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ON THE STRATIFICATION OF GOOD HYPERSURFACES

Mutsuo OKA
i)epanment of Mathematics, Tokyo Institute of Technology

1. Statement of results Let f(z) be a germ of an analytic function defined in a
neighborhood of the origin and let f(z) = ¥, a,z" be th Taylor expansion. We con-
v

sider the germ of the hypersurface V =f ‘1(0). We assume that f has a non-
degenerate Newton boundary I'(f ). The purpose of this paper is to construct a canoni-
cal Whitney b-regular stratification § of V which depends only on the Newton boun-
daries { 9I(f).}. Under the non-degeneracy condition of the Newton boundary, the
singular locus of V is the union of several coordinate subspaces C*/. However the
b-regularity for (V*,C*) does not hold in general and we have to know the locus
where the regularity fails. For this purpose, we introduce the concept of the
I-primary boundary components which plays an important role for the stratification
of V. Its rough description is as follows. Let P =‘(py, . ..,p,) be a positive rational
dual vector and let /(P)=({1<i <n ;p, =0}. The face function fp(z) is defined
by the partial sum 37 a,z’ for v such that v e A(P). Here A(P) is the face of I'(f)
where P takes its minimal value d(P;f). We use the notations of [5]. Assume that
Jpl@ = ng(zl(p)) where zjpy is the projection of z into the affine coordinate space
CI®), In this case, we say ‘that f p is essentially of z;py-variables and we denote
2(Zpy by fE(Zypy. We consider the variety V*(P) and oV*(P) as follows.
V'P)=(2eC™;fp(@ =0} and V" (P) = ( z1p) €CT® ; fE(zpp =0 ). I
fp is not essensially of z;py-variables, V" (P) is C7®) by definition. We call
aV*(P) a I-primary boundary component with respect to P if V*(P) is not empty.



Let V,, be the closure of V' in C* and let V=V NCY and let
Vol =V, M C". Then V,] is 2 union of I-primary boundary components (Lemma
(3.3)). We say that the hypersurface V =f -10) is good if for each subset I of
{1,...,n} with |J! > 2, there is at most one fp among {fp ; I(P) =1} such that
fp gives a proper I-primary boundary component. Here P may not unique. We
assume that V is a good hypersurface hereafter. If V has a proper primary boundary
component, we denote this component by BV;,I. If V does not have proper primary
boundary component, BV;f = ¢ by definition. Let P be a positive dual vector and let
I =1(P). We say that V satisfies the primitive non-degeneracy condition or simply
the PND-condition if the following conditions are satisfied for any P such that
V*(P) # 9. Let p oy, = minimum { p; ; j ¢l }.

(PND1) Assume that fp is essentally of z;-variables and let f =f é +f. Write
fp@ =125 fE(z;) where K = (ky, ..., kn).

(a) @) dP;f)=0 or (i) d(P;f)>0 and dP:F)2dPif) +Pmn or (iii) the
fp

variety {ze C™ ; fp(2) =0, z; 5
J

@ —k; fp@ =0for j &I } is empty.
(b) aV”* (P) is a non-degenerate hypersurface in C™ in an e-ball Bé for some €.

(PND2) Assume that fp is not essentially of z-variables. For each
z; € C ~ BL, the fiber ¢/ M(z;) is a non-degenerate hypersurface in Cl x {z}

where /€ is the complementof I'in {1,...,n}.

Main Theorem. We assume that V is a good hypersurface which satisfies the

PND-condition. Let S(I)= (V! — V1, aV,]} and ler § = SU). Then S is a reg-
1

ular siratification of V.
For the stratification of the hypersurfaces which is not good and the stratification

of the complete intersection varieties, see  [6].



2. Stratifications

Let V be an analytic variety in an open set D of C®. We recall the necessary
notions of the stratification which is induced by Whitney and Thom. For further
details, see [10,7,3]. Let § be a family of subsets of V such that V is covered dis-
jointly by elements of S. § is called a Whitney stratification if the following condi-
tions are satisfied.

(i) ( D -strictness ) Each element M of S (which is called a stramum) is a connected
smooth analytic variety such that M and M — M are closed analytic varieties in D .
Here M is the closure of M in D.

