Xx5 .
Definition 5.1. A space K is said to be p-regular if
there exists a p-equivalence f:X(K) —> K.

In particular, if G is a compact, connected,

simply connected, simple Lie group, then, by a well

known result of Hopf, X(G) is a product of odd dimen-
n n

sional spheres: X(G) = S lx...xS zo ni=0dd. 4 = rank G
£ v
and 2 n; = dim. G = n, Serre and Kumpel ([10] and [6])
i=1

proved the following: G is p-regular if and only if
p = % = 1. And Serre stated in his paper [10] that
"Il serait intéressant de savoir si le fait gque p est
régulier entraine l'existence d'une p-equivalence
g:G —> X(G)".
Then the theorem below answers his question in the
affirmative:
Theorem 5.2. There exists a p-equivalence g:G —> X(G)
if and only if p =z = ~ 1.

Actually, since G ic p-universal by Corollary 4.4,
there exists a converse p-equivalence by Theorem 3. 2.
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Remark 5.3. One can easily generalize this to the
quasi p-regularity of G. (For quasi p-regularity,
see [9]).
Remark 5.4. The same argument as above gives the
existence of the following p-equivalences for every
prime p > 2:

SU(2n) —> Sp(n) xSU(2n) /Sp (n),

SU(2n+l) —> sSpin (2n+1) xSU (2n+1) /SO (2n+1) ,

Bg —> E,XE./F,
(The converse direction of P-equivalences were originally
obtained by Harris [2] and Kumpel [5]). Incidentally
one can know by Theorem 3.5. that the symmetric spaces
SU(2n) /sp(n), SU(2n+l)/SO(2n+l), and 15:6/5'4 are p-
universal for every prime p > 2, since they are p-

dominated by SU(2n), SU(2n+l) and E respectively.

6
Hence the corresponding results to Theorem 5.2 and
Remark 5.3 can be obtained for these symmetric spaces
(cf. [7] and [8]). Further, it is not so difficult
to prove

Proposition 5.5. There exists a pP-equivalence

f:Spin (2n+l) —> sSp(n) for every prime p > 2.
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