(ii) ( Frontier property ) Let M and N be strata of § and assume that M # N and

M NN =9 ThenM cN -N.
We recall the Whitney b-condition for a Whitney stratification S. Let (W, M) be
a pair of strata of § with N O M and let p be a point of M. Let p; and g; be

sequences on N and M respectively. We assume that
2.1) pi =p, ¢ —=p, T,N >t and [p; —q;] > A

Here the arrows imply the convergence in the respective spaces and [v] is the complex
line generated by v. Thus te G(r,n) (r =dim N) and A € G(1,n) = P*! where
G(r,n) is the Grassmannian manifold of r-planes in C*. We say that (N, M) satisfies
Whitney b-condition at p if A € t for any such sequences. When each pair (N ,M)
with M — N satisfies the Whitney b-condition at any point p of M, we call § a b-
regular Whitney stratification. The following proposition is a direct consequence of
the Curve Selection Lemma (§3 of [4] or [1]) and Theorem 17.5 of [10].
Proposition (2.2). Ler p; and q; be as in (2.1). Then there are analytic curves
p(t) and q{t) defined on the interval (~€, €) (e > 0} such that
(Jp@=q0)=p andp(t) e Nfort#0andqg(t)e M.
(i) Ty N — tand [p(t)—q@)] = A



It is known that the b-condition for analytic varieties follows from the ratio con-
dition (R) by [2,9]. There is also a weaker regularity condition which is called Whiz-

ney a-condition but this condition results from b-condition ([3]).

3. Non-degenerate hypersurface and primary boundary components

Let f(z) =¥, a, 2’ be an analytic function of n variables which is defined in a
v

neighborhood of the origin. The Newton polyhedron I .(f') is the convex hull of the
union of { v+ Ry } for v such that @, # 0. The Newton boundary I'(f) is the union
of the compact faces of the Newton polyhedron. We assume that the Newton boun-
dary T'(f) is non-degenenerate. As we are mainly interested in non-isolated singulari-
ties, we also use the ncafétion ol.(f) which is the union of the boundaries of I' (f)
which are not necessarily compact. The inclusion I'(f) < dI',(f) is obvious by the
definition.

Let I° be a fixed unimodular simplicial subdivision which is compatible with the
dual Newton diagrams {I” (f)} and let # : X — C" be the associated modification
“map. See [8] and [5] for the definition. Let V), be the closure of V* and let V be
the proper transform of V,, by #. Let: V- V,, be the restriction of % to V. For
finite vertices Oy, ...,Q; of &', we define a subvariety E(Qy, ...,Q;) of V by

EQpO - -MNEQ,) and let EQy...,0,)" = E@Qy,...,5,)~ :JQE(P)
P#0D;

where E (P) is the divisor of V which corresponds to P. Note that £{Q, . . . ,0:)°
is non-empty only if @4, ...,Q, are vertices of an (n-1)-simplex of T*. The collec-
tion of E(Q1, . . .,0,)" gives a regular stratification § of V. Let 6= (P, ....P,).

Then we have

(3.1 vmcgr‘{ycecg;fo‘(yc):()}
where f o(yg) = f (o) / T1vay 1.
j=1



Theorem (3.2). V is a smooth complex manifold and 7w : V — Vo is a proper
modification of V,,, in the neighborhood of the origin.

The assertion is well known if the origin is an isolated singular point of Vor- The
general case can be proved similarly. Let / be a subset of {1,..., n}. We define the
coordinate subspace C' and C¥ by C' = {z=(z,,...,2,); z;=0ifj ¢l } and
C'=({zecCr; z; =0 iff j €1 } respectively. For simplicity we usually write C*"
instead of C*/ if I'={1,...,n). We define the I-proper boundary V! of V in C*!
by Vor M €. If1 is empty, V,! = (0} by definition. Then we claim:

Lemma (3.3). The I-proper boundary V,! of V is the union of the I-primary
boundary components.

Proof . Letm:V =V, be the resolution of V,, constructed in §3. Let 7/ be
the union of the strata E(Py,...,P,)" of the swatification § of V such that
MEPy,...,P)")cC”. As m is a proper surjective mapping, it is clear that
V)=V, Let EP,,...,P,)" be such a stratum and let o = Py, ...,P,) be
an (n-1)-simplex of £*. Let P =P+ -+« + P,. Then P is a positive dual vector

with /(P)=1. We may assume that / = { m+1,...,n } (m 2 5) for simplicity and

b )

where A and B are unimodular matrixes of m X m and (n—m) x (n—m) respectively.

O = (p;;) has the following form.

Then Lemma (3.3) follows frorg the following,

.Sublemma (3.4). The restriction of & to E(P4, . . . ,P,)* is a submersion onto
v (P).

Proof. Let y be an arbitrary point of E(Py,...,P,)°. Recall that
EPy,...,P,)" is defined by

Yo1= " =Yg =h(F5) =0



where h is characterized by

R AP
(3.5) r) TIye P = fpe):
i=1
g
Note that A(P)= A(P;). Thus h(y;) does not contain the variables
i=1 )
Yoir - - -1 Ygs- Let Z=R(yg). Then we have z; = ) ie.,
n Py
(3.6) z;= T1 vof G=m+l,....n).
i=m+1

In particular, {z;} (m+1 Sj <n) depend only 00 Y gin+1)s s Yon- Let E* be the
subvariety of Cg* defined by h(yg)=0. E * is nothing but the product of
C* xE®Py ... gPs)s. Let V*(P) be the subvariety of the base space C™ which is
defined by

VP)={ze C";fp@=01}.

It is clear that #:E*-— V'(P) is an isomorphism by (3.5). Let
g :V*(®)—>V'(P) andp :E* > EPy,...,P,)" be the canonical projections.

We have the commutative diagram:

* ft

E vViP)
ip J;QI
EP,...,P)" E v (@)

Let ¢ be the composition go f:E * 5 oV'(P). By the commutativity of the
diagram, ¢ = ®e p. By the assumption PND1 and PND2, ¢ is a submersion. As
¢ =mo p, this implies that 7 : E(Py, ... ,P,)" = dV"(P) is a submersion. This
completes the proofs of Sublemma (3.4) and Lemma (3.3).

Remark (3.7). Assume that f(z;) is not identically zero. Then v* is defined
by f(z;) =0. In this case, fp(z) = f () and for any P with I(P)=1. Thus v

itself is the unique I-primary boundary component. In this case, V is non-singular on



v,

4, Key Lemma

We first consider the following situation. Let p (1) = (p,(2), . .. ,D,(2)) be an
analytic curve defined in the interval (-1,1) with the Taylor expansion
p;i(t)= a,-tb‘ + (higher terms). We assume that

Ofee)=0,

() a; #0foreach j=1,...,n and b; =0if and only ifi e I.

LetB =*(by,...,b,), a=(ay,...,a,). Let by, = minimum {bj;j ¢l }and
Jmin=1{J s b; =bpy }. Let g(¢) be an analytic curve in V*(B) with ¢(0) = p (0).
We assume that

(iii) T,()V" — tand [p()-q ()] = A
Then we assert

Key Lemma (4.1). A is contained in ~.

Proof. It is well-known that the tangent space TZV* is characterized by
df (zyt= (v e T,C" ; df ()(v) =0 }. Let us consider the limit of df (p(z)). For a
real analytic function k(z), we define an integer ord (k(¢)) by the order of k(¢) at

t =0. Similartly we define the order of a vector-valued analytic function by the

minimum of the order of the coordinate functions. Thus ord(df (p(t))) is the

minimum of ord(gzlj-(v(t))) for i=1,...,n. Let m =ord{df (p(¢))) and let

Y=df @)/t By the PNDI-(b)-condition, m <d(B;f). Let ¥=3 ¥; dz;.

i=1
Then we have an obvious equality = =-‘7'L. Considering the leading term of (i), we
obtain fz(a) = 0.



Case (a). Assume that fp(z) is not essentially of z;-variables. Then

v*(B)=C" by the definition. Then by the PND2-condition, there exists an index j

of
(j ¢I) such that -f—(a) #0 if YlgP is small enough. Thus we have

J ief
m S d(B;f)— by Assume that m =d(B:f ) = by, Then we must have
) 0
4.2) —ajf;%(a)=(} for j éJpmJI and Y = -ja'i}*(a) Jor j e Jn
7 J

If m < d(B;f ) — by, we have that
4.3) ¥ =0 forjeJpm UL
Note that y; = 0 for i & / in both cases. This implies that | C! = 0.

Now we consider the line [p (¢)~q (1)) Let k = ord(p(2)—g (¢)). As ég(t) e CY,
it is easy to see that 1 £k < b;,. Let %= {(p(t)yg {3})1’5‘&3&0“ By the definition of A,
we have that f{f} =A Ik <bym % is a vector in C/. In this case, it is clear that
YRy =0. Assume that k =byy, Then A;=a; if je Jyy, and A;=0 if

J & Jmn \JI. We consider the equality

Thus we obtain the equality

fs , .
{-’14) Z ’é’;“{ﬁ} bj{lj ={.
jel 7
If m<d@®;f)— bmm 7{}@) =0 is immediate from (4.3). Assume that
m =d(Bif) - by By (4.2) and (4.4), we can see easily that Y() = 0. Here X is
]
identified with the tangent vector », }\.j 9 at p (0).

=



Case (b). Assume that f3(z) is essentially of z;-variables. Let f3(z) = 2 f§(z)
where z- is a monomial in the variables {zj;j €I}. Then VY (B)={ f§(z;)=0}
and ord (fp(p(t))) = ord (p ¢F)=d (B:f). We have two equalities:

P,()_0 dZ ((»dql()EO.

iel

@5 2 —f-<p( )

Let B=ord (f§(p(t))) and & = ord (f (p(t))). First we assume that PND1-(a)~(i)
holds. As f(p(t)) = fa( @) + f (p(t)) = 0, we have

(4.6) B+dB:if)=82dB:f)

where f B(2) is the secondary face function of f with respect to the weight B. The

equality holds if and only if f p(@) = 0. We consider the equality which follows
immediately from (4.5).

= Of AL -2
@ 2oy i) - 4,00 +
)3 [;’f(m»—l”—cv(»] a4
iel Zi
Zp(r)L[ f ]d"‘”_o
iel

By the assumption, pj(t) —qu(t) modulo (t") for any j. This implies that

ord [BJ:B fB ]> k. Thus the order of the last sum is at least
H

d(B;f) + k. On the other hand, we have

J .
ord('gf_-(li(t)) - —gf;(p(t))) 2dBif)2dB:f) + by, (i)

by PND1-(a)~(ii) where f = f —fp. Ask Sb_y, the order of the second sum in
(4.7) is also at least d(B;f)+ k. The order of the first sum in (4.7) is (at least)
m+k—1. As m <d(B;f) by the PNDI-(b)-condition and k < b_;,, the coefficient of



1™kl of (4.7) is equal to ?*(7::) Thus we conclude that ?(f}s ={. Assume (a)-(@) :
d(B;f) = 0. We consider the following equality instead of (4.7).

s TG L0 -40)+

j"l
> {%—@(t» o <q<>>} 40 o,

d
Here we have used the equality —g—?(q )= —aé%(q (). By the PNDi-(b)-
i i

condition, m =0. Thus by a similar argument, we have "?(X)) =(0. Note that
m = d(B;f) if the PND1-(a)-condition is satisfied.

Assume that PND1-(a)—(iii) holds. We may assume that
d(B ;f )<d@Bif) -rbmm We consider (4.7) again. The order of the 1ast>sum is at
least d(B;f)+k. We can write fE(p()) = A+ (higher terms) by (4.6) where
0= d(B;f) - d(B;f). Note that 0<B. As f(p()=0, we have that

fp(@ +2aX = 0. Thus we have

f (p(z)) d(Bif)_b" + (higher terms) for j &1

a a

ofp X 9f »
where 1; = —a—zj—(a) + ?\.kja la; = (aj—az—j-(a) - k;jfp(@)/ a;. As fp(a) =0, there
exists an index j, €/ such that n; # 0 by the PND1-(a)—(iii) condition. Thus the
order of the first term of (4.7) is at most d(B ,f )-bj, + k — 1. The order of the
second term is at least d4(B ;f ). As k <bpy, we have the inequality :
d(B:f)-b; +k —1<d(B;f). By the assumption that d (B FY<dBif )+ b, We
have also the inequality : d(B ) - b, +k—-1<d(B :f )+ k. Therefore we con-

clude as before that 7\?(75) = (. This completes the proof of Lemma (4.1).



5. Proof of Main Theorem.

In this section, we will prove Main Theorem in §1. Let Yand Z be a pair of
strata of § such that ¥ M Z = $. We assume that ¥ & S(/) and Z € S(K). Then
we must have J D K. If J =KX, the b-regularity is obvious as V is good. Thus we
may assume that J # K. If Y is an open dense stratum in C*, the b-regularity for
(Y Z) is again obvious. Thus we assume that ¥ # C’/. Let p(¢) and ¢(r) be real
analytic curves defined on (-1,1) such that (i) p (0) = g e Z @) p@)e ¥ for t>
0. (i) q(t) € Z for ¢t =2 0. Assume that the tangent space Tp(,)Y converges to T and
the line [p(#)—¢ (z)] converges to A. Y is a non-degenerate hypersurface defined by
fB(z;) =0 for some P with I(P)=J. Assume that pi®)= ajtb’ + (higher terms)
for jeJ. For brevity’s sake, we assume that J ={1,...,m}. Let
B=*by,...,b,) and a=(ay,...,a,). As p0)=q0)=a e Z, K =I(P). By
looking at the leading terms of the equality h(p(¢)) = 0, we can see that ag belongs
to the K-primary component Y*X(B). Let R =P + rQ for a sufficiently small » > 0.
Then it is an easy linear algebra to see the following.

() fp)p = fr. (i) The secondary face function f g Of f with respect to R is equal
to the secondary face function of fp with respect to B.

Thus the PND-condition for f implies the PND-condition for fp. Now we use
Lemma (4.1) to obtain the regularity for the pair (¥,Z). This completes the proof of
Main Theorem.

Example (5.1) Let f(2) = (z129%z5 +2J) + (2320%z7 +25). Then the
singular locus of V is the union of the two dimensional coordinate planes C! for
II'l =2.Let] = {1,2}. Then by an easy calculation, we have a proper primary boun-
dary components defined by C : 215 +23 =0. C consists of five lines, say
Cp....Cs Thus ST)={C? =C,Cy, ..., Cs). The same is true for I = {3,4}.
Thus the stratificaion of V consists of the following strata: V*, C¥

T={12),(34), C2-c, "B -p, ¢,D; (=1,.5), CY § =1,.4,



5
{0} where D =\ D; = {z§ +z; =0}

i=1
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APPLICATIONS OF KNOT THEORY IN
CHEMISTRY AND MOLECULAR BIOLOGY
De Witt Sumners

Florida State University, Tallahassee, Fla. 32306

INTRODUCTION

Knot theory is the study of ambient isotopy

classes of embeddings of graphs in 3-space. Of
principal concern to mathematicians is the enu-
meration and classification of these configura-

tions, concentrating specifically on graphs which

are families of circles. Knot theory continues

to exhibit a perhaps surprising degree of appli-
cability to considerations involving the physical,
chemical and biological properties of macromole-
cules([11,19,22,17 ]. Macromolecules are molecules
of large molecular weight, such as synthetic poly-
mers (polyethylene) and biopolymers(DNA). One
models these macromolecules as molecular graphs

in 3-space--the vertices correspond to atoms, and
the edges correspond to covalent bonds. While

one can think of small bits(a few atoms bonded

together) of these molecules as being somewhat



rigid, when one concatenates long strings of these
bits, the resulting molecule can be very flexible.
These large molecules can present themselves in

R3 in topologically interesting ways, and can
change their geometry (and sometimes their internal
topology and embedding type) due to external phy-
sical, chemical and biological influences. For
example, in DNA research, various enzymes (topoiso-

merases and recombinases)exist which, when reacted

with unknotted closed circular DNA, produce en-

zyme-specific characteristic families of DNA
knots and links(called catenanes by biologists
and chemists). One studies these experimentally
produced characteristic DNA knots and links in
order to deduce enzyme mechanism and substrate
conformation. This particular application is an
interesting mix of knot theory and the statistics
of random molecular configurations. This talk
will give a brief overview of knot theory and
DNA, and will discuss a new topological model

(the tangle model) for site-specific recombina-

tion. Also, questions on random knotting of

. . 3 . . . . s
circles in R~ which arise in scientific contexts
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will be discussed.
SITE-SPECIFIC RECOMBINATION

Duplex DNA consists of two linear backbones of
sugar and phosphorus. Attached to each sugar mol-
ecule is one of the four bases: A = Adenine, T =
Thymine, C = Cytosine, and G = Guanine. A ladder
is formed by hydrogen bonding between base pairs,
where A binds with T, and C binds with G. In the
classical Crick-Watson model for DNA, the ladder
is twisted in a right-handed helical fashion, with
a relaxed-state pitch of approximately 10.5 base
pairs per full helical twist. Duplex DNA occurs
naturally in closed circular form, where the rungs

of the ladder form a twisted annulus (instead of a

+wisted Mobius band).

An enzyme which mediates recombination on DNA

is called a recombinase. A recombination site

for a given recombinase is a short linear segment
whose genetic coding is recognized by the enzyme.

Site-specific recombination can occur when a pair

of sites(on the same or on different molecules)

becomes juxtaposed in the presence of the enzyme-.



The pair of sites is aligned (brought together),
either through enzyme manipulation or random ther-

mal motion(or both), and both sites are then bound

by the enzyme. This stage of the recombination

reaction is called synapsis, and the complex

formed by the DNA substrate together with the

bound enzyme is called the synaptic complex.

We call the unbound DNA molecule(s) before the
recombination takes place the substrate, and

after recombination takes place and the molecule
is released by the enzyme the product. In a
single recombination event, at synapsis the enzyme
forms two double-stranded breaks at the sites,

and recombines the ends in an enzyme-specific
manner. The schematics of a single recombination

are shown in Figure 1. In these figures, double-

stranded DNA is represented by a single strand,

and supercoiling is omitted.

Strands Broken Ends Recombined
AN N B
B L \ D b
b
. — —_——__—9
WETp T T 5 o
A ~ C A A A c

Figure 1: A SINGLE RECOMBINATION EVENT



The process of recombination clearly involves
some interesting topological changes in the sub-
strate. In order to trap these topological
changes, one chooses to perform experiments on
artificial circular DNA substrate. Using cloning
techniques, one can synthesize circular duplex
DNA molecules which contain two copies of a recom-
bination site. The linear base pair sequence in-
duces a local orientation on each of the recombi-
nation sites. The orientation of each of the re-
combination sites induces an orientation on the
ambient circular molecule. If these induced ori-

entations agree, this site configuration is called

direct repeats. If the induced orientations of

the circular molecule disagree, the site configu-

ration is called inverted repeats. If the sub-

strate is a single circle with direct repeats,
the recombination product is then a pair of DNA
circles, and can form a DNA link{(catenane). This
process is shown in Figure 2. If the substrate
is a pair of circles with one site each, the
product is a single DNA circle, and can form a

DNA knot (Figure 2 read in reverse). If the sub-
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strate is a single circle with inverted repeats,
the product is a single circle, and can form a

DNA knot(Figure 3).

Synaptic Complex

Product '
Substrate

Figure 2: DNA LINK SYNTHESIS VIA RECOMBINATION
The experimental strategy is to exploit know—

ledge of the topological structure (knot or link

type) of the recombination products and knowledge

of the topological structure of the substrate to

deduce enzyme mechanism and substrate conformation.

This has been called the topological approach to

enzymology[22 ]. The topological structure (knot

or link type) of the substrate is an experimental
control variable. The topological structure of
the recombinatién product is an experimental
observable. It is this new observation technique
(rec A enhanced electron microscopy [9 ] which
makes possible the detailed knot-theoretic

analysis of reaction products. Rec Ais an E



ggli_protein which binds to DNA. Naked duplex

D&A is approximately 20 angstroms in diameter, and
rec A coated DNA is approximately 100 angstroms

in diameter. This enlarged diameter means that
crossovers in DNA electron micrographs can (usually)
be unambiguously resolved. In vitro(in the labo-
ratory) experiments usually proceed as follows:
Circular substrate is prepared, with all of the
substrate moleéules representing the same knot
type (usually the unknot). The substrate molecules
are reacted with a high concentration of purified
enzyme, and the reaction products are fractionated

according to crossover number by gel electropho-

resis. Gel electrophoresis is extremely sensitive
to differences in the geometry(supercoiling) and
topology (knot type) of circular DNA molecules of
identical molecular weight. After gel separation,
the molecules undergo platinum shadowing for view-
ing under the electron microscope. Photographs

of the reaction products(Figure 4) are prepared,
and frequency distribution of product knot types
is calculated.

If one thinks of an enzyme reaction as taking
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place in S3(instead of R3), and thinks of the en-
zyme as a B3, the synaptic complex is naturally
divided by the boundary of the enzyme ball (the
enzyme 82) into two complementary 2-string
tangles. A 2-string tangle is a configuration of

two strings(arcs) properly embedded in B3. We

view all tangles as having the same boundary, and

two tangles are isomorphic if one configuration

can be ambient isotoped to the other, keeping the
boundary fixed[3,10 ]. In the synaptic complex,
we call the tangle inside the enzyme ball the

site tangle(T), and the tangle outside the enzyme

ball the substrate tangle(S). Site-specific re-

combination can be viewed as tangle surgery per-
formed on the synaptic complex by the enzyme.
The enzyme removes the site tangle T, replacing

it with the recombinant tangle(R). Figure 3 shows

the synaptic complex just before and just after
recombination; each state of the synaptic complex
gives rise to a tangle equation: the substrate

equation: N(S+T) = Substrate, and the product

il

equation: N({S+R) Product. We wish to solve the

substrate and product equations for the recombi-



N(S+T) = Substrate Substrate

@)

Product

PRODUCT EQUATIONS

Figure 4: THE DNA KNOT 62(From [21 1)

nation variables S,T, and R. This job is greatly

simplified by realizing that most recombination
products are 4-plats(2-bridge)[ 1 1, and that a
great deal can be said about the factorization

of 4-plats into tangle summands. The summands of

interest are rational tangles[ 3 1. A tangle is

rational if it is homeomorphic (moving the boundary)



to the trivial tangle. Rational tangles are
formed from the trivial tangle by twisting pairs
of strands about each other, and look a great deal
like electron micrographs of DNA. In the analysis
of DNA experiments, one can use 3-manifold theory
to prove that the tangles of bidlogical interest
are indeed rational tangles. The main ingredients

of this argument are the cyclic surgery theorem

[ 4 1, and the theory of Dehn Surgery on Seifert
Fiber Spaces[8,12 ]. Once the tangles are
known to be rational tangles, the analysis becomes
a matter of solving the equations posed by experi-
ment. One can develop a calculus in the classify-
ing symbols for rational tangles and 4-plats (the

rational tangle calculus), and use this calculus

to solve the equations. The full details of this
analysis appear in [ 6 1.
RANDOM KNOTS

Chemists have long been interested in the syn-

thesis of molecules with exotic geometries; in
particular, the synthesis of knots and links[20,
13,5,19 ]. One can consider such a synthesis

by means of a cyclization reaction (random closing)



of linear chain molecules|[7,20 1. Let N denote
the number of repeating units in such a linear
chain. N may represent the number of monomers,
or the number of groups of monomers, where a group
of monomers (not necessarily an integral number)

is the equivalent statistical length for the

substance in guestion.

Tn mathematical terms, a randomly closed chain
of length N is a random piecewise-linear embedding
of Sl, where all the l—simplexés have the same
length. 1In order to make predictions about the
yield of such a cyclization reaction(and for many
other reasons), one needs answers to the following
questions:

Ql: WHAT IS THE DISTRIBUTION OF PRIME KNOT TYPES
(as a function of N) WHICH ONE WILL SEE IN THE
RANDOM CLOSING OF A CHAIN OF LENGTH N?

Q2: WHAT IS THE PROBABILITY THAT A RANDOMLY
CLOSED CHAIN OF LENGTH N IS KNOTTED?

In this context, we have the FRISCH-WASSERMAN-
DELBRUCK CONJECTURE[/,5 ]1:

THE KNOT PROBABILITY TENDS TO ONE AS THE LENGTH

GOES TO INFINITY.



Various Monte Carlo samplings of the knot con-
figuration space have provided partial answers to
questions 1 and 2[ 18,2,11 ]. Recently, the
Frisch-Wasserman-Delbruck conjecture has been
solved for the case of self-avoiding-walks (SAW)
on the cubical lattice in R3[14]. A discussion

of this proof will be given.
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Nonorientable 4-manifold @ homotopy T X =
MNEEE (RIKHE)

0. &
AT Michigan AZ®@ F. Raymond, D% F M. H. Kim
BREKEAT ZE URERTY.
E % Euler class %' 2n @ s kO p’-bundle & ¥
3. OE Lk O fiber (= sh ZEEHESE 3 principal free
involution % 7, &¥3&, E PSERAE 1

2

TE8-TH

0 0
S % nonorientable 4-manifold E:n/'f0 W n ltc}: 37
SZXRP2 2 diffeomorphic & 72 3.
ZZT T, DRDH Y fiber REOZEIH I EFBR

base S HBAERZIH > TEMOEZEE S free involution %

T, ELkEE, En/fl d n B even @=L, 2L odd
A+ %3EWVE diffeomorphic THEI EBhHM3. 22
T My = E/7, & M = E/T, BODRERIDELIERH
REFMEELS., RERAFETHE, WOLLREVIHMUTL
ALVFBATHSE, BENBULTVWARZIERETS Y.
BENZIEREEOARASHERROBTENRERLILH
DHRSTIOMVE 'EBR FAS3EBRAE>ATO RN
KDE. XKEETWEIh®H homotopy FETUERVWI &R
RS20 FERENREZ L. V&2 cell HEEZRT
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obstruction theory 2B L 3 Fi. L5V EDE, L
homotopy invariant BRODFNTHET 2 FETS 3.

My » My XZhESFLERREVERZEZARVWSE, 4KRE

ZBE O homotopy classification %%, ¥IC nonorientable @
>a, ZEDOTEHNLRERTREDPLUEATHEISIEERTE
FOBEViLS. MAVBVENRFETCHEIAR R L
@ exotic differential structure SOV ONOEL LR
% &, EIZ Freedman, Donaldson TR L3EETEHh oI E
AFARBLOBRUFIRBIEDER/UTHRL.

1. ThETOER

J. H. C. Whitehead [3] I, simply connected 4-manifcld

2

@ homotopy type & H™ L@ cup product BWED S

intersection form WX VOHEFZZERRUE. CDEEDH

& UT, C.T. C. Wall [2] & m, # prime order D& =

4

T, F® equivariant intersection form (= universal cover

@ intersection form % T, DEB2ETEZ2RHD) T

REBedNk BIOERZUEUFLrYyITHBS. =FI
Hambleton-Kreck [11 I orientable 2{XE U k-invariant %
mA m, @ class BHUESBRUTEUVLVEER2SAR (BB
RUBETREEBER2RATVWEYA). £ T nonorientable @
BEBBERBHIEN, SEOME S°XRP® & k-invariant

FT—HUTHY, Hambleton-Kreck HEOBENIOEESEES

- 114 —



TROWIECRFRTI LR 3,

2. Obstruction theory W& 3 Hi

FIB% T3-complex K 2EEL, Fhi 4-—cell e %
r € L ® kY attach UTTE3 Poincare complex KT
= KUTe D homotopy type WENEBWH I Moy +BET 2.
C D& E Obstruction theory W& U, & ZHREU K,
@ universal cover ® homotopy type (Z i intersection
form TRE3B) 2BET 3 LMBY O variation 83 3 »
EAHRHBECRET 55380 exact sequence HESH 3.

C @ machine REHEOHMLZ S TIEH 3. My M, W
s?xrP? @ 3-skeleton K & homotopic 72 3-skeleton % &
5, POEBE s'Xs? K2E cover Eh3. ZoOBET
ftE 9 3 & homotopy SZ><S2 %Z double cover &S
nonorientable Poinéare complex @ homotopy type 3418
TH3ZeNhm 3. BREIPSFENBIEREY MO’ Ml’
s%xrp? dBYRTT, &<WEWVR homotopy BIETIE AL
CEHERTE 3.

UDPUIOFFEREFBRELIIREISNT <R L,

3. Homotopy AL E

r s®xrp?

M Ml i Zz—intersection form L UE

SRERHEN3B. %z M, & M ZREATITEERES

— 115 —



¥ %. M % closed nonorientable 4-manifold &U, %@
universal cover @ orientation 2—2EET 3. JIOD&E
x € 7,00 % represent 3 % transversely immersed 2-sphere
2—D2&YU S - EUT

g = x(SX) + 2 # self sx {mod 4)

CEET S, Z 2 T Euler class X universal cover @

orientation PHVEBE S UTEXI 3. COELEEBR

Lemma. g & = 2(M)®22 +®D well defined Z 4—quadratic
function &7 5. TRhEB
) ganx) = nzq(x)

i) qx+y) - ) - ay) = 2 xX°*¥

BEMIDOINS. zzT - & Zz-intersection number #%
ZB3 %, g-function I orientable O F modulo 4 &S
F1C self intersection number T & ¥, nonorientable @&
2
3., HR-THULUVLEE domain % T,

4 RIETFRIERD 3. Z @ function WKHEUL, |V

%% modulo 2 2&hniL Z

-self intersection number T &

WU %D modulo %

Theorem. g-function & homotopy invariant. BB, £: M
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= N 2 homotopy &3 3& M, N @ universal cover

@ orientation WX IZ & hif,
qM(x) = qN(f*(x)).

MWIEBETER. ThEEW3 & M, @ g-function T HEER
M, DEFEHEVWSHEEREBLE U homotopy BIETRVS
EWEETE S,

g-function 2MA T, FlzF n, B Z D& E homotopy

2
classification ¥ TEZ 3P U SRDOFHE. F0Ok® homotopy

R EEVS 3L LLOEB...
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